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Abstract

We develop a method and a computer code for the systematic opti-
mization of a transferable tight-binding model for carbon-hydrogen com-
pounds. We take as reference a density-functional theory calculation in
the local density approximation and, using a «downhill simplex» routine,
we minimize the squared difference between the energies predicted by the
reference model and those obtained with our tight-binding approach. With
the resulting best-fit parameters our tight-binding model improves signifi-
cantly its accuracy and predictiveness for the calculation of the total adia-
batic potential energy and the band structure of arbitrary carbon-hydrogen
compounds. Additionally, a serious unphysical behavior exhibited by the
original parametrization has been corrected.
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1 Introduction

Understanding the microscopic properties of carbon-based materials is of funda-
mental relevance for both academic research and industrial developments. Recent
theoretical studies have raised a great amount of interest for organic compounds,
identifying some peculiar arrangements as possible prototypes for novel semicon-
ductor materials. Additional interest towards organic molecules comes from the
fact that carbon-based fossil fuels and polymeric materials are instrumental in
all present-day human activities. Furthermore, the recent theoretical prediction,
and subsequent production, of graphane (hydrogenized graphene) demonstrate
that the study of carbon-hydrogen compounds is a constantly evolving branch of
chemistry that promises not only to satisfy our infinite desire of knowledge, but
to develop technologies that will improve our lifestyle.

The goal of this thesis is to investigate the microscopic laws that govern sim-
ple carbon-hydrogen molecules, eventually introducing approximation techniques
that facilitate the creation of models and simulations for electronic dynamics.
Specifically, this thesis will pursue the optimization of a transferable tight-binding
model for carbon-hydrogen compounds.

2 The many-body problem

From a theoretical standpoint, the motion of the electrons and nuclei of an arbi-
trary compound is completely determined by the following Hamiltonian operator:

ĤTOT = T̂n + T̂e + V̂ne + V̂nn + V̂ee (1)

where

T̂n =
Nn∑
α

− ~2

2Mα

∇̂2
~Rα

(2)

T̂e =
Ne∑
i

− ~2

2me

∇̂2
~ri

(3)

represent the kinetic energy of the nuclei and electrons respectively,

V̂ne = − q2
e

4πε0

Nn∑
α

Ne∑
i

Zα

||~Rα − ~ri||
(4)
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represents the electron-ion attraction,

V̂nn =
q2
e

8πε0

Nn∑
α

∑
β 6=α

ZαZβ

||~Rα − ~Rβ||
(5)

represents the nucleus-nucleus repulsion, and finally

V̂ee =
q2
e

8πε0

Ne∑
i

∑
j 6=i

1

||~ri − ~rj||
(6)

represents the electron-electron repulsion.
If one were able to solve the associated Schrödinger equation all the charac-

teristics of the material, including its ground state and excited dynamics, would
be promptly calculated. This, however, is utopia. The mathematical difficulties of
this problem exclude the possibility of finding an exact analytical solution (exact
solutions are only available for a few simple and idealized cases). Additionally,
one could then try to find an approximate numerical solution but would have
to face the problem that the information content on a N -particles ket increases
exponentially with N , and would rapidly exceed the calculation capacity of any
modern-day computer.

These technical complexities oblige researchers to introduce approximations
in the solutions. These approximations have to be well rooted in physical consid-
erations and have to yield results in fair accord with experimental data. The in-
troduction of adequate approximations is one of the greatest difficulties in physics
of matter.

3 The adiabatic separation

One can easily verify that the mass of the nucleus is far greater than to the mass
of the electron. In fact the mass of a single nucleon is roughly 1836 times the
mass of an electron. As it can be seen from equation (2), the mass of the nuclei
appear at the denominator of the kinetic energy operators, consequently one can
disassociate T̂n from all other terms in the Hamiltonian operator (1) and treat it
separately:

ĤTOT = Ĥe + T̂n, (7)

with
Ĥe = T̂e + V̂ne + V̂nn + V̂ee. (8)
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The Born-Oppenheimer approximation consists in neglecting the kinetic en-
ergy for the nuclei and solving the electronic problem defined by He where, since
He does not include any differential operator with respect to the atomic positions,
they appear as simple parameters of the Hamiltonian He.

It immediately follows that in the Born-Oppenheimer approximation, the
problem is reduced to finding the ground and (possibly) excited eigenstates of
the electronic system at fixed atomic positions. In practice this means that, due
to the small mass of electrons, the dynamics of the nuclei and the electrons are
completely decoupled, and the state of the electrons adapts adiabatically to the
positions of the nuclei.

The fact that the energy levels corresponding to different electronic eigen-
states are usually separated by energy gaps much larger than the typical energies
associated with the motion of the nuclei improves the reliability of the Born-
Oppenheimer approximation and its agreement with experimental data.

Once the eigenstates, and respective eigenvalues, have been found for the
electronic system one can solve the nuclei’s equations of motion that are driven
by a total adiabatic potential

V
(a)
ad (R) = E(a)

e (R) (9)

which is the electronic eigenvalue and includes the direct Coulomb ion-ion repul-
sion. In Eq. (9) R is a 3N -dimensional vector that describes the position of the
N nuclei of the generic C-H compound under consideration.

In certain situations it makes sense to treat the nuclei as classical parti-
cles. This means solving the classical (Newton) equations of motion completely
determined by the forces acting on each particles, and given by:

~Fα = −~∇~Rα
V

(a)
ad (R). (10)

The derivative of the electronic eigenvalue is trivially computed by means of the
Hellman-Feynman theorem. The solution of the classical Newton equation under
the forces of Eq. (10) is called "Molecular Dynamics".

A quantum approach is also possible. As the full Schrödinger equation
for the nuclei is quite complicated, a standard simplifying approach consists in
Taylor expanding the adiabatic potential about its minimum and approximating
the dynamics to a set of harmonic oscillators. This quantum treatment is needed
to account for the molecular vibrational spectra.
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4 The electronic problem

Even though the Born-Oppenheimer approximation notably simplifies the many-
body problem, the sole resolution of the electronic problem given by Eq. (8) by
an the exact determination of the eigenfunction of the associated Schrödinger
equation remains a formidable task. In layman’s terms the many-electron wave-
function is in no way easily calculated, stored, applied or even thought about.
Since the ultimate goal of computational materials physics is the predictive mod-
eling of material behaviors, approximative computational techniques have to be
developed in order to overcome the impossibility of direct manipulation on the
electronic eigenfunction. Several techniques have been developed, each being
characterized by its own level of accuracy and predictiveness. In this thesis we
will compare two techniques: the density functional theory (DFT) and the tight-
binding (TB) model.

4.1 Density Functional Theory

DFT is a clever way to solve for the many-electron problem without solving
the Schrödinger equation. Its general strategy is to eliminate the many-particle
wave-function from the formulation of the theory and express chosen quantities
of the system directly in terms of the electron density [1]. Before presenting the
underlaying aspects of DFT we must define the electron density, a quantity that
plays a central role in DFT.

Definition 1 (Electron Density). We define the electron density n(~r) so that
n(~r)d3r is the probability of finding an electron in the volume element d3r at ~r.
For a system composed on N -electrons it has the following form:

n(~r) = N

∫
d3r2 · · ·

∫
d3rN |Ψ(~r, ~r2, . . . , ~rN)|2, (11)

where Ψ(~r, ~r2, . . . , ~rN) is the N -electron wave-function. The normalization of the
electron density is: ∫

d3r n(~r) = N.

Having formally introduced the notion of electron density, we can explore
and investigate DFT.
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4.1.1 The Hohenberg-Kohn theorems

We start by stating the Hohenberg-Kohn theorems, which can be considered the
main pillars upon which DFT is constructed [2].

Theorem 1 (Hohenberg-Kohn). The ground-state expectation value of any ob-
servable Ô is a unique functional of the exact ground-state density.

〈Ψn| Ô |Ψn〉 = O[n]

where |Ψn〉 is the N-electron ground-state ket uniquely determined by the ground-
state density n(~r ).

The second Hohenberg-Kohn theorem derives from the fact that the knowl-
edge of the ground-state density determines the external potential of the system
(in our case V̂ne) hence specifying the entire Hamiltonian.

Definition 2 (Energy Functional). To each electron density we associate the
following value:

EVext [n] := 〈Ψn| T̂e + V̂ext + V̂ee |Ψn〉 . (12)

As before, |Ψn〉 is the N -electron ground-state ket uniquely determined by the
ground-state density n(~r ). By virtue of the Rayleigh-Ritz principle, EVext [n] has
the obvious property:

E0 ≤ EVext [n].

Here Vext is the interaction energy of the electrons with all "external" fields,
including the one produced by the nuclei, Vne. This allows us to establish the
variational character of the energy functional:

Theorem 2 (Hohenberg-Kohn). The exact ground state density can be deter-
mined by the minimization of the functional EVext [n].

E0 = min
n∈N

EVext [n] (13)

where N denotes the set of ground-state electron densities.

We can now separate the minimization of the energy functional EVext [n] into
two steps. First we consider all wave-functions that yield a given density and
minimize over those wave-functions:

EVext [n] = min
Ψ→n
〈Ψ| T̂e + V̂ext + V̂ee |Ψ〉 = min

Ψ→n
〈Ψ| T̂e + V̂ee |Ψ〉+

∫
d3r vext(~r )n(~r ),

(14)

9



where vext is the potential energy function associated with the external potential.
Usually Vext = Vne, thus

vext(~r ) = − q2
e

4πε0

Nn∑
α

Zα

||~Rα − ~r ||
, (15)

but any other external field may be included. In Eq. 14 we have applied the
first Hohenberg-Kohn theorem to express the matrix element 〈Ψ| V̂ne |Ψ〉 as a
functional of the electron density.

Definition 3 (Universal Functional). We define the universal functional as fol-
lowing:

FHK [n] = min
Ψ→n
〈Ψ| T̂e + V̂ee |Ψ〉 =

〈
Ψmin
n

∣∣ T̂e + V̂ee
∣∣Ψmin

n

〉
. (16)

The universal functional FHK [n] is «universal» in the sense that it does not
depend on V̂ext. This means it is exactly the same for all atoms, molecules and
solids. We now minimize over all N -electron densities n(~r ):

E0 = min
n∈N

EVext [n] = min
n∈N

{
FHK [n] +

∫
d3r vne(~r )n(~r )

}
. (17)

The minimizing density is then the ground-state density. The constraint of fixed
N can be handled through the introduction of a Lagrange multiplier µ:

δ

δn(~r )

{
FHK [n] +

∫
d3r vne(~r )n(~r )− µ

∫
d3r n(~r )

}
= 0, (18)

which yields the equivalent Euler equation:

δFHK
δn(~r )

+ vne(~r ) = µ (19)

where δFHK
δn(~r )

is the functional derivative which tells us how the functional F [n]

changes under a small variation δn(r).
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4.1.2 The Kohn-Sham scheme

Using the formalism introduced in the Hohenberg-Kohn theorem, the electronic
problem is reduced to the evaluation of the universal functional F [n] and the
subsequent minimization of the energy over allN -electron densities. This however
does not simplify the task since direct manipulation of N -electron wave-functions
is still necessary. This task can be nonetheless facilitated by using the Kohn-Sham
scheme. We begin by introducing a fictitious system of non-interacting electrons.
In this case, since V̂ee → 0, the universal functional reduces to:

Ts[n] = min
Ψ→n
〈Ψ| T̂e |Ψ〉 =

〈
Φmin
n

∣∣ T̂e ∣∣Φmin
n

〉
(20)

where
∣∣Φmin

n

〉
is the N -electron ground-state ket of the auxiliary non interacting

system, uniquely determined by the ground-state density n(~r ). The equivalent
Euler equation (19) now becomes:

δTs
δn(~r )

+ vs(~r ) = µ. (21)

Definition 4 (Exchange-Correlation Energy). We define the exchange-correlation
energy by the following relation:

F [n] = Ts[n] + VHartree[n] + Exc[n]. (22)

Exc is the sum of distinct exchange and correlation terms:

Exc[n] = Ex[n] + Ec[n] (23)

where
Ex =

〈
Φmin
n

∣∣ V̂ee ∣∣Φmin
n

〉
− VHartree[n] (24)

and
Ec =

〈
Ψmin
n

∣∣ T̂e + V̂ee
∣∣Ψmin

n

〉
−
〈
Φmin
n

∣∣ T̂e + V̂ee
∣∣Φmin

n

〉
. (25)

VHartree[n] is given by:

VHartree[n] =
1

2

∫
d3r

∫
d3r′

n(~r )n(~r′ )

||~r − ~r′ ||
. (26)

The functional derivative of VHartree, often known as the classic Hartree potential,
is given by:

vHartree([n];~r ) =
δVee[n]

δn(~r )
=

∫
d3r′

n(~r′ )

||~r − ~r′ ||
. (27)
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We now require both Euler equations (19) and (21) to be consistent. This happens
if and only if

vs(~r ) = vne(~r ) + vHartree([n];~r ) +
δExc[n]

δn(~r )
. (28)

The ground-state density of the auxiliary non interacting state is thus given by
the self-consistent solution of the following system:

(
− ~2

2me

∇′2 + vne(~r′ ) + vHartree([n]; ~r′ ) +
δExc[n]

δn(~r )
(~r′ )

)
ψζ(~r′ ) = εζψζ(~r′ ), (29)

n(~r′ ) =
∑
ζ

θ(µ− εζ)|ψζ(~r′ )|
2
, (30)

where θ(µ− εζ) is the Heaviside step function used to ensure that N orbitals are
singly occupied. The index ζ is a combined index for all quantum numbers that
specify the eigenfunction. These include the spin quantum numbers.

The solutions of the auxiliary one-electron Schrödinger equation (29) are
called Kohn-Sham orbitals. The total energy of the interacting system is then
given by

E =
∑
ζ

θ(µ−εζ) 〈ψζ |−
~2

2me

∇̂2 |ψζ〉+
∫

d3r vne(~r )n(~r )+VHartree[n]+Exc[n]. (31)

The only problem left to solve is the determination of the exchange-correlation
functional Exc[n]. This cannot be done exactly, however several approximations
are available. The local density approximation (LDA for short) has proven to
be remarkably accurate, useful and hard to improve upon. The LDA exchange
energy has the following form:

ELDA
x =

3

10
(3π2)

2
3

∫
d3r n(~r )

4
3 . (32)

Accordingly,

δELDA
x [n]

δn(~r )
=

2

5
(3π2)

2
3n(~r )

1
3 . (33)

Likewise, the correlation term can also be expressed as an explicit function of the
N -electron density n(~r ).
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Besides LDA, other approximations include local spin density and the gener-
alized gradient approximation that have become popular in quantum chemistry.
Additional information can be found in the referenced books [1, 2].

4.2 The Tight-Binding method

The TB method is an intuitive approach to the electronic problem. It is not an
ab-initio method, but its excellent approximate theoretic foundation gives TB
both the accuracy needed to describe systems with complex chemical bonding
and a reduced computational workload, making it compatible with medium-scale
simulations.

In the spirit of the one-particle picture, the adiabatic many-body problem
corresponding to the Hamiltonian (8) is reduced to the problem of one electron
moving in the average effective field Ûave due to the other electrons and the ions,
whose positions are indicated collectively by the vector R. We can now write the
reduced one-electron Hamiltonian as:

ĥ = − ~2

2me

∇̂2 + Ûave(R). (34)

We now assume that the eigenkets of the reduced one-electron Hamilto-
nian (34) are given by |Φν(R)〉. This implies:

ĥ |Φν(R)〉 = εν,R |Φν(R)〉 . (35)

The essence of the TB method is the idea of expanding the one-electron
wave-functions Φν(R, ~r ), which are the solutions of the associated Schödinger
equation, in the basis of the atomic orbitals ϕnlm(~r − ~Rα ) corresponding to the
actual chemical species present in the system and associated to atomic orbital
energies E (α)

n l . Inspired by this approach we now write the eigenkets of the reduced
one-electron Hamiltonian (34) |Φν(R)〉 as follows:

|Φν(R)〉 =
∑
α

∑
η

〈
ϕαη
∣∣Φν(R)

〉 ∣∣ϕαη〉 =
∑
α

∑
η

B(ν)
αη (R )

∣∣ϕαη〉 (36)

where η = (n lm) is a combined index that completely characterizes the atomic
orbitals of atom α. Equation (35) now becomes:

ĥ
∑
α

∑
η

B(ν)
αη (R )

∣∣ϕαη〉 = εν, ~R

∑
α

∑
η

B(ν)
αη (R )

∣∣ϕαη〉 . (37)
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By left-multiplication of (37) with
〈
ϕα

′

η′

∣∣ we deduce the following equation:

∑
α

∑
η

〈ϕα′

η′ | ĥ |ϕαη 〉B(ν)
αη (R ) = εν, ~R

∑
α

∑
η

〈ϕα′

η′ |ϕαη 〉B(ν)
αη (R ). (38)

We remark that Ûave can be decomposed in the following manner:

Ûave = Û (α)
ave + ∆Ûave ≈ Û (α)

ave +
∑
β 6=α

Û (β)
ave

where Ûαave represents the average ion-electron attraction and electron-electron
repulsion due to atom α. This allows for the matrix element 〈ϕα′

η′ | ĥ(R) |ϕαη 〉 to
be written in the following way:

〈ϕα′

η′ | ĥ(R) |ϕαη 〉 = E (α)
η 〈ϕα

′

η′ |ϕαη 〉+ 〈ϕα′

η′ |
∑
β 6=α

U (β)
ave |ϕαη 〉 . (39)

Two simplifications can now be performed. The first to is replace the set of atomic
orbitals with the Löwdin orbitals

∣∣ϕ̃αη〉. These have the property of being orthog-
onal but having the same symmetry properties of the original non-orthogonal
atomic wave functions from which they are derived. The Löwdin orbitals al-
low us to write 〈ϕ̃α′

η′ |ϕ̃αη 〉 simply as δα′, α δη′, η. The explicit construction of the
Löwdin orbitals can be seen in P. O. Löwdin’s article [3]. The second simplifica-
tion comes from the so-called two-center approximation which can be considered
the core of the TB method. The two-center approximation consists in neglecting
from 〈ϕα′

η′ |
∑

β 6=α U
(β)
ave |ϕαη 〉 all terms in

∑
β 6=α Û

(β)
ave that do not have β = α′. In

layman’s terms, we simply neglect all three-center integrals. There is no general
argument proving that three-center integrals are negligible. Nevertheless it is
reasonable to state that their value is small when compared to two-center inte-
grals, due to the strong localized character of the Löwdin orbitals. The physical
soundness of the two-center approximation has been firmly proved by over fifty
years of applications of the TB model. However, recent extensions of the adopted
TB model include three-center terms [4]. Using these simplifications we can now
write equation (39) simply as:

〈ϕ̃α′

η′ | ĥ(R) |ϕ̃αη 〉 = E (α)
η δα′, α δη′, η + 〈ϕ̃α′

η′ | U (α)
ave + U (α′)

ave |ϕ̃αη 〉 . (40)

Equation (38) simplifies into the following expression:

∑
α

∑
η

[
E (α)
η δα′, α δη′, η + 〈ϕ̃α′

η′ | U (α)
ave + U (α′)

ave |ϕ̃αη 〉
]
B̃(ν)
αη (R ) = εν, ~RB̃

(ν)
αη (R ) (41)
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or equivalently in matrix form:

H · ~̃B(ν)(R ) = εν, ~R
~̃B(ν)(R ), (42)

with

H =


E (1)

1 0 . . . 〈ϕ̃1
1| U

(1)
ave + U (2)

ave |ϕ̃2
1〉 . . .

0 E (1)
2 . . . 〈ϕ̃1

2| U
(1)
ave + U (2)

ave |ϕ̃2
1〉 . . .

...
... . . . ... . . .

〈ϕ̃2
1| U

(1)
ave + U (2)

ave |ϕ̃1
1〉 〈ϕ̃2

1| U
(1)
ave + U (2)

ave |ϕ̃1
2〉 . . . E (2)

1 . . .
...

... . . .
... . . .

 .

(43)
Hence the many-electron problem is simply reduced to the diagonalization of the
matrix H in the Hilbert space formed by the Löwdin orbitals. This might seem a
straightforward exercise, except that it requires a time proportional to the third
power of the total number of orbitals involved. Additionally, the computational
effort required to compute all of the Hamiltonian matrix elements (40) is daunt-
ing. It is therefore desirable to further reduce the complexity of the underlying
quantum machinery. This is done following a seminal concept introduced by
Slater and Koster [5] that affirms that a symmetry analysis allows these matrix
elements to be expressed as the product of a single universal angle-dependent
function times a distance-dependent part, expressed in terms of a few disposable
constants that one can then fit. Eventually, the full electronic eigenstate is given
by a Slater determinant of the lowest-energy N eigenstates described by Eq. (36).
More information on the TB method can be found in Ref. [4].

5 Tight-Binding vs. Density Functional Theory

Being an ab-initio (i.e. parameter-free) method, DFT is clearly superior to TB.
DFT always yields more accurate results making it the preferred method of molec-
ular simulation in quantum chemistry and related branches. Unfortunately, the
numerical implementation of DFT is quite demanding in terms of computational
workload and, even with the ever-increasing power of modern digital computers,
its applications are still limited to systems containing no more than few hundreds
of particles and/or to times no longer than few tens of picoseconds. This is good
enough for coping with a lot of fundamental materials problems, but it leaves
many others simply out of reach. Clearly an alternative, «low-cost» calculation
method is required. A convenient alternative is the TB approach to the electronic
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Figure 1: Scheme of the form and of the possible types of overlaps for s
and p atomic orbitals.

problem since it represents an outstanding conceptual bridge between superior,
but expensive, ab-initio methods and undemanding, but limited (even severely,
sometimes), empirical ones. On the remainder of this thesis we will pursue the op-
timization of a transferable TB parametrization for carbon-hydrogen compounds
using DFT-LDA as the reference model.

6 Tight-Binding Numerical Implementation

We start-off with a C++ TB numerical implementation developed for a diploma
thesis [6].

This numerical implementation is inspired by the work of C. H. Xu et al. [7]
where the carbon off-diagonal elements of H, defined in Equation (48), are de-
scribed by a set of orthogonal sp3 two-center hopping parameters, Vssσ, Vspσ,
Vppσ, and Vppπ, illustrated in Fig. 1, scaled by s(r) as a function of interatomic
separation. The diagonal elements of H are given by the atomic orbital energies
of the corresponding atom. C.H. Xu’s model also includes a short-range repulsive
energy term Erep given by:

Erep =
∑
i

f

(∑
j 6=i

φ(rij)

)
, (44)

where φij is a pairwise potential between atoms i and j, and f is a 4th-order
polynomial function f(x) =

∑4
n=0 cnx

n with argument
∑

j φ(rij). The scaling
function s(r) and the pairwise potential φ(r) follow the the standard Goodwin-
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Skinner-Pettifor [8] form:

s(r) =

(
r0

r

)n
exp{n[−(r/rc)

nc + (r0/rc)
nc ]} (45)

φ(r) = φ0

(
d0

r

)m
exp{m[−(r/dc)

mc + (d0/dc)
mc ]} (46)

where r0 denotes the nearest-neighbor atomic separations in diamond, and n, nc,
rc, φ0,m, dc andmc are parameters that need to be determined. Moreover, for the
convenience of molecular dynamics simulation, the scaling function s(r) and the
pair potential φ(r) are required to vanish smoothly at rcut and dcut respectively.
This is achieved by replacing the standard functional dependence (45), (46) in
the rtail ≤ r ≤ rcut interval for s(r), dtail ≤ r ≤ dcut for φ(r), with third-order
polynomials t(s)(r) =

∑3
n=0 c

(s)
n (r− rtail)

n and t(φ)(r) =
∑d

n=0 c
(φ)
n (r− dtail)

n. The
coefficients of these polynomials are determined by requiring them to match in
value and first derivative the radial function at rtail (dtail respectively) and the
constant 0 at rcut (dcut respectively). The coefficients of third-order polynomials
are therefore the solutions of the following matrix equations:


0 0 0 1

0 0 1 0

(rcut − rtail)
3 (rcut − rtail)

2 rcut − rtail 1

3(rcut − rtail)
2 2(rcut − rtail) 1 0



c

(s)
3

c
(s)
2

c
(s)
1

c
(s)
0

 =


s(rtail)

s′(rtail)

0

0

 (47)

and


0 0 0 1

0 0 1 0

(dcut − dtail)
3 (dcut − dtail)

2 dcut − dtail 1

3(dcut − dtail)
2 2(dcut − dtail) 1 0



c

(φ)
3

c
(φ)
2

c
(φ)
1

c
(φ)
0

 =


φ(dtail)

φ′(dtail)

0

0

 . (48)

Table 1 enumerates the carbon parameters used in the TB model developed by
Xu et al.

This numerical implementation then adopts an extension of the Xu et al.
TB model, developed by Davidson and Pickett [9] that allows the inclusion of
hydrogen atoms. In this extension all hydrogen matrix elements have the same
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form and follow the same logic as in Ref. [7]. Table 2 lists the hydrogen parameters
proposed in the extension of the TB model by Davidson and Pickett.

Even though the Davidson and Pickett extension does provide a parametriza-
tion for carbon-hydrogen hopping matrix elements, we adopt the parametrization
proposed by Volpe and Cleri [10], which differs from the two others due to a dif-
ferent form of the repulsive energy:

Erep(z, φ) =
∑
i

(
a0 + (b0 + zib1)

∑
j

φ(rij) + (c0 + zic1)(
∑
j

φ(rij))
2

)
(49)

with φ(r) still given by Eq. (46) and the effective coordination zi is defined as:

zi =
∑
j

(
1 + exp{γ(rij − α)}

)β
, (50)

where the index i runs over all carbon atoms and index j runs over all hydrogen
atoms. The main effect of the effective coordination zi is to smear out a too
rapid variation in the local coordination, and the resulting variation of "charge
density", when several C atoms are close to an H atom. Table 3 enumerates the
carbon-hydrogen parameters as described by Volpe and Cleri.

Since the TB method does non consider the energy contribution of the core
electrons, whereas DFT does,1 it is necessary to add a new energy parameter,
ECore, for carbon and for hydrogen to bring the total energy of TB and DFT to
comparable scale. Taking into account these new parameters, the total energy
ETOT TB of an arbitrary carbon-hydrogen compound predicted by TB is now given
by:

ETOT TB = E ′TOT TB + nCE
(C)
Core + nHE

(H)
Core (51)

where E ′TOT TB is the total energy predicted by the TB formulation according
to [7, 9, 10] without the inclusion of the ECore parameters and, nC and nH are the
number of carbon and hydrogen atoms in the compound. The ECore parameters
can be freely fitted. The best-fit values of these parameters for the original
parametrization are indicated in Table 1 and Table 2 respectively for carbon and
hydrogen.

Remarkably, Sanavio discovered that this parametrization leads to «seri-
ously unphysical behavior» [6]. An example of the unphysical behavior can be

1The Quantum Espresso DFT-LDA plane-waves code, which is used as the reference model,
includes the core electrons only within a "frozen core" approximation, hence their energy is not
realistic.
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(a) (b)

Figure 2: (a): the physical linear H−C ≡ C−H configuration of acetylene,
characterized by E

(GS)
e = −338.1 eV. (b): the unphysical global

minimum of the Volpe-Cleri adiabatic potential, characterized by
E

(GS)
e = −350.1 eV, as much as 12.0 eV more stable.
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Table 1: Tight-Binding parameters for Carbon.

Parameter C. H. Xu et al. [7] Best-Fit

ECore [eV] −146.95 −142.79

Es [eV] −2.99 −4.783

Ep [eV] 3.71 −3.478

Vssσ [eV] −5.0 −3.879

Vspσ [eV] 4.7 3.528

Vppσ [eV] 5.5 5.044

Vppπ [eV] −1.55 −2.012

n 2.0 1.952

nc 6.5 6.310

rc [Å] 2.180 2.343

r0 [Å] 1.536 1.536

rtail [Å] 2.45 2.45

rcut [Å] 2.6 2.6

φ0 [eV] 8.186 8.124

m 3.303 3.459

mc 8.666 8.594

dc [Å] 2.105 2.025

d0 [Å] 1.64 1.64

dtail [Å] 2.57 2.57

dcut [Å] 2.6 2.6

c0 [eV] −2.591 19.111

c1 0.572 0.251

c2 [eV−1] −1.790× 10−3 3.537× 10−3

c3 [eV−2] 2.354× 10−5 −7.091× 10−5

c4 [eV−3] −1.243× 10−7 3.707× 10−7
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Table 2: Tight-Binding parameters for Hydrogen.

Parameter Davidson and Pickett [9] Best-Fit

ECore [eV] −6.03 −8.18

Es [eV] −4.749 −5.948

Vssσ [eV] −0.440 1.540

n 0.449 0.744

nc 1.565 1.275

rc [Å] 0.710 1.055

r0 [Å] 2.139 2.139

rtail [Å] 1.10 1.10

rcut [Å] 1.22 1.22

φ0 [eV] 0.0546 0.0184

m 1.02 0.588

mc 0.846 1.015

dc [Å] 0.356 0.372

d0 [Å] 2.301 2.301

dtail [Å] 1.06 1.06

dcut [Å] 1.22 1.22

c0 [eV] −2.591 −5.595

c1 0.572 4.108

c2 [eV−1] −1.790× 10−3 9.531× 10−3

c3 [eV−2] 2.354× 10−5 −2.027× 10−4

c4 [eV−3] −1.243× 10−7 −4.981× 10−7
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Table 3: Tight-Binding parameters for Carbon-Hydrogen.

Parameter Volpe and Cleri [10] Best-Fit

Vssσ [eV] −6.523 −5.940

Vspσ [eV] 6.811 3.989

n 0.234 0.445

nc 0.435 0.476

rc [Å] 0.0522 0.0759

r0 [Å] 1.102 1.102

rtail [Å] 1.55 1.55

rcut [Å] 1.85 1.85

φ0 [eV] 9.118 8.578

m 0.710 0.840

mc 0.878 0.847

dc [Å] 0.14 0.121

d0 [Å] 0.786 0.786

dtail [Å] 1.605 1.605

dcut [Å] 1.85 1.85

a0 [eV] 12.62 10.538

b0 1.85 1.721

b1 −1.94 −0.193

c0 [eV−1] 0.03335 −0.07144

c1 [eV−1] 0.1227 0.0527

α (Å) 1.35 1.35

β −0.5 −0.5

γ [Å−1] 10 10
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seen with acetylene H2C2. Figure 2 shows two local-minimum configurations of
C2H2. The unphysical lozenge shape is predicted to lie 12.0 eV lower in energy
than the correct linear H − C ≡ C − H configuration. Similar extra-stable un-
physical twofold-coordinated hydrogen atoms are found, e.g., for C24H12, C54H18,
graphane, etc [6]. These unphysical predictions led Sanavio to conclude that
this parameterization needs full reconsideration in order to fix the unphysical
behavior, without upsetting the correct features of the model.

7 Procedure

In order to correctly reconsider the parametrization of this TB model, we adopt
Quantum Espresso (QE for short) plane-waves code as the reference model. QE
uses DFT-LDA to simulate the electronic dynamics [11].

To quantify the numerical difference between the results predicted by our
TB model and QE we introduce the following squared error function:

F2
error(~P ) =

1

nconf

nconf∑
i

[
1

2

(
E

(i)
TOT TB(~P )− E(i)

TOT QE

)2

+
1

2n
(i)
bands

n
(i)
bands∑
j

(
E

(i)
j band TB(~P )− E(i)

j band QE

)2

]
. (52)

Here ~P is a vector containing all parameters that characterize the TB numerical
implementation, nconf is the number of geometrical carbon-hydrogen configura-
tions being considered in the fit, n(i)

bands is the number of bands of the ith config-
uration where in general we take at least 2 more than the number of occupied
bands. E(i)

TOT TB(~P ) and E(i)
TOT QE are the total energies, in eV, of the ith configu-

ration predicted by TB and QE respectively, and E(i)
j band TB(~P ) and E(i)

j band QE are
the energies, in eV, of the jth band of the ith configuration predicted by TB and
QE respectively.

The error function Ferror provides a numerical estimate, in eV, of the devia-
tion between a single QE and TB numerical results. The error function compares
two main quantities in the electronic dynamics, namely the total energy of the
molecule or solid and the band structure of the compound. Since the total energy
produces the forces which drive the adiabatic ionic dynamics it has primary con-
sideration in the numerical value of the error function. The smaller the numerical
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value of the Ferror is, the better our TB numerical implementation emulates our
reference model. On that account it comes natural to fit the TB parameters in
order to minimize the Ferror.

A Python code was developed in order to calculate the value of the error
function Ferror and subsequently minimize it by finding the best fit for the pa-
rameters that characterize the TB numerical implementation. The minimization
is carried out by a «downhill simplex» routine. Being a standard method that
relies only on function evaluation, the simplex routine has the advantage of not
requiring the calculation of any derivative [12]. This makes it the best method
to minimize a function such as Eq. (52) since the analytic calculation of the
derivative with respect to any parameter would vastly complicate our task.

The geometrical carbon-hydrogen configurations that we decided to include
are the relaxed configurations of CH4, C2H2, C2H4, C2H6, C8H4 and benzene
C6H6, plus, for each species, fifty configurations obtained by adding to each degree
of freedom of the relaxed configuration a random Gaussian displacement of σ =

0.02 Å plus twenty configuration obtained by adding to each degree of freedom of
the relaxed configuration a random Gaussian displacement of σ = 0.15 Å. We also
include twenty deformations of the unphysical lozenge-shaped C2H2 as identified
by C. Sanavio [6]. In total we fit 446 geometrical carbon-hydrogen configurations.

A total of 48 parameters were fitted:

• Carbon: ECore, Es, Ep, Vssσ, Vspσ, Vppσ, Vppπ, n, nc, rc, φ0, m, mc, dc, c0,
c1, c2, c3, c4.

• Hydrogen: ECore, Es, Vssσ, n, nc, rc, φ0, m, mc, dc, c0, c1, c2, c3, c4.

• Carbon-Hydrogen: Vssσ, Vspσ, n, nc, rc, φ0, m, mc, dc, a0, b0, b1, c0, c1.

8 Results

With the original parameters Ferror = 8.1003 eV. After the minimization we obtain
Ferror = 0.9496 eV. Typical residual errors are illustrated in Fig. 3. The set of
parameters that minimize Ferror are listed in Tables 1-3.

In order to understand the significance of these numerical results, we will now
compare the electronic properties, as predicted by TB and QE, before and after
the minimization of Ferror for a group of selected carbon-hydrogen geometrical
configurations. To simplify notation and compactify results, we introduce the
following quantities:

∆ETOT = E
(i)
TOT TB(~P )− E(i)

TOT QE, (53)

24



0 2 4 6 8 10 12 14 16

Acetylene

Lozenge Acetylene

Ethylene

Ethane

Methane

Benzene

0.3

2.6

0.4

0.7

0.5

0.9

3.9

15.1

3

3.3

3.3

3.2

F
(single)
error [eV]

Optimized vs Original TB Parameters

Optimized Parameters
Original Parameters

Figure 3: Typical residual errors before and after Ferror minimization for a
few relaxed species.

σ2
bands =

∑n
(i)
bands
j

(
E

(i)
j band TB(~P )− E(i)

j band QE

)2

nbands
, (54)

and
F2 (single)

error =
1

2
∆2
ETOT

+
1

2
σ2

bands. (55)
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ETOT QE = −339.13 eV

ETOT TB [eV] ∆ETOT [eV] σbands [eV] F
(single)
error [eV]

Original Parameters −338.08 1.05 5.46 3.93

After Ferror minimization −339.19 −0.06 0.41 0.29

Table 4: The fit properties for the fully relaxed configuration of C2H2.
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ETOT QE = −337.35 eV

ETOT TB [eV] ∆ETOT [eV] σbands [eV] F
(single)
error [eV]

Original Parameters −335.35 2.00 5.48 4.12

After Ferror minimization −336.67 0.67 0.73 0.70

Table 5: Same as Table 4 for a deformation of C2H2, see figure above.
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ETOT QE = −330.39 eV

ETOT TB [eV] ∆ETOT [eV] σbands [eV] F
(single)
error [eV]

Original Parameters −350.12 −19.73 8.16 15.10

After Ferror minimization −330.82 −0.44 3.59 2.55

Table 6: Same as Table 4 for the unphysical lozenge-shaped C2H2 as iden-
tified by C. Sanavio [6].
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ETOT QE = −372.60 eV

ETOT TB [eV] ∆ETOT [eV] σbands [eV] F
(single)
error [eV]

Original Parameters −373.38 −0.79 4.14 2.98

After Ferror minimization −372.64 −0.04 0.63 0.44

Table 7: Same as Table 4 for C2H4.
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ETOT QE = −361.68 eV

ETOT TB [eV] ∆ETOT [eV] σbands [eV] F
(single)
error [eV]

Original Parameters −349.13 12.55 5.06 9.57

After Ferror minimization −362.13 −0.44 0.83 0.66

Table 8: Same as Table 4 for a deformation of C2H4, see figure above.
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ETOT QE = −218.66 eV

ETOT TB [eV] ∆ETOT [eV] σbands [eV] F
(single)
error [eV]

Original Parameters −220.92 −2.26 4.04 3.28

After Ferror minimization −218.12 0.54 0.41 0.48

Table 9: Same as Table 4 for CH4.
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ETOT QE = −214.82 eV

ETOT TB [eV] ∆ETOT [eV] σbands [eV] F
(single)
error [eV]

Original Parameters −214.04 0.78 2.79 2.05

After Ferror minimization −213.73 1.09 0.49 0.84

Table 10: Same as Table 4 for a deformation of CH4, see figure above.
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ETOT QE = −405.48 eV

ETOT TB [eV] ∆ETOT [eV] σbands [eV] F
(single)
error [eV]

Original Parameters −408.44 −2.96 3.69 3.34

After Ferror minimization −406.08 −0.59 0.72 0.66

Table 11: Same as Table 4 for C2H6.
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ETOT QE = −402.47 eV

ETOT TB [eV] ∆ETOT [eV] σbands [eV] F
(single)
error [eV]

Original Parameters −403.49 −1.01 2.98 2.23

After Ferror minimization −401.83 0.64 1.10 0.90

Table 12: Same as Table 4 for a deformation of C2H6, see figure above.
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ETOT QE = −1025.67 eV

ETOT TB [eV] ∆ETOT [eV] σbands [eV] F
(single)
error [eV]

Original Parameters −1026.32 −0.65 4.54 3.24

After Ferror minimization −1025.00 0.67 1.12 0.93

Table 13: Same as Table 4 for C6H6 Benzene.
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ETOT QE = −1297.68 eV

ETOT TB [eV] ∆ETOT [eV] σbands [eV] F
(single)
error [eV]

Original Parameters −1297.25 0.43 5.73 4.06

After Ferror minimization −1296.70 0.98 0.85 0.91

Table 14: Same as Table 4 for C8H4.
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Figure 4: Adiabatic potential for a CH4 molecule as a function of the C-H
bond distance (all C-H bond distances are changed symmetri-
cally).

As reported in Tables 4-14 after the minimization of Ferror, our TB model
improves significantly its accuracy and predictiveness for the calculation of the
total adiabatic potential energy and the band structure of carbon-hydrogen com-
pounds. Additionally, the unphysical behavior of the original parametrization
has now been corrected. Indeed, as illustrated by Table 6, the optimized TB
parametrization predicts the unphysical lozenge-shape C2H2 well 8.37 eV above
the correct linear H− C ≡ C− H ground-state configuration (8.74 eV according
to DFT-LDA).

In order to evaluate the accuracy of our TB model with the new parametriza-
tion, we study the adiabatic potential for a few configurations not included in
the fit. Figure 4 shows the adiabatic potential for a CH4 molecule as a function
of the C-H bond distance (all C-H bond distances are changed symmetrically) as
predicted by our newly parametrized TB model, the original TB parametrization,
and by QE. It can be clearly seen that the adiabatic potentials produced by our
newly parametrized TB model and by QE are quite similar showing that both
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Figure 5: Adiabatic potential for a C2H6 molecule as a function of the C-C
bond distance.

models are in good accord. The increasing discrepancy after 1.55 Å is mainly due
to the poor choice for the cutoff length of Ref. [9] which we did not challenge.
Figure 5 compares the adiabatic potential for a C2H6 molecule as a function of the
C-C bond distance for the three considered schemes. As before, good agreement
between our TB model and QE is shown.

9 Discussion and conclusion

In the present thesis we have built from scratch a tool which allows us to realize an
extensive fitting of a multi-parameter Hamiltonian on an ab-initio model. The
method has proved to be extremely flexible for the choice of configurations to
include. Even though the realized fit cannot be taken as the final word about
TB models for C-H compounds, it represents a significant improvement over the
Volpe-Cleri model [10].

Further improvements could involve :
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i Increasing the C-H and H-H cutoff radii to distances at least comparable to
the C-C ones.

ii The extension of the set of fitted configurations including, e.g., periodic crys-
tals and more complex organic compounds.

iii The unphysical lozenge-shaped C2H2 suggests that a significant number of
far-from-equilibrium geometrical configurations need to be included in order
to prevent the possible appearance of other unphysical local minima.
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