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Chapter 1

Introduction

Since Mate et al. [1] first investigated the nanoscale periodic frictional force map of a graphite

surface using a tungsten tip in 1987, many studies have been conduced experimentally and theoret-

ically. Experimental investigations of friction on the atomic scale have become possible by virtue

of the friction force microscope (FFM). In an FFM experiment a sharp tip scans a sample surface

with atomic precision, while lateral forces are recorded with a resolution that can reach the pN

range. In recent works the Frenken’s group in Leiden has probed quantitatively the well known

slipperiness of graphite, responsible for its excellent lubrication properties. These experiments

reveal that the scanning tip performs the so-called stick and slip motion, where the tip jumps

discontinuously over single lattice spacings of graphite. Under special conditions however, it was

shown that it is possible, for incommensurate, dry and wearless tip-surface contact, to realize an

essentially frictionless sliding, a phenomenon known as superlubricity. This phenomenon has been

proposed to occur when two parallel surfaces slide over each other in incommensurate contact. In

such a geometry, the lattice mismatch can prevent collective stick and slip motion of all atoms in

the contact together, thus allowing the friction force to become extremely small. This is believed

to occur as the tip collects a small portion (flake) of graphene material and remains dressed by it.

Theoretically, atomic scale friction in the absence of wear, plastic deformation and impurities

has been studied using simple balls-and-springs models such as the Tomlinson model [2], where a

single atom or a more structured tip is coupled by a spring to a moving support representing the

sliding top solid. The bottom solid is treated as a static periodic potential energy surface.

Our goal is to implement a tight-binding molecular dynamics (TBMD) description of the

Tomlinson-like simulation of an FFM experiment, where a finite graphene flake is lead along a

graphite substrate, in order to study its frictional behavior depending in particular on the model

parameters. Our model is constituted by a sp2 carbon hexagonal flake interacting with an infinite

graphene sheet. Figure 1.1 shows the equilibrium position of a 54 atoms flake. Compared to pre-

vious theoretical models, where the flake is assumed to be perfect and rigid and the substrate is

represented by a static analytically defined periodic potential, our fully-atomistic TBMD model

exploits several realistic features. The flake-substrate interaction potential is not classical and

contains quantum mechanics with the chemistry of bond breaking and bond formation. Each flake

atom is coupled to a rigid support by springs. The support has the shape of an ideal flake, and

moves parallel to the graphite substrate, applying forces only in the x-y plane. At each support step

along the scanline, the flake is made relax to equilibrium by a damped dynamics, corresponding

to assuming a quasi-static motion of the tip, well separated from the fast dynamics of the flake.

Figure 1.2 left shows the typical outcome of a numerical calculation of the type sketched above.

It reports the parallel component of the springs lateral force F spr

‖ as a function of the support

5



6 CHAPTER 1. INTRODUCTION

Figure 1.1: The relaxed configuration of the 54-atoms flake under a total load of

100 nN. Static substrate atoms are clear, flake atoms are dark.
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Figure 1.2: Left panel: the parallel component F spr

‖ of the springs total force as

a function of the support position xtip. A total load of 100 nN is applied to the

dragged flake made of 24 atoms. The flake is pulled along the x direction per-

pendicular to bonds, in the high-friction fully commensurate unrotated geometry

(stacking angle φ = 0◦). Forward scan: solid line. Backward scan: dashed line.

The shaded area between the two curves provides a measure of friction-dissipated

energy. Right panel: friction force Ffric as a function of the fixed stacking angle

φ, for three different flake sizes: 24 atoms (solid line), 54 atoms (dashed line) and

96 atoms (dash-dotted line). The pulling angle is θ = 0◦ and the total applied

load is 100 nN. Flake atoms are allowed to relax only along the z direction.
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displacement xtip, for a forward-backward loop. The simulation involves a 24 atoms flake, under

a total load of 100 nN, with a fully commensurate stacking (φ = 0◦) and soft springs Kx =

Ky = 0.1 eV/Å2. The curve shows clear stick-and-slip events, with a characteristic sawtooth

force determined by the competition between the dragging elastic force and the flake-substrate

sticking interaction. Elastic energy, accumulated in the springs, is counterbalanced by the substrate

attraction, until, suddenly, the flake slips to the next minimum. The hysteretic difference between

the forward and backward force curve gives a measure of the energy dissipated, thus a measure of

the friction.

Indeed, the computed force profiles permit to evaluate the actual static friction force Ffric for

given conditions of load and flake stacking angle φ, see figure 1.2 right. The model calculations show

in particular the crucial role of the flake rotation in determining the static friction, in qualitative

agreement with experimental observations.

The following sections summarise briefly few key achievements, both experimental and theoretical-

computational on nanofriction, in particular occurring in graphite-like systems and in particular

about graphite flakes pulled along a graphite surface.

1.1 Friction: basics

Friction is the force resisting the relative motion of two surfaces in contact. It is due to electro-

magnetic forces among atoms and their electrons. When two contacting surfaces move relative

to each other, the friction between the two objects converts part of the macroscopical mechanical

energy into thermal energy. Friction between solid objects is often referred to as dry friction or

sliding friction. Sliding friction is affected only moderately by surface roughness, but by chemical

bonding between the surfaces.

At the eve of 16th century, Leonardo da Vinci stated the two basic laws of sliding friction:

the frictional resistance is proportional to the load and it is independent of the apparent contact

area of the sliding surfaces. Later, several experimental investigations allowed Amontons and

Coulomb to formulate the sliding friction laws in the form which is still widely used nowadays.

The Amontons-Coulomb model of friction is described by the equation:

Ffric = µFN (1.1)

where FN is the normal loading force, Ffric is the force exerted by friction parallel to the surface

of contact of nominal area Σ0 and µ is the coefficient of friction, which is an empirical property

of the contacting materials. Starting from rest, it takes a minimum force Ffric s = µsFN to move

the slider, where µs is the static friction coefficient. When a steady sliding motion with velocity v

is reached, the friction force is Ffric d = µdFN , where µd is the dynamic friction coefficient. The

classical Amontons-Coulomb’s laws state that:

• both µs and µd are independent of FN and the nominal contact area Σ0;

• µs and µd only depend on the couple of materials in contact;

• usually µd < µs.

The microscopic interpretation of these laws is based on the observation that the effective contact

area Σeff between two rough elastic solids is usually a tiny fraction of the nominal area Σ0. Hence

the pressure at the level of the micro-contacts usually far exceeds the elastic limit of the material

which then deforms plastically. At equilibrium, the normal load FN is balanced by the yield

pressure:

FN = pyieldΣeff (1.2)
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where pyield is the yield strength of the softer material. The friction force Ffric due to the shear

strength of the micro-contacts is given by:

Ffric = σshearΣeff (1.3)

where σshear is a characteristics of the material, of the order of pyield. Putting equations (1.2) and

(1.3) together gives a friction coefficient µ = σshear

pyield
which only depends on mechanical characteris-

tics of the material. The key feature of sliding friction thus reposes in the elasto-plastic properties

of the micro-contacts.

The friction force is always exerted in a direction that opposes movement (for dynamic friction)

or potential movement (for static friction) between two surfaces. Static friction is thus the force

between two surfaces that are not moving relative to each other; it balances the net force tending

to cause the motion. In this case, rather than providing an estimate of the actual friction force,

the Amontons-Coulomb’s laws provide a threshold value for this force, above which sliding starts.

Dynamic friction occurs when two objects are moving relative to each other. The coefficient of

dynamic friction µd is often nearly velocity independent unless the sliding velocity is very low,

where thermally activation becomes important. Moreover µ is usually nearly independent of the

surface roughness, unless the surfaces are very rough or very smooth; in both cases the friction

forces are larger than for intermediate roughness.

Finally, the work done by friction can translate into deformation, wear and heat, that in turn

can affect the contact surface material properties (and even the friction coefficient themselves).

1.2 Experimental findings

The first observation of the nanoscale periodic frictional force behavior for a graphite surface

scanned with a tungsten tip, is due to Mate et al. [1]. Using an atomic force microscope (AFM)

[3], they observed atomic-scale features of the frictional force acting on a tungsten tip sliding on the

basal plane of a graphite surface with loads < 10−4 N. The atomic features show the periodicity of

the graphite substrate; in particular when the magnitude of the frictional forces exceeds a critical

value depending on the spring constant of the tip, sudden slips of the tip across the graphite surface

are observed which also show substrate periodicity. Mate et al. discussed these results in terms of

a phenomenological model for the tip motion described by the sum of a periodic tip-surface force

and the force exerted by the cantilever spring of the tip assembly. Their instrument used optical

interference for measuring the deflection of a cantilever with a known spring constant and a tip at

its end. The typical cantilever and tip combination was fabricated from tungsten wire. They used

an AFM operating in ambient laboratory air, thus allowing for the presence of contaminants, as

water, at the tip-surface interface, which are deposited even if the graphite samples were cleaved

before experiments.

In this and other works the slipperiness of graphite, responsible for its excellent lubrication

properties, was observed in FFM experiments [4]. These experiments also revealed that the scan-

ning tip in FFM experiments on graphite performs the so-called stick and slip motion, where the

tip jumps discontinuously over single lattice spacings. This leads to variations in the lateral force

with the periodicity of the graphite lattice. At present theoretical simulations based on a few atom

or even a single-atom tip are in good agreement with experimental data, indicating that the top

of the probe tip locks for a long time inside the hollow site (center of a six-carbon ring in the

graphite layer) of the graphite surface acting as substrate. However, to fit experiments, the normal

loads that must be used in the simulations, ∼= 1 nN, are about two orders of magnitude smaller

than experimental ones, ∼= 100 nN. This confirms that in experiments the contact area should not

consist of a single atom but of a larger finite number of atoms performing a collective atomic-scale
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stick and slip motion. In particular Morita et al. [5] suggested that in FFM experiments on layered

materials, such as MoS2 or graphite, a flake, consisting of several hundred atoms in contact with

the substrate, can attach to the tip. Based on this, a possible explanation for the low-friction

behavior of graphite might be superlubricity. This phenomenon has been proposed to occur when

two parallel surfaces slide over each other in incommensurate contact [6]. In such a geometry, the

lattice mismatch can prevent collective stick and slip motion of all atoms in contact together, and

thus the kinetic friction force can be vanishingly small.

Hirano and Shinjo studied theoretically the origin of the frictional forces on clean solid surfaces.

They considered two bodies, a lower one assumed to be rigid and an upper one sliding against it.

Two cases with a rigid or relaxed upper body are studied. The atoms belonging to the two bodies

interact with each other by pairwise interatomic forces. During the sliding of the upper body

against the rigid lower one, atoms are considered to form the most favourable configuration by

changing their positions. In general the configuration of atoms changes either continuously or dis-

continuously. The authors find two atomistic origins for solid sliding friction: atomistic locking and

dynamic locking. In atomistic locking all the constituent atoms move continuously. On the other

hand, in dynamic locking, atoms change discontinuously their positions. In contrast to atomistic

locking, in dynamic locking the atoms jump non-adiabatically beyond potential barriers between

neighbouring sites. Hirano and Shinjo conclude that for realistic materials (thus considering impu-

rities, the presence of contaminants and so on) atomistic locking is responsible for the solid sliding

friction. Anyway a frictionless system seems possible if clean solid surfaces are prepared.

A key work in the study of the tribological behavior of graphite systems was carried out by

Dienwiebel et al. [7]. In this work the authors have shown, by measuring atomic-scale friction

as a function of the rotational angle between a tungsten tip and a graphite surface, that the

origin of ultra-low friction of graphite in friction force experiments lies in the incommensurability

between a graphite flake sticking to the tip and the graphite surface. In order to identify and

study superlubricity, they developed a novel FFM, which allows quantitative tracking of the forces

on the scanning tip in three directions, with a resolution in the lateral forces down to 15 pN.

This customized tip combines low and symmetric springs constants in the two lateral directions,

Kx = Ky
∼= 0.36 eVÅ−2, with a higher stiffness in the normal direction Kz

∼= 1.62 eVÅ−2. The

scanning speed in this experiments was 30 nm/s. The normal load FN is set using the feedback

loop of the scan electronics. Zero normal load is defined as the load where the tip is not bent

in the normal direction. When the tip is scanned over the surface, the lateral forces in the scan

direction and the vertical displacements, are recorded, along both forward and reverse scan lines.

A forward scan line with its subsequent reverse scan line, together form a closed hysteresis loop, the

so-called friction loop. Dienwiebel et al. measured the lateral forces at a range of constant normal

loads (ranging from 25 nN to pull-off, FN = −22 nN) for different orientations of the (rotated)

graphite sample with respect to the tungsten tip. Figure 1.3 shows a typical force loop of the force

parallel to the sliding direction, for a 18 nN applied load. Figure 1.3 (a) displays clearly resolved

atomic-scale stick and slip sliding. In that work the average friction force experienced by the tip is

defined as the area enclosed in the loop divided by the loop width. In the example of this figure,

the friction force is found to be 203 ± 20 pN. Figures 1.3 (c) and (d) show FFM measurement

under the same conditions as (a) and (b), but with the graphite substrate rotated 12◦ clockwise

around an axis normal to the surface. This rotation causes the average friction force drop by over

one order of magnitude to 15.2 ± 15 pN.

The authors of Ref. [7] explored the average friction force over a 100◦ range of substrate

rotation angles, shown in figure 1.4. They recognize two narrow angular regions with high friction,

separated by a wide angular interval with nearly null friction. They conclude that the orientational

variation in the friction force and especially the near vanishing of friction for most orientations,
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Figure 1.3: Friction loops (black forward, grey reverse) and lateral force images

(forward), measured along the scanning direction at tip surface orientation angles

φ = 60◦ (a),(b); 72◦ (c),(d); 38◦ (e),(f). Applied load 18 nN (a)-(d) and 30 nN

(e), (f). Grey scale 590 pN (b), 270 pN (d), 265 pN (f). Image size 3 nm x 3 nm.

Figure from ref. [7].

constitute firm evidence for superlubricity between the FFM tip and the graphite substrate. They

also provide evidence that the superlubricity has taken place between the graphite substrate and a

graphite flake attached to the tip. The presence of the flake attached to the tip would then account

for the strong orientation dependence of the friction; in particular, in correspondence to the two

friction peaks, the flake and substrate lattices are aligned perfectly, while they are misaligned

for the intermediate angles. Dienwiebel et al. have also observed on some occasion that, after

a deliberate, modest misalignment by a few degrees of an initially aligned contact, high friction

restores spontaneously after a few scan lines. These events can be interpreted as the effect of a

torque exerted by the surface on a nearly aligned flake, which was attached to the tungsten tip

sufficiently loosely to rotate. In our work we will deal explicitly with this phenomenon, as discussed

in next chapters.

Importantly the peak width of figure 1.4 is likely to reflect the flake size. For finite size contacts,

that is for a finite size flake attached to the tungsten tip, the cancellation of lateral forces, which

causes superlubricity, can be considered complete when the mismatch between the two lattices

(substrate and flake ones) adds up to roughly one lattice spacing over the diameter of the contact.

Following the discussion in ref. [7], this mismatch condition provides us with the estimate that

tan(∆φ) =
l0
D

(1.4)

where ∆φ is the full width at half maximum of the friction peak, D is the flake diameter, and l0
is the lattice spacing, i.e. the distance between neighbouring C atoms. From the measured peak

width of 5.4◦ ± 1◦ for the first peak and 6.5◦ ± 0.8◦ for the second one, figure 1.4, a flake diameter

of 7 to 12 lattice spacings is estimated. The goodness of this estimate is supported by the excellent
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Figure 1.4: Measured average friction force versus rotation angle of the graphite

sample around an axis normal to the sample surface. Two narrow peaks are

observed at 0◦ and 61◦ respectively. The first peak has a maximum friction force

of 306 ± 40 pN, and the second peak has a maximum of 203± 20 pN. Away from

these peaks, a wide angular range with ultra-low friction, close to the detection

limit of the instrument, was found. The solid curve shows the result of a model

calculation based on a 96-atom flake. Figure from ref. [7].

fit to the friction data in figure 1.4, provided by a modified Tomlinson model based on a 96 atoms

flake implemented by Verhoeven et al. [8], and discussed in some detail below.

1.3 Previous model calculations

We come to summarize a few theoretical and computational results on friction, as discussed in

several key works in the literature. We attempt to draw a link to the experimental results presented

in previous section.

Hirano and Shinjo [6] used numerical calculations for a ball-and-spring model of system rigid

crystals with different orientations, to show that it is possible for incommensurate surfaces, in dry,

wearless contact, to slide over each other without phononic energy dissipation, an effect for which

they have introduced the name of superlubricity, already mentioned in the previous section.

Theoretically, atomic scale friction in the absence of wear, plastic deformation and impurities

has been studied using simple balls-and-springs models such as the Tomlinson one [2]. In the

Tomlinson model, a single atom or a point-like tip is coupled through a spring to a moving support,

representing the sliding top solid. The bottom solid is treated as a fixed periodic potential energy

surface. In a second version of the Tomlinson model, the single atom is replaced by an infinite

number of atoms, each connected by a separate spring to the moving, rigid support. The frictional

behavior of such simple ball-and-spring systems has been explored extensively [9]. It has been found

that the friction between two crystalline surfaces sliding over each other, in dry contact without

wear, depends on their commensurability, as discussed in previous section, on the elasticity of the

springs, the strength of the interaction, and the specifics of the model, such as the dimensionality
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Figure 1.5: Illustration of the modified Tomlinson model used in Verhoeven et al.

calculations. A rigid flake consisting of N atoms (here N = 24) is connected by

an x and an y spring to the support of the microscope. The substrate is modelled

as an infinite single layer of rigid graphite. Figure from ref. [8].

and rest geometry of the springs in the system.

As pointed out by Fusco and Fasolino [10], the sawtooth behavior (see figure 1.3) characteristic

of stick and slip motion is determined (in a Tomlinson-class model) by the competition between

the elastic force due to springs F spr
lat and the trapping tendency of the tip-surface interaction Flat.

Elastic energy, accumulated in the spring, is counterbalanced by the substrate attraction, until,

suddenly, the tip slips to another minimum. Therefore, while sticking, F spr
lat mirrors Flat.

In Sorensen et al. [11] work simulations at T = 0 K of a flat Cu(111) terminated asperity

consisting of 25 to 361 atoms sliding over a Cu(111) surface have been performed. Atomic scale

stick and slip motion was observed when the two lattices were in perfect registry. When the asperity

was rotated 16.1◦ out of registry, the friction vanished for sufficiently large contacts. For small

contacts it was found that sliding could result in a finite friction, due to a local pinning effect at

the corners of the interface.

In ref. [8] the friction between a finite, nanometer-sized flake and an ideal graphite surface is

analyzed in the framework of a modified two-dimensional Tomlinson model with finite contact size.

The graphite flake is modelled as a rigid, finite lattice composed of N carbon atoms arranged in

hexagonal rings. The flake is coupled to a support by springs in the x and y directions. Via these

springs, the support pulls the flake along a periodic potential. This modified Tomlinson model is

shown in figure 1.5. The interaction between the flake and the substrate is assumed to be the sum of

all the individual interactions of the atoms. The interaction between each C atom of the flake and

the graphite surface is assumed to originate from pairwise Lennard-Jones interactions. The flake-

substrate interaction potential is then obtained by the summation over N atomic contributions.

Summing to this the contributions due to an externally applied normal force (load) and to the

presence of the springs (of constant Kx = Ky = 0.36 eVÅ−2 and Kz = 0), the total potential

describing the system is obtained. This potential only models the interaction between a single

layer flake and the first layer of the substrate neglecting the weaker long-range interactions with

the deeper graphite layers. In this model, the relative positions and orientation of the atoms in

the flake are fixed. This approach treats the flake as a point-like rigid object exploring a combined
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flake-substrate potential. The calculation procedure is as follows. The support is scanned along a

given pulling direction in steps of δx = 0.001 nm. After each step, the position of the flake is allowed

to relax toward the nearest local energy minimum. The system is assumed to be in equilibrium

at each (support) step of the simulation, i.e., the time scale at which the flake can respond is

assumed to be infinitely short with respect to the time scale of the motion of the support, as in the

case of experiment. Stick and slip motion of the flake is studied. The orientation angle φ of the

flake with respect to the substrate lattice is fixed through the calculation. The pulling direction is

characterized by an angle θ. In this model static friction is defined as the force component in the

pulling direction required to cause the first slip event. Kinetic friction is defined as the average

force in the pulling direction after that first event.

Symmetric flakes of various sizes are considered in the calculation. The friction force, as shown

by the authors, is maximal for misfit angle φ = 0◦ or, equivalently, φ = 600, where the flake and

substrate are in commensurate stacking. For this orientation, the friction force increases linearly

with the number of atoms N in the flake. Verhoeven et al. calculate the effective interaction energy

surface (PES) for different values of the misfit angle φ. As also noticed by Fusco and Fasolino [10],

who have carried out similar calculation of the contour plot of interaction potential, the flake, pulled

by the support along a certain scanline on this potential map, performs a zig-zag-like motion for

smaller load, while the trajectory acquires a one-dimensional stick-slip character for higher load.

In figure 1.6 the contour plot of the interaction potential, the scanline y = 0.17 nm and the actual

trajectory of the tip are reported for two values of the load. As shown in ref. [8], going from φ = 0◦

to φ = 7◦ the effective corrugation of the potential profile felt collectively by the flake decreases,

and there is evidence for the flake moving smoothly along the surface. When the support scans

precisely over the maxima of the PES, the flake slips around them. If the misalignment between

the flake and the substrate is further increased to φ = 30◦, the corrugation of the PES becomes

so small that the pathway of the flake through the PES is identical to that of the support. The

flake-graphite contact is now superlubric.

Moreover, in order to investigate the dependence on the pulling direction θ, Verhoeven et al.

[8] computed friction for a range of θ values, with the 96-atom flake for misfit angle φ = 0◦, 4◦ and

30◦. The results are shown in figure 1.7. The maximum variation in the friction force with θ is

about 20% − 30% for the commensurate alignment φ = 0◦, while the friction was essentially zero

at all pulling directions for φ = 30◦.

The dependence of the friction force on the misfit angle φ has been studied by Verhoeven et

al. [8] and by Filippov et al. [12]. The friction force has been computed as a function of the misfit

angle φ at a pulling direction θ = 0◦ for five different sizes of the flake. The flakes exhibit 60◦

rotational symmetry, and therefore the results are presented over a 60◦ angular range of φ. In

order to compare different flakes the forces were normalized to the maximal value for each flake.

The friction force was maximal for misfit angle φ = 0◦, for which the lattices of the flake and

substrate form a commensurate structure. At intermediate angles near-zero friction was obtained,

except for the six-atom flake, for which the friction at φ = 30◦ drops to about 20% of the φ = 0◦

value. These results are shown in figure 1.8. The angular full width at half maximum (FWHM) of

the friction peak decreases with the flake size, as described by Eq. (1.4) and shown in figure 1.9,

where the FWHM of the friction peaks in figure 1.8 is plotted as a function of flake diameter. The

agreement between the estimate of Eq. (1.4) and the peak widths calculated for the five flake sizes

is excellent.

A theoretical study of the dynamics of a tip scanning a graphite surface as a function of the

applied load has been carried out by Fusco and Fasolino [10]. The authors present a detailed study

of the load dependence of atomic-scale friction in the case of a sharp tip-surface contact, finding

a power-law dependence with an exponent larger than one. They address the load dependence of
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Figure 1.6: Top: the contour plot of the potential for z fixed at the average

value 〈z〉 = 0.25 nm for load FN = 1 nN. Ten contour lines between Vmin and

Vmax, separated by an energy interval ∆ = 3.2 meV, between Vmin = 123.5 meV,

Vmax = 158.5 meV. Bottom: the contour plot of the potential for z fixed at the

average value 〈z〉 = 0.2 nm for FN = 4 nN. Here Vmin = 774 meV, Vmax = 1010

meV and ∆ = 23.7 meV. The thick horizontal line indicates the scanning direction

(yscan = 0.17 nm), while crosses mark the actual flake trajectory. Figure from ref.

[10].

Figure 1.7: Calculated friction as a function of pulling direction for three different

orientations of a 96-atom flake: φ = 0◦, 4◦ and 30◦. Figure from ref. [8].
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Figure 1.8: Friction as a function of the orientation angle φ, for different symmetric

flakes ranging in size from 6 to 150 atoms and pulling angle θ = 0◦. Figure taken

from ref. [8].

Figure 1.9: Width of the friction peaks (FWHM) in figure 1.8 versus flake diam-

eter. The dotted curve is the simple geometrical estimate of Eq. (1.4). Figure

taken from ref. [8].
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Figure 1.10: Lateral forces along the scanning direction for FN = 2 nN (a) and

FN = 4 nN (b), plotted as a function of xscan, for yscan = 1.7 nm. The dotted

lines give the slope Keff of the sticking part (Keff = 0.78 N
m for FN = 2 nN and

Keff = 0.89 N
m for FN = 4 nN). Figure from ref. [10].

friction by simulating the dynamics of a single C-atom tip scanning a rigid monolayer graphite

surface, using a three dimensional Tomlinson model. The single carbon atom defining the tip is

connected via harmonic interactions with force constants Kx = Ky = 0.0624 eVÅ−2 (= 1 N
m , which

are typical values of AFM) and Kz = 0 to a support moving along scanning direction. After adding

a constant force FN in the downward z direction, the authors solve numerically the equations of

motion. They show that increasing the load enhances the sawtooth behavior of the stick and

slip motion and gives rise to a larger initial sticking region, often observed experimentally [5].

Figure 1.10 displays these results. Studying the lateral friction force, defined as the mean value

of the instantaneous lateral force, as a function of FN they find a power-law dependence with

exponent ∼ 1.6. Thus, the linear relation between macroscopic friction and load does not hold

at the microscopic level. The authors argue that exponents larger than one are characteristic of

sharp, undeformable tip-surface contacts.

A recent work by Filippov et al. [12] showed that superlubricity in contacts lubricated by

lamellar solids may be eliminated due to torque-induced flake reorientation coupled to lateral

motion. The possibility of reorientation always leads to stabilization of a high frictional state

corresponding to a commensurate configuration. Measuring friction between graphite flakes and

an underlying graphite surface, by a Tomlinson model modified to account for in-plane rotations of

the rigid flake, the authors find that the lifetime of a superlubric state can be finite and therefore

does not persist. They show that the dominating contribution to such residual friction in contacts

lubricated by lamellar solids is to be searched in torque-induced reorientation of the flakes attached

to the tip. Dynamics of the flake reorientation results in irregular sharp peaks of the lateral force,

plotted as a function of the tip position. The calculation carried out by Filippov et al. shows

that the possibility of flake rotation tends to stabilize the high-friction state corresponding to the

commensurate configuration of the flake with respect to the graphite substrate. In their model the

rigid flake is attached to the tip in its center of mass, rotated by a the time-dependent (misfit)

angle φ. The tip is coupled to the FFM support by springs in the x and y directions and the

support moves along a direction describing an angle θ with the x axis. The interaction between

a single carbon atom in the flake and the graphite surface is approximated by the same potential

used by Verhoeven et al. [8]. The flake driven along the surface experiences the influence of the

torque produced by the interaction with the surface and changes its orientation in time. Preparing

the contact in a superlubric state (φ = −10◦), the flake is found to exhibit initially a superlubric

sliding motion with low friction, but, after some transient simulation time, it performs an erratic

stick-slip motion characterized by higher friction. This is due to the flake rotating to the φ =≃ 0

region after this initial transient. This sort of phenomenon has been observed also in experiment.
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The slip events are caused by strong fluctuations of the torque which arise from the stick and slip

motion in the lateral direction. Thus, the flake performs a correlated stick and slip motion along

both translational and rotational coordinates. With respect to the action of the torque, the states

with high friction are the stable ones, while the superlubric states are dynamically unstable states.

After the brief introduction to the problem of friction between a monoatomic or flake-sized tip

and a graphite surface, in which we have summarized briefly the present state of understanding

this problem, we come now to introduce the molecular dynamics method, and in particular the

tight-binding version of molecular dynamics, in the framework of which we shall to study the

friction problem. In comparison to all previous theoretical work, based on empirical potentials,

such as the Lennard-Jones one, we attempt to take advantage of a more powerful, accurate and

flexible tight-binding molecular dynamics presentation.

In chapter 2 we introduce theoretically the MD and TBMD models and we discuss the tight-

binding representation of carbon-based systems. Chapter 3 deals with the description of the

implementation of TBMD for nanotribology; in particular we present in detail the Tomlinson-like

TBMD model we use to study the friction of a graphene flake sliding over a graphite surface.

Chapter 4 describes the results obtained in the study of frictional properties of such carbon flake-

substrate systems. Finally in chapter 5 we discuss our results in comparison with the existing

experimental and theoretical results overviewed in the present introduction chapter.
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Chapter 2

The tight-binding molecular

dynamics

The goal of our work is to approach the problem of nanofriction, and in particular the friction

behavior of a finite graphite flake over a graphene substrate in a Tomlinson-like model, in the

framework of tight-binding molecular dynamics (TBMD). Starting from the key works presented

in previous chapter, we proceed to the analysis of the problem using, for the first time, a TBMD

approach. In this chapter we introduce the TBMD formalism, summarizing its foundation and

key concepts, starting from elements of classical molecular dynamics, its tight-binding version, to

conclude with the description of the TBMD parametrization we use. In this review chapter we

refer mainly to the classical book by Allen and Tildesley [13] and to the review work by L. Colombo

[14].

2.1 Atomistic simulations

2.1.1 Molecular dynamics

In this section we introduce briefly the basics of molecular dynamics.

We consider a system composed by a set of N point-like atoms with Cartesian coordinates

{Rj ; j = 1, · · · , N}, interacting through a potential U({Rj}) which we assume to be known.

Since atomic positions are not labelled by any lattice-related index, the MD model we present can

be applied to the study of any possible state of aggregation (crystalline, amorphous, liquid and

gas). According to classical mechanics, the total force Fj acting on the j-th particle is given by

Fj = − ∂

∂Rj

U(R1,R2, · · · ,RN) (2.1)

and, if instantaneous particle positions are computable at one time t0, the mechanical trajectory

Rj = Rj(t0) can be computed at successive time t. In our case, where we deal with solid graphite,

this trajectories are generated within a parallelepiped box of fixed volume V , containing N system

particles, at which sides we apply periodic boundaries conditions (PBC). This choice allows us to

minimize the finite-size effects for given number of particles we deal with, which is essential when

simulating objects of infinite size such as the graphene substrate.

In order to compute numerically the microscopic trajectory we need to introduce a discretization

of time evolution. We then introduce a time-step δt, representing the unit time interval. The

algorithm for the numerical integration of equations assumes that the forces Fj are constant over

19



20 CHAPTER 2. THE TIGHT-BINDING MOLECULAR DYNAMICS

δt. The resulting particle motion is uniformly accelerated throughout δt. The optimal value for

δt depends on the studied system, for atomic systems being generally of the order of 1 fs; in

our relaxation calculations we use a δt = 4 fs, as discussed in the next chapter. The discretized

equations of motion are formulated according to second-order Newton dynamics

Rj(t+ δt) = Rj(t) + Ṙj(t)δt +
1

2
R̈j(t)δt

2

Ṙj(t+ δt) = Ṙj(t) + R̈j(t)δt. (2.2)

The particle acceleration is computed from the interaction model as follows

R̈j(t) =
1

Mj

Fj(t) = − 1

Mj

∇jU(R1(t),R2(t), · · · ,RN(t)), (2.3)

where Mj is the particle mass. The time evolution of the full system is then generated following

the simple scheme:

1. step 1 - Start with an initial atomic configuration and initial velocities.

2. step 2 - Compute the interatomic forces for the current configuration.

3. step 3 - Update the atomic positions and velocities according to Eq. (2.2).

4. step 4 - Iterate steps 2 and 3 Nstep times, until Nstep · δt equals the desired total time.

Such a procedure is called a molecular dynamics simulation; the above scheme representing its

backbone. The reliability of this iterative scheme is related to that of the interaction potential U .

This key point will be focused further below. Moreover the reliability of MD method depends criti-

cally on the generation of accurate and stable particle trajectories. This underlines the importance

of the selection of the numerical algorithm for the integration of Newton’s equation of motion.

Rather than the one of Eq. (2.2), the scheme we decide adopt is the so-called velocity-Verlet

(VV) algorithm [15], which represents a much better example of finite difference method based

integration scheme.

According to the VV algorithm, aging the trajectories corresponds to a multiple-step procedure.

At first the atomic positions Rj(t) are updated to time t + δt according to Eq. (2.2), while the

atomic velocities are computed at the mid-step time t+ 1
2δt as

Ṙj(t+
1

2
δt) = Ṙj(t) +

1

2
R̈j(t)δt. (2.4)

Forces, i.e. accelerations, are then re-computed at time t+ δt and atomic velocities are eventually

evolved to time t+ δt according to

Ṙj(t+ δt) = Ṙj(t+
1

2
δt) +

1

2
R̈j(t+ δt)δt. (2.5)

This finite-difference method is correct to order δt4. With the velocity-Verlet algorithm all the

information we need to describe a N particles system evolution are the Cartesian components of

position, velocity and force vectors for each particle. Moreover, provided that the force field Fj is a

sufficiently smooth function of position, the VV algorithm is stable and allows the use of relatively

long time steps, while Newton’s algorithm (2.2), correct to order δt2 would require much smaller

δt for the same accuracy.

As usual with a finite difference method, the most computationally intensive step is step 2:

the force calculation. To moderate the computational workload, we take into account the fact

that for a short ranged potential (which is the case even for the tight binding potential as we
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will see) and for large enough system only a small fraction of the atoms contribute significantly

to the net force acting on the j-th atom. Only these particle must be accounted for during the

expensive calculation of Fj . Bookeeping of the neighbouring atoms is often obtained by means of

the Verlet list algorithm [15]. Assume that the short ranged potential U has a cut-off at a distance

d1. This defines a sphere of radius d2 > d1: all particles contained there are stored as a list of

neighbours of particle j. Obviously the distance d2 should be much smaller than the system size.

The inter-particle contributions to Fj are computed only for atoms within the sphere of radius d2,

rather than all other N − 1 atoms. If the difference |d2 − d1| is chosen properly, for quite a few

time-steps there is no need to refresh the neighbouring list (an operation whose CPU workload

scales as O(N2)), and this method saves substantial computer time.

During an MD loop we can compute the system instantaneous kinetic temperature T (t)

T (t) =
1

gkB

N
∑

j=1

MjṘ
2
j(t) (2.6)

where kB is the Boltzmann constant and g is the number of degrees of freedom (in our simulations

g = 3Nflake) of the system. This relation, based on equipartition, represents the link between

classical dynamics and thermodynamics. We can then set up a statistical-mechanics formula-

tion of MD. In fact, the set of instantaneous particle positions {R1,R2, · · · ,RN} and velocities

{Ṙ1, Ṙ2, · · · , ṘN} defines a unique microstate Γ(t) in the 6N -dimensional phase space of the

system. Generating trajectories is therefore equivalent to generate the time evolution of the mi-

crostate Γ(t) in the corresponding phase space. Consider an arbitrary microscopic operator ϑ: given

a microstate Γ(t) we can evaluate the instantaneous value ϑ(Γ(t)) of the operator. The quantity

measurable in a computer simulation is the time average of this operator. In a molecular-dynamics

run, of Nstep equally spaced time steps, the time average is defined as follows:

〈ϑ(t)〉ttot
=

1

Nstep

Nstep
∑

k=1

ϑ(Γ(tk)). (2.7)

Assuming ergodicity [16] this time average is equivalent to the statistical average. Including the

evaluation of physical observables into the iterative scheme of MD, forces us to deal with the

choice and implementation of the thermodynamical ensemble where time averages are performed.

Standard MD samples the NVE ensemble (fixed energy). It is however often useful to perform

simulations in the NVT ensemble, where at each time step the atom number N , the volume V of

the box containing the system, and the system temperature T are kept constant. At each step

of the simulation the temperature of the system is computed from the total kinetic energy, using

equipartition theorem

Ekin =
1

2
kBT (t)g (2.8)

where g is the number of degrees of freedom of the system and it’s set to be, in a N -atom sys-

tem, 3Nflake (where constant total linear momentum and constant total angular momentum are

assumed). During a NVT simulation, temperature can be kept constant by rescaling atomic ve-

locities at each step, thus multiplying the three components of each atom velocity by the scaling

factor s defined as

s =

√

T (t)

T
(2.9)

where T (t) is the instantaneous temperature computed according to Eq. (2.6) and T the fixed

temperature assumed for the NVT ensemble.
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2.1.2 Damped dynamics

Hitherto we have defined the general MD scheme. Since in our calculations we are interested in

minimizing the configuration energy to the nearest relaxed configuration. For this purpose we use

a simplified variant of molecular dynamics: the damped dynamics. The damped dynamics allows

our system to reach the minimum of a complex energy profile fairly quickly. The way to achieve

this is to run a MD integration where we reset to zero all velocity components that are discordant

to the corresponding acceleration ones. Discarding velocities that are opposed to accelerations

allow the system to move only through decreasing energy states and never climb back the energy

profile. The difference of a damped dynamics minimization-energy calculation with respect to a

normal energy-conserving MD one, is that it tends to relax smoothly to the nearest local minimum

configuration. On the other hand, time of damped dynamics is indeed a fictitious time, not related

to any real one. We then lose the possibility to deal with any time-dependent variable. In practice

damped dynamics describes only the temperature T = 0 K regime. As an energy minimization

algorithm, the damped dynamics performs generally faster than the simplex algorithm, but is

usually less efficient than optimized conjugate-gradients based methods.

2.2 The TBMD version of molecular dynamics

We briefly review the tight binding semi-empirical scheme, at the basis of TBMD. For a more

complete discussion we address the reader to L. Colombo’s review [14].

The key idea of the tight-binding semi-empirical scheme is to derive at each MD step the

interatomic forces governing the time evolution directly from the underlying electronic structure

of the studied system. This proceeds in two steps: firstly the electronic structure is calculated for

a given configuration; then the interatomic forces are computed by Hellmann-Feynmann theorem

[17] and the configuration is aged accordingly. In this way, the quantum-mechanical many-body

nature of the interactions is taken into account. The tight binding method is a fair intermediate

solution between a simple and cheap model analytic potential method and a much more expensive

ab-initio calculation. Tight binding joins the advantage of the accuracy needed to describe complex

systems and of a reduced computational workload.

TB is based on the basic formalism of atomic orbitals and Bloch sums. We must solve the

problem of one electron moving in the average field Uave due to the other (valence) electrons and

to the ions (clamped at their equilibrium position). The corresponding quantum one-electron

Hamiltonian reads as

ĥ(r) =
p2

2me

+ Uave, (2.10)

where the electron mass and momentum are indicated by me and p, respectively. For any set of

ionic positions Eq.(2.10) admits the eigensolution Φnk(r) provided by the Schrödinger equation

ĥ(r)Φnk(r) = ǫn(k)Φnk(r), (2.11)

where k is the electron Bloch wavevector, n is the band index, ǫn(k) is the one-electron band energy

and crystalline periodic symmetry is assumed. The crystalline electron wave function Φnk(r) is

then expanded, by means of a linear combination of atomic orbitals (LCAO), on the basis of atomic

orbitals {ϕαjl(r) = ϕα(r−Rl−dj)}. The label α indicates the full set of atomic quantum numbers

defining the orbital. This basis {ϕαjl(r)} is not orthogonal, since orbitals located at different atoms

are generally not orthogonal. It is convenient to switch to a new set of orthogonalized atomic

orbitals. This is done based on Löwdin’s theory [18], and a new orthogonal set of atomic orbitals

{ψα′j′l′(r)} is introduced. The new Löwdin orbitals have the same symmetry properties as the

original non orthogonal wave functions, as shown in chapter 3 of Ref. [14].
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At this point it is possible to solve formally the one-electron problem by means of the LCAO

expansion, within the basis set of Löwdin orbitals {ψα′j′l′(r)}, and obtain therefore the electron

Bloch band energies through the secular problem

∑

αjl

[

hα′(j′l′),α(jl) − ǫn(k)δα′αδ(j′l′)(jl)

]

Cnα(jl) = 0, (2.12)

where the Hamiltonian matrix elements are given by the Löwdin orbital basis set according to

hα′(j′l′),α(jl) = 〈ψα′j′l′(r)|ĥ(r)|ψαjl(r)〉 (2.13)

and {Cnα(jl)} are the LCAO expansion coefficients.

This solution is unfortunately unpractical in most cases. We then have to introduce some ansatz.

Basically, they fall into two different categories: either we can choose suitable approximations which

allow us to focus just on the leading terms and to disregard other computationally-intensive (but

less important) contributions; or we can introduce empirical features into the present theory so to

avoid expensive calculations.

If we treat the average potential Uave energy term of Eq.(2.10) as being the sum of spherical

potentials located at any single lattice site, then we can formally write the one-electron Hamiltonian

as follows

ĥ(r) =
p2

2me

+ Ujl(r) +
∑

(j′l′) 6=(jl)

Uj′l′(r) +
∑

(j′′l′′) 6=(j′l′) 6=(jl)

Uj′′l′′ (r), (2.14)

where Ujl(r) is the spherical potential due to the ion located at position Rl + dj . Accordingly,

Eq.(2.13) can be separated into three qualitatively different contributions

hα′(j′l′),α(jl) = 〈ψα′l′j′(r)|
p2

2me

+ Ujl(r)|ψαjl(r)〉

+ 〈ψα′l′j′(r)|
∑

(j′l′) 6=(jl)

Uj′l′(r)|ψαjl(r)〉

+ 〈ψα′l′j′(r)|
∑

(j′′ l′′) 6=(j′l′) 6=(jl)

Uj′′l′′(r)|ψαjl(r)〉 (2.15)

where the first intra-atomic term is easily computed thanks to orthogonality. The remaining two

contributions are called, respectively, two-center and three-center energy integrals.

The first approximation we introduce is the two center approximation for energy integrals,

consisting in discarding all three center energy integrals, having assumed they are negligible with

respect to two center energy integrals, due to the localized character of Löwdin orbitals. Another

major step is done, following the key work of Slater and Koster [19], assuming the two center

energy integrals (which provide the off-diagonal Hamiltonian matrix elements) as constants to fit.

This two-center hopping integrals are evaluated by fitting a suitable data base obtained either from

experiments or by first principle calculations. The fitting procedure is carried out on the basis of

a number of approximations:

1. Only close neighbour interactions are taken into account. Therefore only atoms within a

certain cut-off distance interact with each other. This approximation, based on the localized

character of the basis set functions greatly reduces the numbers of parameters to fit.

2. A minimal basis set is used for the LCAO expansion. This implies including only those

Löwdin atomic orbitals whose energy is close to the energy of the electronic states we are

interested in. This choice minimizes the size of the TB matrix to be diagonalized and,

therefore, affects directly the computational workload associated to the TB method.
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It’s important to observe that by introducing empirical parameters to replace the Hamiltonian

matrix elements we weaken our knowledge about the actual one electron wave functions and all

physical properties directly depending on them. This is the case, for example, of the electron

density ρ(r).

Once the secular Eq. (2.12) is solved, one can calculate the band-structure energy Ebs as

Ebs = 2
∑

k,n

fFD[ǫn(k), T ]ǫn(k), (2.16)

where the k sum means over a suitable sampling of the Brillouin zone, the factor 2 takes into account

the spin degeneracy and fFD[ǫn(k), T ] represents the Fermi-Dirac function at temperature T . For

null electronic temperature T = 0, and a single k point in the Brillouin zone, the sum (2.16)

rewrites as

Ebs = 2

occup
∑

n

ǫn (2.17)

Since Ebs counts for the interaction between any single electron with all other ones, it turns out

that

Ebs = Uel−ion + 2Uel−el (2.18)

and it is therefore possible to write the total energy Etot of the (ions+electrons) system as

Etot = Uion−ion + Uel−ion + Uel−el = Ebs + (Uion−ion − Uel−el) . (2.19)

The problem is that, within the semi-empirical TB scheme, it is not possible to directly compute the

Hartree energy Uel−el, since the electron density ρ(r) is unknown. The term Uion−ion could, instead,

be computed according to the standard Ewald method [13]. The difference (Uion−ion − Uel−el) is

then approximated by an effective repulsive potential

Urep = Uion−ion − Uel−el (2.20)

which is further assumed to be short-ranged. For a presentation of a possible procedure to de-

termine a practical functional form of Urep and the parameters it depends on, we address to L.

Colombo’s review [14].

Starting from the previously described TB semi-empirical, two-center, short-ranged and or-

thogonal scheme, we now introduce the tight-binding molecular dynamics, (TBMD), namely the

application of the above described TB model to the calculation of the forces for a MD scheme.

TBMD ionic trajectories are generated by the TBMD Hamiltonian

H =
∑

j

P2
j

2Mj

+ 2

occup
∑

n

ǫn + Urep(R1,R2, · · · ,RN), (2.21)

where Pj and Mj represent atomic momenta and masses and ǫn is the one-electron energy and n

the band index. This assumption implies that our simulations are performed with fixed number of

electrons. The force Fk acting on the k-th ion is given by

Fk = − ∂H
∂Rk

= − ∂

∂Rk



 2

(occup)
∑

n

ǫn + Urep(R1,R2, · · · ,RN)





=
[

FA
k + FR

k

]

(2.22)

where we separate the first attractive (or covalent) contribution FA
k from the second repulsive

contribution FR
k . The first term depends on the actual TB model only, while the second one
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depends just on the empirical repulsive potential and they require dissimilar numeric treatment.

The repulsive term FR
k is straightforwardly calculated from Urep(R1,R2, · · · ,RN), which at this

stage is known as an analytic function of interatomic distances [14]. On the other hand the

attractive term FA
k can be re-written as

FA
k = −2

∂

∂Rk

(occup)
∑

n

ǫn

= −2
∂

∂Rk

(occup)
∑

n

〈Φn|ĥ|Φn〉

= −2
∂

∂Rk

(occup)
∑

n

∑

α′j′

∑

αj

C∗
nα′j′Cnαj〈ψα′j′ |ĥ|ψαj〉

= −2
∂

∂Rk

(occup)
∑

n

∑

α′j′

∑

αj

C∗
nα′j′Cnαjhα′j′,αj (2.23)

Formally the derivative with respect to the ionic position can be carried out as follow.

FA
k = −2

(occup)
∑

n





∑

α′j′

∑

αj

∂C∗
nα′j′

∂Rk

Cnαjhα′j′,αj +
∑

α′j′

∑

αj

C∗
nα′j′

∂Cnαj

∂Rk

hα′j′,αj+

+
∑

α′j′

∑

αj

C∗
nα′j′Cnαj

∂hα′j′,αj

∂Rk





= −2

(occup)
∑

n





∑

α′j′

∂C∗
nα′l′

∂Rk

∑

αj

Cnαjhα′j′,αj +
∑

αj

∂Cnαj

∂Rk

∑

α′j′

C∗
nα′j′hα′j′,αj+

+
∑

α′j′

∑

αj

C∗
nα′l′Cnαj

∂hα′j′,αj

∂Rk



 . (2.24)

By using the following relations, (which hold because of the orthogonality of the basis set)
∑

αj

hα′j′,αjCnαj = ǫnCnα′j′ and
∑

α′j′

C∗
nα′j′hα′j′,αj = ǫnC

∗
nαj , (2.25)

we can transform eq. (2.24) into

FA
k = −2

(occup)
∑

n



ǫn
∂

∂Rk





∑

αj

C∗
nαjCnαj



 +
∑

α′j′

∑

αj

C∗
nα′l′Cnαj

∂hα′j′,αj

∂Rk



 . (2.26)

The first term on the right side of Eq. (2.26) vanishes because of the (assumed but not guaran-

teed) completeness of the basis set used for LCAO expansion, thus involving
∑

αj C
∗
nαjCnαj = 1.

Equation (2.26) can then be re-written as

FA
k = −2

(occup)
∑

n

∑

α′j′

∑

αj

C∗
nα′j′Cnαj

∂hα′j′,αj

∂Rk

(2.27)

which represents the final expression for the attractive contribution to the net force on the k-th

atom and the simple derivation presented above is a special implementation of the Hellmann-

Feynman theorem. Equation (2.27) is the formula we actually implement in a TBMD calculation.
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In fact with this equation and once two-center integrals are given (by the fitting procedure), we can

construct a TB matrix for any ionic configuration explored during an MD run. Its diagonalization,

carried out at each simulation step, provides the eigenvalues {Cnαj}. The TB Hamiltonian matrix

is real and symmetric. If we work out formally the derivative in Eq. (2.27), we can re-write it as

follows:

FA
k = −2

(occup)
∑

n





∑

α′j′

∑

αj

C∗
nα′l′Cnαj〈ψα′j′ |

∂ĥ

∂Rk

|ψαj〉 +

∑

α′j′

∑

αj

C∗
nα′l′Cnαj

(

〈∂ψα′j′

∂Rk

|ĥ|ψαj〉 + 〈ψα′j′ |ĥ|
∂ψαj

∂Rk

〉
)



 . (2.28)

This form, which is equivalent to Eq. (2.27), shows that the TB attractive force includes both the

Hellmann-Feynman [17] and Pulay [20] contributions, as the first and second term of the right-

hand side of Eq. (2.28). The Pulay force term must be added to the standard Hellmann-Feynman

one if the basis set functions depends on the ionic coordinates, which is our case. We remark

that, despite the more refined and instructive form of Eq. (2.28), the form useful for numerical

integration remains that of Eq. (2.27).

2.3 The tight-binding representation of carbon-base systems

We come now to introduce the specific TB Hamiltonian we use and the choice for the model

parameters. In this section we refer to the work of Xu et al. [21], where an interatomic potential

for carbon is developed in the framework of the empirical TB approach.

The TB interatomic potential is developed adopting the scaling form given by Goodwin et

al. [22] for the dependence of the TB hopping parameters and of the pairwise potential on the

interatomic separation. In this model the total energy is written, as previously discussed (see Eq.

(2.19)) as

Etot = Ebs + Urep,

where Ebs is twice the sum of electronic eigenvalues over all occupied electronic states and Urep

is a short-ranged repulsive term. The electronic eigenvalues are obtained by diagonalizing the TB

Hamiltonian. Its off-diagonal elements are described by a set of orthogonal sp3 two-center hopping

parameters (Vssσ , Vspσ, Vppσ and Vssπ) scaled with interatomic separation rij = |Ri−Rj| by means

of a function s(r); the onsite elements are the atomic orbital energies of the corresponding atom.

The repulsive term Urep is modelled as

Urep =
∑

i

f
(

∑

j

φ(rij)
)

, (2.29)

where φ(rij) is a pairwise model potential between atoms i and j, and f is a functional expressed

as a 4th-order polynomial with argument
∑

j φ(rij). For the scaling function s(r) and pairwise

potential φ(rij) we adopt the following functional forms:

s(r) = (
r0
r

)nen[−( r
rc

)nc+(
r0

rc
)nc ], (2.30)

φ(r) = φ0(
d0

r
)mem[−( r

dc
)mc+(

d0

dc
)mc ], (2.31)

where r0 is the nearest neighbour atomic separation in diamond and n, nc, rc, φ0, m, dc and

mc are parameters to be determined. It would be nice if the functions s(r) and φ(r) vanished
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smoothly at some designed cut-off distances, rc and dc respectively. For the used carbon TBMD

parametrization, this cut-off value is set to rc = dc = 2.6 Å, which is between the nearest-neighbour

and the next-nearest-neighbour distances of carbon atoms in the equilibrium diamond structure.

In fact the scaled TB matrix elements are truncated discontinously to 0 at rc, and the force is made

change from a finite value to 0 abruptly. These small energy jumps creates no significant problem

to the simulations. It is important to observe this TBMD cut-off is smaller than the interlayer

distance in graphite, this choice strong affecting our work, as explained in the following chapters.

The value of this model parameters are chosen by fitting first-principles LDA results of energy

versus nearest-neighbour distance for different carbon polytypes (diamond, graphite, linear chain,

simple and face-centered cubic). The resulting sp3 TB parameters expressed in units of eV are

shown in Table 2.1. The parameters for s(r), φ(r) and the coefficients for the polynomial function

two-center integral Xu et al.[21]

Es −2.99

Ep +3.71

Vssσ −5.0

Vspσ +4.7

Vppσ +5.5

Vppπ −1.55

Table 2.1: The sp3 tight-binding parameters expressed in units of eV at the

reference interatomic separation r0 = 1.536 Å of diamond nearest neighbours.

f(x) =
∑4

n=0 cnx
n with x =

∑

j φ(rij) are listed in Table 2.2.

parameter value

n 2.0

nc 6.5

rc 2.18 (Å)

r0 1.536329 (Å)

r1 2.45 (Å)

φ0 8.18555(eV)

m 3.30304

mc 8.6655

dc 2.1052 (Å)

d0 1.64 (Å)

d1 2.57 (Å)

c0 −2.5909765118191

c1 0.5721151498619

c2 −1.7896349903396 · 10−3

c3 2.3539221516757 · 10−5

c4 −1.24251169551587 · 10−7

Table 2.2: The parameters defining s(r), φ(r), and the coefficients for the poly-

nomial function f(x) =
∑4

n=0 cnx
n.

As shown by Xu et al. [21], these parameters reproduce excellently the energy curves of the

diamond and graphite structures (see figure 1 and 2 in [21]). The presented TB approach gives an
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accurate description of atomic interactions in carbon system, it is able to reproduce the energy-

volume curves of accurate DLA calculations with excellent transferability among graphite and

diamond structures, giving a good description of the dynamical and elastic properties of such

structures.



Chapter 3

Implementation of TBMD for

nanotribology

In this chapter we discuss the application of tight binding molecular dynamics to a nanotribologic

problem. We describe the way we have adopted the TBMD model, introduced in the previous

chapter, to carry out a Tomlinson-like simulation. The implementation of a carbon flake-over-

graphene structure, the load range choice, the implementation of a Tomlinson scheme, the key

parameters and output of our model will be discussed in next sections. Our goal is to implement

a tight binding molecular dynamics description in a Tomlinson-like simulation of an AFM experi-

ment, where the tip pulls a graphene flake over a graphite surface in order to study friction regime

of such a flake depending on the physical parameters.

3.1 The system

The simplified system we want to study is constituted by a carbon-only graphene flake sliding over

a single infinite graphene sheet. The infiniteness of the substrate is simulated by the adoption

of periodic boundary conditions (PBC). We construct a conventional periodic cell of rectangular

shape, containing 8 carbon atoms, i.e. 4 primitive cells of the honeycomb lattice. The infinite

honeycomb structure is generated by means of integer translations by two orthogonal primitive

vectors of length |a1| = 2
√

3l0 and |a1| = 3l0, as illustrated in figure 3.1.

The choice of an orthogonal, non primitive, basis set instead of the primitive basis for the

hexagonal structure of graphene, is completely arbitrary and motivated by computational conve-

nience. In order to generate a flake of regular hexagonal shape, we duplicate the substrate at a

distance d above the previous one and we first define its center, using a relation depending on the

odd/even number of cell repetitions along x and y used for the substrate construction. This center

is used to generate the flake, including all atoms lying inside the circumference of a given radius

(dependent on the flake desired size). This simple rule generates regular hexagonal flakes of up to

150 atoms; above this size irregular shapes are generated. This rough radius criterion is fine for

our purposes since the biggest flake we can deal with practically, due to computational time limits,

involves 96 atoms.

The system hitherto defined is placed inside a parallelepiped periodically repeated box: the

substrate is placed along the x− y plane. The size of the box along x and y matches the substrate

periodicity, whereas, along z, the box size is of the order of twenty times the flake-substrate spacing.

At box boundaries we have PBC in all directions. The flake is initially placed at the middle of the

29



30 CHAPTER 3. IMPLEMENTATION OF TBMD FOR NANOTRIBOLOGY

Figure 3.1: The studied system, composed by a deformable initially hexagonal-

shaped graphene flake on top of a rigid graphene sheet. Orthogonal primitive

vectors for the substrate are shown. Black lines define the 8-atom rectangular

conventional cell for the periodic substrate. All atoms are in their perfect lattice

positions, the flake stacking is eclipsed.
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box. No atom ever crosses the boundary along z during the dynamics involved in the simulations.

In our simulation we usually let the flake relax in all directions (x, y and z), whereas the

substrate is completely rigid, the atoms placed at their perfect lattice positions. The interatomic

distance in graphene has been calculated by energy minimization via TBMD and found to be

dgraphene = 1.4224 Å, in good agreement with the experimental value. First, the rigid graphene

sheet is a fair approximation of a semi-infinite bulk graphite. Actual experiments are, indeed,

carried out on bulk graphite crystals. Moreover, the TBMD interaction potential cutoff is of 2.6 Å,

which is less than the interlayer distance of graphite, namely 3.35 Å. Accordingly our flake would

have no possibility to interact with a deeper graphite layer. In principle one may let the graphene

layer representing the substrate relax during the interaction with the flake. Moreover, to do this

consistently, one should consider the interaction between the first deforming layer and deeper

layers, but this again would require a correct description of long range forces. As demonstrated by

Tomanék [9], graphite distortions die out after the fourth graphite layer, so within our short-range

TBMD model a rigid graphene plane yields a reasonable approximation of a rigid bulk substrate.

In our calculation we thus define distance d between the relaxed flake and the rigid substrate,

the quantity:

d = Cm z − zsub, (3.1)

where Cm z is the calculated z-component of the flake center of mass and zsub the vertical coordi-

nate of the substrate. For clarity we set the zero of the z-axis at zsub, for all results presented in

the present work.

3.2 The initial geometry and pulling angle

The key parameters of our model will be now illustrated. After the flake generation in its ideal

hexagonal geometry we can translate and rotate it away the initial eclipsed stacking (where each

flake atom sits atop of substrate atom). By shifts along x and y and by rotation by an angle φ

around the flake center we can explore commensurate and incommensurate stacking alike. Figure

3.2 illustrates the role of the stacking angle φ. The great importance of exploring commensurate

as well as incommensurate initial stacking and the possibility to study the φ-dependence of the

static friction force are discussed in the next chapter.

Our model simulates an AFM tip pulling a graphene flake over the graphite substrate, in a

Tomlinson-like scheme. Fuller implementation details of this model are presented below. We pull

the flake along a straight line forming a pulling angle θ with the x-axis. Unlike the φ angle, θ

does not affect the commensurability of the stacking, but the possibility that the flake encounters

a periodic or aperiodic corrugation along its path. In particular, specific values of θ such as 0◦ and

30◦ define directions where the pulled flake encounters periodic corrugations. The definition of the

angles θ and φ is illustrated in figure 3.3.

As the reader can easily verify, for our system hexagonal geometry, the range of interest of both

angles θ and φ runs from 0◦ to 30◦: outside this range we recover equivalent geometries. In our

analysis we therefore let θ and φ vary in this range.

We shall build an implementation of the Tomlinson model with springs attempting to keep the

flake rotation angle as close as possible to its initial value φ.

3.3 Model characterization

To characterize our model we study the way it describes the equilibrium distance and binding

energy of different objects placed above a static infinite graphite substrate. Such objects range
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Figure 3.2: Red flake: the unrotate commensurate AB stacking. Black flake: an

incommensurate configuration obtained from the AB geometry with a rotation by

φ = 15◦. No relaxation of the flakes has been allowed. For clarity only the flake

bonds are drawn.
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Figure 3.3: The definitions of angles θ and φ and displacement h′ of the flake

(pink, thick) with respect to the substrate honeycomb set (black, thin). Angles

are measured with respect to the positive x-axis. For initial stacking AB the

displacement is defined as h = h′ + l0/2.
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Configuration Binding energy per atom [eV] Equilibrium z-distance [Å]

C-atom T stacking 0.4641 1.876

C-atom H stacking 0.2922 1.618

24 atoms flake 0.0100 2.189

96 atoms flake 0.0096 2.193

Experiments on graphite 0.052 3.35

Table 3.1: Values for the binding energy per atom (in eV) and the equilibrium z-

distance (in Å) obtained for different configurations. Experimental binding energy

value for graphite is by Zacharia et al. [23].

from a single C-atom in T (on top with respect to a substrate atom) and H (above the center of a

substrate hexagon) stacking, to graphene flakes of different size, here 24 and 96 atoms. Equilibrium

distance is defined as the distance d between the center of mass of the flake (or simply the C-atom)

with respect to the substrate, at equilibrium, when all forces vanish. Binding energy per atom is

defined as

Ebinding atom =
1

Nflake

(E∞ − Eeq), (3.2)

where E∞ is the total energy of the substrate plus flake or C-atom when brought to infinite d,

i.e. outside the cutoff range of TBMD potential, Eeq is the equilibrium configuration energy for

a null applied load, and the factor 1
Nflake

allows us to deal with the binding energy per atom.

Equilibration is achieved by a damped dynamics, with AB initial stacking for flakes. We compare

our results, in particular the 96 atoms flake ones, with the experimental values of binding energy

per carbon atom by Zacharia et al. [23], as shown in table 3.1. The fairness and problems of our

model describing a carbon flake-substrate system and to fit experimental behaviors and data are

discussed in next chapters.

3.4 The applied load

To simulate an AFM experiment where a tip pulls a graphene flake over the graphene substrate we

must consider a proper load acting on C-atom flake (along the vertical z direction) and simulating

the action of a real massive tip. This load must be consistent with values experimentally accessible.

To establish the load range accessible to our simulation, we study the dependence of the normal

force per atom FN atom on the distance d between the flake and the substrate, both assumed to

be rigid. The purpose of this calculation is to find the precise normal load-distance of our TBMD

parametrization. Only values of distance d < 2.6 Å are really meaningful within the present short-

range parametrization. To study larger distances one would need appropriate long range Van der

Waals interactions. With the flake placed at a distance d from the substrate, and there fixed

without any possibility to relax, we evaluate FN atom, defined as follows:

FN atom =
1

Nflake

Nflake
∑

i=1

F z
i , (3.3)

where Nflake is the number of atoms in the flake and F z
i is the vertical component of the total

force acting on atom i. The resulting force, for a C96 ideal flake and different stackings of the flake

with respect to the perfect graphene lattice of the substrate, is reported in figure 3.4.

First we note, as expected, that the normal force vanishes as d reaches 2.6 Å, i.e. the TBMD

interaction cutoff. The principal result of this calculations is that for distances in the range 1.7
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Figure 3.4: The normal force per atom, FN atom, is shown as a function of the

fixed rigid flake-substrate distance d. The curves refer to different stackings (AA

or eclipsed, AB and an incommensurate obtained starting from AB by rotation of

φ = 30◦) for a C96 ideal flake.
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Figure 3.5: The normal force FN for one single C-atom, as a function of the atom-

graphene distance. We compare our results (lines with points) for H stacking (black

solid line) and T (red dashed line) stacking of a C atom over graphene, with these

of Zhong et al. [24] which, however, are computed for a Pd atom in place of C

with the same geometric stackings over graphene (simple lines).

Å ≤ x ≤ 2.6 Å the normal force per atom does not exceed 20 nN, which, although a large

value, remains physically reasonable. We remark that this calculation has been carried out with a

completely rigid system flake+substrate, if the flake was allowed to relax we expect a decrease of

such values.

In a similar way we carried out the calculation of the normal load for a single carbon atom

placed over a graphene substrate at a fixed distance d. Details of calculation are the same as above.

We studied two different stackings, with the atom placed above the center of a substrate hexagon

(H stacking), or just on top of a substrate atom (T stacking). Our results are compared with the

similar calculation of Zhong et al. [24] ab-initio results with a Pd atom. The comparison is shown

in figure 3.5.

The present TBMD curves and those of Zhong et al., show forces in the same range. We tend

to be satisfied that the TBMD reproduces successfully, in the studied distance range, the normal

forces acting on our system. Moreover we observe the presence of an attractive region of normal

forces.

These calculations account for the normal force per atom corresponding to a fixed flake-

substrate distance, namely the load per atom necessary to push the flake at a certain distance

from the substrate. Experiments however are carried out not at a fixed flake-substrate distance,

but at a controlled total load applied to the flake by the tip. We will assume, for lack of more

precise information, that this load divides equally among the flake atoms. By inspection of Figures

3.4 and 3.5 we find typical load per atom of the order of several nN for distances of the order



3.5. IMPLEMENTATION OF A TOMLINSON-LIKE MODEL 37

of 2 Å, thus a total load ranging from some tens to some hundreds of nN for a flake composed

by 10 ÷ 102 atoms. These values are close to the experimental ones, although for rather smaller

distances. Experimental total loads reported by Miura et al. [25] are of the order of 100 nN,

whereas Verhoeven et al. in their computational work consider loads of the order of 40 nN. In our

model we then consider total loads in the interval 40 -100 nN.

3.5 Implementation of a Tomlinson-like model

In the standard Tomlinson model a single atom or a point-like tip is coupled by a spring to a moving

stage. representing the advancing macroscopic tip bulk. The substrate is represented by a static

periodic potential energy surface. This ball-and-spring model has been explored extensively [9].

In the modified two-dimensional Tomlinson model presented by Verhoeven et al. [8], the friction

between a finite, nanometer-size flake and a graphite surface is analyzed. The graphite flake is

modelled as a rigid structure of (point-like) atoms and the interaction between the flake and the

substrate is assumed to be the sum of all individual interactions of the atoms. In this model the

flake is coupled to a support by spring in the in-plane (x-y) direction; the support pulls the flake

along the periodic potential via the spring.

Also in our implementation the flake is coupled to a rigid support by springs. Each flake

atom is coupled by a spring to a fixed position on the support, given by ideal-lattice points.

The support moves in-plane with respect to the substrate. The springs act only by x and y

components. In our model the flake is not rigid, but can relax in all directions. Differently from

previous implementations, the support is not just pulling a rigid flake along a periodic potential,

but interactions between every flake atom with all other atoms in the system are calculated at

each step in the framework of TBMD. The support moves by steps of length δx along an assigned

direction, defined by the pulling angle θ, following a path of defined length. After each advancement

of the support, the flake relaxes under the combined action of the TBMD calculated forces, the

load and the springs forces.

In an actual AFM experiment scanning velocities are of the order of several nm
s , i.e. small

enough to justify the assumption of a quasi-static motion of the flake. For each step of the support

motion we let the flake relax into its equilibrium state. Once equilibrium is achieved, the support

moves one step further and so on until the end of the pre-defined path. The relaxation of the flake

is achieved by a damped dynamics, targeting the nearest minimum-energy configuration available.

Damped dynamics allows the flake to reach the minimum of the complex energy profile fairly

quickly. The way to achieve this is to run a regular MD integration, but to reset to zero all velocity

components of atoms that are discordant with respect to the corresponding acceleration. Discarding

velocities that are opposed to accelerations allow the system to move only through decreasing

energy states and never climb back the energy profile. The advantage of damped dynamics with

respect to a normal minimization-energy calculation is that it tends to relax smoothly to the

nearest local minimum configuration. On the other hand this algorithm is less efficient than

standard minimization such as conjugated gradient.

This quasi-static motion for the flake given by the damped dynamics relaxations corresponds

to decoupling the slow movement of the tip (thus the support) from the fast dynamics of the flake.

The time step δt, that is the time length of one damped dynamics step, must be tuned in order

to speed convergence as much as possible. We have studied the convergence of the total energy

(minus the kinetic term), i.e. the TBMD term plus the springs term plus the energy associated

to the FN atom, for different values of δt (0.5, 1, 2, 4, 6, 8 and 10 fs). We found convergence

until δt = 4 fs. Beyond this value the damped dynamics does not converge. The number of

iterations required to relax from a given configuration is smallest for larger δt, thus to minimize
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the computational workload, we adopt the value δt = 4 fs in our simulations.

In a Tomlinson-like calculation the relaxation is affected by the step advancement of the support

δx. This quantity must not be too small, to advance at a reasonable rate, but not too large either,

or else the quasi-static tip motion picture holds no longer, and moreover longer relaxations are

needed. After a few test, we set δx = 0.0024 nm.

The criterion to determine when the flake has reached the equilibrium position, and end re-

laxation loop, is a force check. We calculate the maximum component of the total force over all

atoms in the flake:

Fmax = max
Nflake

i=1 [F x
i , F

y
i , F

z
i ]. (3.4)

At each damped-dynamics step we compare Fmax with a fixed threshold value of 0.01 nN. When

this threshold is reached the output (discussed in details below) is written and the support advances

to the next step. We also set a maximum number of steps irelaxmax = 1000, after which the

support moves to the next step regardless of the Fmax convergency having reached. The maximum

number of steps irelaxmax prevents the program to remain stacked at a particularly unfortunate

configuration. Compared to fixing the number of relaxation steps, with the Fmax threshold we

loose control over the computer time length of the simulations but we gain substantial computer

time.

Finally we discuss the problem of selecting the spring elastic constant for coupling the support

and the flake in the x-y plane. We set Kx = Ky for symmetry, and the springs of the same stiffness

coupled to every atom in the flake. As a first guess we estimate the springs constants to one tenth

the harmonic interaction strength of two first-neighbour carbon atoms in a perfect graphite layer.

To find the interaction strength between two carbon atoms in a graphite layer we studied the total

energy per atom curve as a function of the atom-atom distance in a perfect graphite layer. We

then applied a parabolic fit near the minimum:

u =
1

2
Kl20 (3.5)

where, here, u is the energy per atom of the infinite graphene plane. The parameter K, divided

by 1.5 which is the number of bonds per atom in graphite, yields the desired value. One tenth of

this value is ≃ 0.5eVÅ−2. So we set initially:

Kx = Ky = 0.5
eV

Å2
≃ 8.01

N

m
. (3.6)

Starting from this value, during our simulations, we explored values for the springs constants

ranging from soft (Kx = Ky = 0.1eVÅ−2) to hard (Kx = Ky = 2.5eVÅ−2). A more detailed

discussion about the springs constant values, and the physical insight depending on the spring

strength is carried out in the next chapter, where the results are presented. Here we anticipate

that with soft springs we expect the flake will be very free to move, rotate and consequently pin,

thus showing a clean stick and slip motion and a high friction; on the contrary with harder springs

we expect the flake will be strongly coupled to the support and will tend to follow it along its

path, minimizing shifts and rotation and showing little or no stick and slip motion. These are only

simple considerations, the problem being more complex, as we will see.

As a final detail, we mention the way we make the Tomlinson scheme compatible with PBC:

∆xi = ∆xi − cellxnint(∆xi/cellx) (3.7)

where index i runs over the flake atoms, ∆xi = R
tip x
i − Rx

i , with R
tip x
i the x-component of the

position of the point on the support connected to the i-th flake atom, cellx is the box dimension

in the x direction and nint is the standard fortran function which rounds to the nearest integer.
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Equivalent relations hold for the y and z components. In this way, the Tomlinson simulations

require substrates only large enough to avoid the flake self-interaction. In particular for a 24-atom

flake it is sufficient use a 3 × 3 substrate (where we refer to the conventional rectangular cell,

containing 8 C-atoms) for a total of 96 atoms in our system; for a 54-atom flake it takes a 4 × 4

substrate, for a total of 182 atoms; for a 96-atom flake (the largest we can practically deal with) a

5 × 6 substrate is needed, for a total of 336 atoms.

3.6 Numerical implementation

We come now to describe the working scheme of the program implementing the generalized Tomlin-

son model. First we set the lattice parameters and define the TB parametrization of the potential

for C, divided into a repulsive and a tight-binding contribution. An initial set of positions for

the flake atoms is then obtained starting from the perfect lattice positions of graphite, randomly

shifted of a tiny amount. Initial velocities are taken null. At this point a double loop initiates: an

external loop on the support position along its path, and an inner loop on the TBMD damped-

dynamics relaxation. Repulsive force and energy are calculated: we compute and diagonalyze the

tight-binding Hamiltonian matrix calculating eigenvalues and eigenvectors. After this the Hellman-

Feynman contribution to the atomic forces between atoms is computed. The MD step is carried

out by updating the atomic positions and velocities according to the computed accelerations, using

velocity Verlet algorithm, modified for a damped relaxation as discussed above. This double loop

is repeated for each step of the tight-binding molecular dynamics and for each step of advancement

of the support.

The TBMD forces are calculated by considering the contributions of repulsive two-body forces

between atoms, plus the forces calculated by Hellman-Feynman theorem after diagonalizing the

TBMD Hamiltonian matrix. These constitute the total internal forces of our system. Since the

substrate is perfect and rigid we are interested only in the forces acting on the Nflake flake atoms.

We then add external forces due to the coupling to the support via the springs and the external

load. The springs forces only have components along x and y (the support being in-plane with

the flake) respectively F spr
x and F spr

y , while the load force FN only has the z component and is

directed opposing the z-axis direction. For subsequent data analysis, the internal TBMD forces

are recorded as a lateral component Flat (in the x-y plane) and a normal component Fnor (along

z). We define also

F spr
x =

Nflake
∑

i=1

F spr x
i (3.8)

F spr
y =

Nflake
∑

i=1

F spr y
i , (3.9)

where F spr x
i and F spr y

i are the spring force components relative to the i-th flake atom. The

springs lateral force is then recorded decomposed into its component along the pulling direction

and perpendicular to it, so that

F spr

‖ = cos(θ)F spr
x + sin(θ)F spr

y (3.10)

F spr
⊥ = − sin(θ)F spr

x + cos(θ)F spr
y . (3.11)

In order to investigate stick and slip events it is necessary to analyze only the component parallel to

the pulling direction of the spring lateral force; the normal component bringing information about
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Figure 3.6: The spring lateral force, parallel component F spr

‖ as a function of the

support position is represented. The curve refers to a 54-atom flake, with total

load FN = 100 nN, pulling angle θ = 0◦, stacking angle φ = 0◦, initial stacking

AB, time step δt = 4 fs and springs constants Kx = Ky = 0.1 eV/Å2.

the lateral forces pulling the flake away from pulling line. These details will be further discussed

in the next chapter. We always record forces in units of nN.

For a relaxed flake, individual total force on each atom and therefore the total force acting

on the flake center of mass must vanish because at equilibrium the spring lateral forces exactly

compensate the internal lateral ones and likewise, the total vertical internal force compensates

the external load. Equilibrium brakes when the support moves to a new position. To study the

curve F tot
lat vs support position gives interesting information about the amount of internal tension

stored by the sticky flake and by the springs. To investigate stick and slip motion we record F spr

‖ .

Figure 3.6 shows an example of stick and slip motion. Our program stores forces only at the last

relaxation step of the damped dynamics, before the support moves to a new position; so we have

information only about the last, usually fully relaxed, configuration, at each step of advancement.

Appropriate counters monitor the number of total steps of the simulation, and the number of

steps used to reach equilibrium (that is to reach the force threshold) for every support position,

thus giving information about the difference between the configuration where the flake is lead by

the springs and the nearest equilibrium one.

The center of mass of the flake is then calculated. The flake center of mass is useful to define

the flake-substrate mean distance. The position of the support and the center of mass of the flake,

is also recorded at the last relaxation step for each support position.

Our program also stores the positions Rx
i , R

y
i and Rz

i of every atom composing the flake.

The entire set of positions, constituting one system configuration is also stored at each step of

the relaxation, not only at the final relaxed step. The code actually generates two files: one with
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positions at every step of TBMD simulation, and one with only the relaxed configurations. Both

are stored in a particular format suitable to be displayed by an external 3D visualization software

(VMD). The first trajectory gives us information about the deformation of the flake toward the

instantaneous local equilibrium configuration, while the one with the relaxed positions shows a

fairly realistic cartoon of the motion of the flake in a Tomlinson-like dynamics. Both these files

are also useful to re-start the program in the event of a crash.

Also energies are recorded. The internal energy is composed by different terms: total kinetic

energy term Ekin, repulsive potential energy Urep and bond structure energy Ebs. The repulsive

potential energy Urep is calculated based on the repulsive potential of the TBMD model, while

the bond structure term Ebs is calculated starting from eigenvalues obtained by diagonalization of

the TBMD Hamiltonian matrix. We also record the energy due to springs and load. The spring

energy (per atom, in eV) is calculated as:

Espr =
1

2

∑

i

[Kx∆xi
2 +Ky∆yi

2] (3.12)

where i indexes the flake atoms, we set Kz = 0 and ∆xi and ∆yi are defined according to Eq.

(3.7). Load energy (per atom in eV) is calculated as:

Eload =
∑

i

−Rz
i (−FN ) (3.13)

where FN is taken with a minus sign because of its negative z-axis direction, thus correctly giving

a positive energy when the flake is above the substrate. The sum of all these contributions defines

the system total energy

Etot = Ekin + Urep + Ebs + Espr + Eload. (3.14)

Energies are stored at each TBMD simulation step. The ones related to a relaxed configurations

(for each support position) are marked by a special label to be easily sorted and analyzed.

3.6.1 Computational workload

In a TBMD simulation it is important to pay attention to computational resources needed to

carry out a particular calculation. Varying the model parameters may introduce huge variations

of computational effort, thus time needed to complete the calculation. We discuss briefly the main

factors governing time length of the calculation: the number of particles composing our system

(flake + substrate), and the length of the path. Approximately 95% of the computer time is

devoted to the TB matrix diagonalization by the DSYEV routine of the Lapack libraries. This

varies with the third power of the matrix size, which in turn is proportional to the number of atoms

N . Accordingly,

tsimulation ∝ N3. (3.15)

Of course N includes the static substrate atoms. Computational time length also varies linearly

with the total number of simulation steps, namely the sum of the numbers of steps needed for

flake relaxation for each support position. The number of relaxation steps depends significantly

on the step length along the path: the longer this step length, the larger the number of relaxation

iterations is needed.

3.7 Evaluation of the static friction force

Eventually we are interested in the static friction force Ffric which is expected to show a nontrivial

dependence on the pulling direction θ, on the stacking angle φ, on the applied load and on the
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Figure 3.7: Parallel component of the spring lateral force F spr

‖ as a function of

the support position. The red solid curve refers to a 24-atom flake, with total load

FN = 100 nN, pulling angle θ = 15◦, stacking angle φ = 30◦, initial stacking AB,

time step δt = 4 fs, and springs constants Kx = Ky = 0.1 eV/Å2. We show the

values corresponding to the force covering 95% (blue dot-dashed line) and 99%

(black dashed line) of the curve integral. It is appropriate to set a 95% threshold

to define the static friction force Ffric.

flake size. To extract from the stick and slip profile a reliable estimate of the static friction that is

expected to be observed in an experiment, we formulate a consistent definition of the friction static

force, based on the integral of the spring lateral force (parallel component): the static friction force

is the level Ffric below which we find the 95% of the curve integral. Note that we have omitted

from this calculation the first 0.25 nm of the support path, before the dotted line in figure 3.7.

The reason for omitting this initial transient is explained in detail in the next chapter. Figure 3.7

shows two possible threshold values for the percentage of the integral defining the friction static

force, 95% and 99%. We thought reliable to choose 95%.

To calculate the friction static force given a flake size, stacking, pulling direction and load, we

first construct an histogram of the F spr

‖ values, as in figure 3.8. We then calculate the force below

which we find the 95% of histogram points, namely the force step immediately above 95% of the

force points. For the histograms we use a fixed binning width (0.005 nN). The example histogram

of figure 3.8 is related to the stick-slip data of figure 3.7 (θ = 15◦, φ = 30◦, FN = 100 nN).

As noticed above we have skipped the first 0.25 nm during histogram calculation, them bringing

only information about the initial flake arrangement, as demonstrated in next chapter.

Following Verhoeven et al. and Dienwiebel et al., the dynamic friction force is defined in terms

of the energy dissipated in a forward-backward loop. In fact, if we perform a simulation composed

by forward and backward scan, we can define the dynamic friction force as the area enclosed
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Figure 3.8: The histogram is obtained starting from the springs lateral force plot

of figure 3.7, with a bin width fixed at the value 0.005 nN, and where we have

skipped the transient first 0.25 nm of the sliding path for the histogram calculation.

The friction force value obtained with a threshold at 95% is indicated by an arrow.
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Figure 3.9: The parallel component F spr

‖ of the springs total force as a function

of the support position xtip. A total load of 100 nN is applied to the dragged C24

flake. The pulling angle is θ = 0◦, the support stacking angle is φ = 0◦ and the

springs are soft Kx = Ky = 0.1 eV

Å2

. Forward scan: solid line. Backward scan:

dashed line. The shaded area between the two curves gives a measure of the energy

dissipated by friction.
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C

Figure 3.10: The flake rotation angle φA, by which the flake, in its relaxed con-

figuration, is rotated with respect to the perfect lattice of the substrate.

between the two lateral force curves (forward and backward) divided by twice the support path

length. Figure 3.9 shows the parallel component of the lateral spring force as a function of the

support position, for a forward and the related backward scan. The shaded area enclosed between

the two curves gives a measure of the energy dissipated by friction. The simulation involves soft

springs Kx = Ky = 0.1 eV/Å2 to enhance the stick-slip phenomenon. Comparing the static

friction force obtained with the previous definition and the dynamical friction obtained based on

the dissipated power we find the usual relation F static
fric > F dynamic

fric . The method finds a static

friction of F static
fric ≃ 0.9 nN, where the area method finds a value F dynamic

fric ≃ 0.325 nN. The

similarity of these two values validates our choice of the threshold method. In fact the threshold

method is twice faster with respect to the other one, involving only the forward scan and not the

backward one, and thus allowing us to save significant computer time.

3.8 Flake rotation angle

In our TBMD model the flake, under the effect of the competing interactions with the substrate

and support, rotates around its center of mass, thus varying its instantaneous stacking angle φA

with respect to the externally imposed support angle φ. We are interested in calculating the actual

rotation angle φA at each support position, i.e. for every relaxed position of the flake during the

scan. For each relaxed configuration, to calculate the actual rotation angle φA of the flake we need

two 2-dimensional vectors: the one joining the flake center of mass to the i-th flake atom, indicated

by RCM
i , and the corresponding vector computed for the unrotated φ = 0◦ support, and indicated

by R0 CM
i . With these vectors we define

φA = arcsin
1

Nflake

∑

i

RCM y
i R0 CM x

i −RCM x
i R0 CM y

i

|RCM
i ||R0 CM

i | . (3.16)

Figure 3.10 shows the actual rotation angle φA, as defined above. The possibility to evaluate

the actual rotation φA of each relaxed configuration of the flake is very useful to understand the
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evolution of the static friction force, as discussed in next chapter.



Chapter 4

Results

The present chapter illustrates the results obtained by studying the frictional behavior of a carbon

flake sliding over a graphite surface, in a Tomlinson-like simulation of an AFM experiment carried

out in the framework of tight-binding molecular dynamics. The goal of our work is to study the

friction regime of such a system depending on the parameters of our model and in comparison with

the theoretical and experimental existing results. In particular we want to study the possibility of a

stick and slip-like behavior of several quantities, including the springs lateral force, the energy, and

the stacking angle φ of the flake. Moreover we have studied the static friction force dependence on

model parameters, such as pulling angle θ, stacking angle φ, applied load, flake size and different

scan-line.

For ease of comparison with the existing theoretical and, in particular, experimental results, in

our discussion we shall always deal with total quantities, i.e. summed over the flake atoms, rather

than more properly normalized quantities divided by the number of flake atoms. Experimentally

the number of flake atoms is, indeed, not controlled, only the total applied load and the total force

acting on the flake being accessible. We remember that, in the framework of our TBMD model,

the equilibrium distance between two neighbour carbon atoms in perfect graphite is l0 = 1.4224

Å.

4.1 Relaxation to equilibrium

First of all we have studied, by damped dynamics, the equilibrium arrangement of a flake, depend-

ing on its size and the applied load. For fixed load and size, we find that, starting from different

initial stackings, the flake finds the same equilibrium position, up to a global translation or rotation

around the flake center. The relaxation of a 24 atom flake by damped dynamics with total load of

100 nN, for four initial stackings is shown in figure 4.1. The four curves in figure 4.1 converge to

slightly different energy values, indicating slightly different local minima. This is the equilibrium

configuration energy Eeq = 230.56 eV, for that particular flake size and applied load. The energy

gain is typically of the order of 20 eV. Most of this gain comes from the initial vertical relaxation

of about 0.02 nm. Further mainly horizontal relaxation is more visible in the inset, with relaxation

energy gain of the order of 1 eV. Typical relaxed configurations for 24, 54 and 96 atom flake are

shown respectively in figures 4.2, 4.3 and 4.4. For all three flakes, the equilibrium configuration

tends to minimize the number of atoms stacked on top of a substrate atom, the AA, or eclipsed,

stacking being the most energetically unsuitable configuration for the flake for moderate load, see

figure 3.4. Depending on the initial configuration this relaxation leads to different relaxed configu-

rations, characterized by slightly different equilibrium energies (typically within 1 eV of the lowest

47
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Figure 4.1: Total energy Etot as a function of the number of steps of damped

dynamics. The relaxation of a 24 atom flake is represented for four different initial

stackings: AB shifted by l0/4 along x (full line, red), AB shifted by 10% of l0
along x and y (dashed line, blue), AA shifted by 10% of l0 along x and y (long-

dashed line, black) and AA rotated by 5◦ clockwise. The initial flake-substrate

vertical distance is 0.17 nm, to be compared to a fully relaxed final average vertical

position of 0.192 nm.
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Figure 4.2: The relaxed configuration of the 24-atoms flake. Static substrate

atoms are clear (white), flake atoms are dark (red).

one).

4.2 Stick-slip analysis

As discussed in chapter 1, the sawtooth behavior characteristic of stick and slip motion is deter-

mined (in a Tomlinson-like model) by the competition between the elastic force due to springs

F spr
lat and the force due to the flake-substrate interaction Flat. Elastic energy, accumulated in the

springs, is counterbalanced by the substrate attraction, until, suddenly, the flake slips to another

minimum. Therefore, while sticking, F spr
lat mirrors Flat. In our work we investigate for the presence

of stick and slip behavior studying the trend of different key quantities, depending on the model

parameters described in previous chapter. We then study the springs lateral force, in particular

the component parallel to the pulling direction, the position of the flake center of mass along the

pulling direction, the total energy of the system and the actual stacking angle φA of the flake with

respect to the length of advancement along the pulling direction xtip. The possibility that such

quantities show a stick-slip behavior is strongly dependent on the model parameters, in particular

the strength of the springs and the commensurability (defined by the matching between the flake

lattice and the substrate one) of the flake-substrate contact, in turn tuned by the stacking angle

φ.

We first study the behavior of the parallel component of springs lateral force, F spr

‖ , with respect

to the position of the support xtip. Depending on the commensurability degree of the contact path

of the flake and the substrate, F spr

‖ can show or not show periodicity. In particular, varying the

pulling angle θ, it is possible to explore periodic e.g. (θ = 0◦ and θ = 30◦) and aperiodic e.g.

(θ = 15◦) pulling directions. The springs force along a periodic and an aperiodic pulling direction

are compared in figure 4.5. These calculations involve a 24-atom flake, with applied load of 100

nN, support stacking angle φ = 0◦ and springs constant Kx = Ky = 0.1 eV/Å2. Even the periodic,
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Figure 4.3: The relaxed configuration of the 54-atoms flake. Static substrate

atoms are clear (white), flake atoms are dark (red).

Figure 4.4: The relaxed configuration of the 96-atoms flake. Static substrate

atoms are clear (white), flake atoms are dark (red).
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Figure 4.5: Springs lateral force, parallel component F spr

‖ with respect to the

support position xtip for two different pulling directions: θ = 0◦ (solid line, black)

and θ = 15◦ (dotted line, red). The simulation is carried out for a 24 atom flake

with total applied load of 100 nN, support stacking angle φ = 0◦ and springs

constant set to Kx = Ky = 0.1 eV/Å2, Kz = 0.

θ = 0◦, path shows periodic forces, except for the initial part of the graph, namely the first 0.2 -

0.3 nm. This is due to the flake tracing initially a different path until it joins the actual periodic

path, if present. According to this observation, we decided to skip the first 0.25 nm transient part

of the simulation in the evaluation of the average static friction force.

The strength of the springs constant affects the stick-slip regime in several different ways.

Consider two values of the springs constants: soft springs, Kx = Ky = 0.1 eV/Å2, and hard

ones, Kx = Ky = 2.5 eV/Å2. These values are respectively 1
50 and 1

2 of the interaction strength

between two covalently bond neighbouring carbon atoms in a perfect graphene layer. The first

case represents a weak coupling between the flake and the support, while the second produces very

strong binding. Results for these two cases are compared in figure 4.6. These results are obtained

for a 24 atoms flake with applied load of 100 nN, pulling direction θ = 0◦ and support stacking

angle φ = 0◦.

With a weak coupling between flake and support, i.e. for soft springs constants, the stick-slip

behavior of the springs lateral force, parallel component, F spr

‖ is emphasized and clearly visible. In

contrast with a strong coupling between flake and support (hard spring constants) such stick and

slip behavior is lost completely: the force shows a smooth behavior. This force behavior is shown in

figure 4.6 (a). Moreover we observe more intense force peaks for hard springs, thus indicating higher

friction than for soft springs. Figure 4.6 (b) shows the flake excess energy Etot − Espr − Eeq as a

function of the support position xtip. Eeq is the equilibrium configuration total energy, determined
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Figure 4.6: The parallel component of springs lateral force F spr

‖ (a), the flake

excess energy Etot − Espr − Eeq (b), the flake center of mass position along the

pulling direction CM x (c) and the flake instantaneous average rotation angle φA

with respect to the substrate (d) as functions of the support position xtip. Two

different values for the springs constants are compared: soft, Kx = Ky = 0.1

eV/Å2 (black solid line), and hard, Kx = Ky = 2.5 eV/Å2 (red dashed line). The

simulation involves a 24 atom flake, applied total load of 100 nN, pulling angle

θ = 0◦ and support stacking angle φ = 0◦.
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by spring-less relaxation, as discussed in the previous section. For hard springs we observe a smooth

energy dependence and larger values of Etot−Espr−Eeq, while for soft springs the stick-slip motion

is associated to energy jumps, with generally smaller values of Etot−Espr−Eeq. The energy barrier

at the slip events is much lower than the one for hard springs, due to the capability of the more

weakly costrained flake to deform and rotate, thus avoiding the most unfavorable configurations. A

similar behavior is shown in figure 4.7 for different geometry. Figure 4.6 (c) shows the advancement

in the pulling direction of the flake center of mass CM x also illustrating stick-slip motion in the

soft-spring case very clearly. Figure 4.6 (d) shows the actual stacking angle φA at which the flake

rotates, relative to the substrate due to relaxation. For soft springs the flake takes advantage of

a substantial freedom to rotate, by several degrees, away from the support stacking configuration

angle, here φ = 0◦, while for hard springs the flake rotates by less than 0.2 degrees. Inclusion of

flake rotations is a crucial detail of the model, as shown by Filippov et al. [12], and next discussed

in detail below.

The presence or absence of stick-slip motion illustrates the importance of the spring strength

in our model. With soft springs constants the flake is quite free to move around, both rotating and

shifting away from the pulling direction in order to find local minimum energy positions where to

stick. On the contrary with hard springs constants the flake is bound strongly to the support, which

it follows continuously with little or no possibility to stick. Physically, to set high or low springs

constants means to assume a strong or weak coupling between the flake and the support the flake

is attached to. By setting the spring constants to an intermediate value, Kx = Ky = 0.5 eV/Å2,

we find that the system tends to perform a stick-slip motion, especially in the fully commensurate

φ = 0◦ geometry allowing us to state that our flake-substrate system naturally shows a stick and

slip behavior under normal experimental conditions. Experiments show clear stick-slip behavior in

lateral force plots, for cantilever springs constants values Kx = Ky
∼= 0.36 eVÅ−2 [7].

Figure 4.7 illustrates the correlation of flake lateral energy and lateral force stick-slip events

in a configuration similar to that of figure 4.6, but for the stacking rotation being set to φ = 30◦

rather than φ = 0◦. As springs are very soft, Kx = Ky = 0.1 eV/Å2, even in this incommensurate

geometry we observe stick and slip events in the lateral force, with a clear correlation with the

energy jumps. Periodicity is evident after the initial transient. In this initial part of the path, a

larger energy jump, due to some elastic energy being released is observed. The width of the energy

jumps is of the order of 0.3 eV in the periodic part (after the first 0.25 nm), while the first jump is

about 1 eV. This and other similar observations urged us to discard systematically the first 0.25 nm

of all paths in the evaluation of the static friction force. The amplitude of the energy jumps at slip

measures the temperature range of validity of the present theory. Our essentially-zero temperature

calculations will provide meaningful and reliable data up to a temperature of the order of several

hundred Kelvin, where thermally-activated slips through barriers are of little concern.

Figure 4.8 shows the parallel component of springs lateral force, F spr

‖ , along the same scan,

for the three different flake sizes of figures 4.2-4.4: 24, 54 and 96 atoms. The simulation is carried

out with applied load FN = 100 nN, pulling angle θ = 0◦, support stacking angle φ = 30◦ and

soft springs constants Kx = Ky = 0.1 eV/Å2. Observe higher friction with the 24 atoms flake

than with the 54 and 96 ones. This is due to the partial bonding of the 18 edge atoms. More

interestingly the stick-slip behavior, shown by the 24 and 54 atoms flake is lost for 96 atoms flake.

The latter moves in an essentially dissipationless fashion despite the very soft springs. Observe also

that the force peaks for the 54 and 96 atoms flake show nearly the same value, despite a load per

atom decrease of about a factor 2 between the two flakes. In fact the total friction force computed,

following the method described in chapter 3, we find values: Ffric = 2.99 nN for C24, Ffric = 1.38

nN for C54 and Ffric = 1.54 nN for C96. This is due to the fact that the larger flake can rotate

less than smaller ones, in which to rotate by a certain angle, the external flake atoms displace less
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Figure 4.7: The parallel component of springs lateral force F spr

‖ (dashed line, red)

and the energy difference Etot − Espr − Eeq (solid line with points, black) with

respect to the support position xtip. The simulation is performed with a C24 flake,

applied total load of 100 nN, pulling angle θ = 0◦, support stacking angle φ = 30◦

and springs constants Kx = Ky = 0.1 eV/Å2.

than in the large flake. The lesser capability to rotate of large flakes prevents them to dribble high

sticking barriers.

Flake rotations do represent a key issue in the friction physics of a carbon flake sliding over

a graphite surface, as pointed out by Filippov et al. [12]. The way rotations affect friction in

our model is subtle. In the framework of our model the flake, where every atom is bond to the

moving support by springs, has the possibility both to shift normally to the pulling direction

and to rotate around its center of mass. This possibility affects critically the motion of the flake

over the graphite surface for both commensurate and incommensurate contact. When the flake is

pulled in a commensurate stacking (e.g. φ = 0◦), along which it would find high energy barriers

to overcome, thus high friction, the possibility of rotations and lateral shifts allows the flake to

overcome much reduced barriers by allowing for local changes of trajectory. The first effect of flake

shifts and rotations is then to reduce the friction of highly commensurate contacts. In addition,

when the flake is pulled in an highly incommensurate stacking (e.g. φ = 15◦), along which it should

not encounter high-energy barriers or deep energy wells, it should perform a low-friction motion.

However flake rotations and shifts allow the flake to find deeper energy wells (both moving apart

from the pulling direction and rotating so to explore different stacking configurations), where the

flake sticks, eventually providing higher friction. The second effect of flake shifts and rotations

is then to raise the friction for incommensurate contacts. This second effect was observed and

discussed by Filippov et al. [12], where the authors observe how rotations compete to destroy

superlubricity and to restore an high friction regime of motion.

The parameters affecting the rotational degree of freedom, i.e. the angular range (centered on

the flake initial stacking angle) explored by flake rotation, and the width of shifts perpendicular

to the pulling direction, are the strength of the spring flake-support coupling and the flake size.
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Figure 4.8: Parallel component of springs lateral force, F spr

‖ , as a function of

the support position xtip for three flake sizes: C24 (black solid line), C54 atoms

(red dashed line), and C96 atoms (blue dot-dashed line). The simulation is carried

out with applied load FN = 100 nN, along the same path characterized by a

pulling angle θ = 0◦, support stacking angle φ = 30◦ and soft springs constants

Kx = Ky = 0.1 eV/Å2.
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Figure 4.9: Correlation of the parallel component of springs lateral force, F spr

‖ ,

with the istantaneous rotation angle φA, for three values of the support stacking

angle: φ = 0◦ (black triangles), φ = 15◦ (red crosses) and φ = 30◦ (blue circles).

The actual rotation angle φA is the average angle by which the flake is rotated, at

each relaxed position, and computed according to Eq. (3.16). The simulation has

been carried out for a C24 flake with applied load of 100 nN, pulling angle θ = 0◦

and soft springs constants Kx = Ky = 0.1 eV/Å2.

We have studied the dependence of the parallel component of the springs lateral force, F spr

‖ , on

the actual stacking angle φA, defined in previous chapter, for two spring strengths: Kx = Ky = 0.1

eV/Å2 and Kx = Ky = 2.5 eV/Å2. The simulation is carried out for the C24 flake with applied

load of 100 nN, pulling angle θ = 0◦ and three values of the support stacking angle φ, in order to

explore both commensurate contacts (φ = 0◦) and incommensurate ones (φ = 15◦ and φ = 30◦).

Results are shown respectively in figure 4.9, for soft springs, and figure 4.10, for hard springs.

For soft springs we find that the actual angle φA, of which the flake is rotated with respect to

the x axis, can vary substantially during the flake motion over the graphite surface. For support

stacking φ = 30◦, the flake can rotate till an angle φ ≃ 10◦, thus we observe angular oscillations

in excess of 15◦ (see also figure 4.6 (d)). Also for initial stacking at φ = 0◦ and φ = 15◦ the flake

explores a quite wide angular range. In contrast, for hard springs we find an almost constant actual

rotation angle φA, except for φ = 15◦ where an oscillation in φA of approximately 3◦ is observed.

According to these results, we must consider three different angles describing the rotation of the

flake around its center of mass. We set the support stacking angle φ, at which the flake is rotated

at the beginning of the scan; the actual rotation angle φA of the flake at each relaxed position

(i.e. for each support position along the simulation), computed according to Eq. (3.16); finally

we calculate the average actual rotation angle 〈φA〉 along the scan. Especially for soft springs

and small flake size, this angle 〈φA〉, averaged over all the relaxed position in the scan, can differ
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Figure 4.10: Calculation of the parallel component of springs lateral force, F spr

‖ ,

with the actual rotation angle φA, for three values of the support stacking angle:

φ = 0◦ (black triangles), φ = 15◦ (red crosses) and φ = 30◦ (blue circles). The

actual rotation angle φA is the average angle of which the flake is rotated, at each

relaxed position and computed according to Eq. (3.16). The simulation has been

carried out for a C24 flake with applied load of 100 nN, pulling angle θ = 0◦ and

hard springs constants Kx = Ky = 2.5 eV/Å2.
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significantly from the support stacking angle. The example with soft springs shown in figure 4.9,

for a support stacking angle φ = 30◦, yields an average angle 〈φA〉 ≃ 16◦. This observation is

crucial when we want to study the dependence of friction force Ffric on the stacking angle φ. In

fact, for each simulation we will plot the friction force, as defined in previous chapter, as a function

of the average flake rotation angle 〈φA〉, rather than of the initial stacking angle φ.

The possibility of the flake to shift normally to the pulling direction is affected similarly by

the strength of the springs. In fact, for soft springs Kx = Ky = 0.1 eV/Å2 perpendicular shifts

are observed of the order of 1 Å (i.e. 0.7 l0), while for hard springs Kx = Ky = 2.5 eV/Å2

observed perpendicular shifts are of order 0.2 Å (i.e. 0.141 l0). These shifts can be observed

while studying the trajectory in the x-y plane of the flake center of mass during the simulation.

Figure 4.11 shows the actual path followed by the center of mass of a C24 flake pulled by the

support along a scanline defined by pulling angle θ = 0◦. Simulations are performed with total

applied load FN = 100 nN, soft springs and two values of the support stacking angle: φ = 0◦ and

φ = 30◦. With hard springs the possibility the flake has to perform lateral shifts is strongly reduced,

and the actual trajectory of the flake center of mass remains very close to the support scanline.

Accordingly to what was observed for rotational freedom, the case of support stacking angle φ = 30◦

(incommensurate) shows larger lateral shifts than the φ = 0◦ case (commensurate). The rotational

freedom and the lateral shifts the flake can increase friction passing from a commensurate contact

to an incommensurate one.

The above discussed effect of shift and rotation of the flake, and the way the springs strength

affects it, accounts for the force patterns of figure 4.6. In fact it explains the higher lateral

force peaks (a) and energy peaks (b), for hard springs constants than for soft springs in this

commensurate contact. With hard springs the shift-rotational behavior of the flake is inhibited,

thus producing higher friction.

Finally we study how the flake size affects the flake rotational behavior. Similarly to figure 4.6

(d), we study the actual rotation angle φA as a function of the support position xtip, for three

different support stacking angles (φ = 0◦, 15◦ and 30◦) and three different flake sizes: 24, 54 and

96 atoms. Simulations are carried out with a total load of 100 nN, pulling angle θ = 0◦ and soft

springs constants Kx = Ky = 0.1 eV/Å2. Results are shown in the three-panel figure 4.12. Clearly

the 24 atoms flake rotates more than the 54 atoms flake, which in turn rotates more than the 96

atoms one during the scan over the graphite surface. Considering the first two flakes, apart from

the support stacking angle φ = 15◦ case, showing for both cases comparable angular rotations (the

54 atoms flake angular values being anyway nearer to the support stacking angle), for support

stacking angle φ = 0◦ and, in particular, φ = 30◦ the C54 flake shows little variations of the actual

angle φA relative to φ, where for the C24 flake we have huge fluctuations. The C96 flake shows

even smaller variations of the actual angle φA relative to φ. This explains also the result of figure

4.8, showing substantially higher friction for the C24 flake for the same load. The C96 and C54

flakes rotate less, thus showing less capability to pinning. The next section analyzes the effect of

the applied load on friction.

4.3 Friction

This section analyzes the dependence of the static friction force Ffric, defined as discussed in

previous chapters, on several quantities, namely the stacking angle φ, the pulling angle θ, the flake

size, the applied load, the springs stiffness and the scanline. In this section we reinterpret results

obtained in the previous one, in particular concerning the role of rotations and shifts of the flake

and the way they are affected by flake size and springs stiffness. We also compare our results with

the experimental ones and previous computations.
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Figure 4.11: C24 flake center of mass actual trajectory in the x-y plane. Circles

represent the ideal substrate atoms. Two values of the support stacking angle

are considered: the φ = 30◦ incommensurate case (red solid line) and the φ =

0◦ commensurate case (black dot-dashed line). Blue dashed line represents the

support scanline, defined by pulling angle θ = 0◦. Simulations are carried out

with total applied load FN = 100 nN and soft springs Kx = Ky = 0.1 eV/Å2.
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Figure 4.12: The actual rotation angle φA as a function of the support position

xtip for three values of the support stacking angle: φ = 0◦ (a), φ = 15◦ (b) and

φ = 30◦ (c). Three flake sizes are considered: 24 atoms (black solid line), 54

atoms (red dashed line) and 96 atoms (blue dot-dashed line). Simulations are

carried out with total applied load of 100 nN, pulling angle θ = 0◦ and soft springs

Kx = Ky = 0.1 eV/Å2. The C96 flake curve in panel (b) is incomplete because of

lack of computer time.
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Figure 4.13: Friction force Ffric as a function of the fixed stacking angle φ for

three different flake sizes: 24 atoms (black solid line), 54 atoms (red dashed line)

and 96 atoms (blue dot-dashed line). The simulations are carried out with pulling

angle θ = 0◦ and total applied load of 100 nN. Flake atoms are allowed to relax

only along z direction.

4.3.1 φ dependence

First we compute the friction of a nearly rigid flake, and precisely a flake where atoms are allowed

to relax only in the z direction, while their position in the x-y plane is fixed to the support, as if the

spring stiffness was infinitely large. This model compares directly to the one used by Verhoeven

et al. [8], and illustrated in figure 1.8. A flake where each atom can relax only in the z direction

has only little more freedom than a rigid flake relaxing along z as a single rigid body, thus we

expect it does not behave much differently. Verhoeven et al. study, in the framework of their

rigid model, the flake size effect on friction versus stacking angle curves. In their rigid model,

not accounting for flake rotations, the support stacking angle φ defined initially remained fixed

during the simulation. Moreover they tuned the flake-substrate interaction potential in order to

produce the same friction force in φ = 0◦ for different flake sizes. In contrast, in our model, the

interaction energy is computed step by step according to a single TBMD parametrization, and no

normalization is applied to any friction data.

We have also studied friction dependency on the stacking angle φ, which for this z-only relaxing

flakes is a fixed quantity not allowed to vary (φA ≡ φ). Simulations are carried out for pulling angle

θ = 0◦, applied load of 100 nN and three different flake sizes: 24, 54 and 96 atoms. Results are

shown in figure 4.13. We observe that the friction decreases with the φ angle, showing a maximum

peak centered at φ = 0◦, similarly to what was observed in ref. [8], see figure 1.8. As expected

and shown by experimental results, the friction is maximum for an highly commensurate contact,
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φ = 0◦, while decreases rapidly for incommensurate directions. We find an high friction peak for

φ = 0◦ and a low friction zone for increased angles, in accord with experimental results. We observe

a sharper peak for wider flakes. The sharpest peak for the C96 flake is similar to that observed in

Verhoeven et al.’s rigid model [8]. Between the φ = 0◦ friction peak and the low-friction φ ≃ 30◦

geometry we find a decrease in Ffric by about one order of magnitude, close to Dienwiebel et al.’s

results. Thus we confirm that the commensurability of the contact affects directly the friction

regime, a commensurate contact showing large friction while an incommensurate one produces low

friction, with a clearer effect for larger flake size. The main difference between our model results

for near-rigid flakes and experimental data is in the absolute values of friction. Dienwiebel et al.

experimental results, figure 1.4, show a friction peak value of order 0.3 nN corresponding to a

friction coefficient µ = 0.075, while we find a peak value of order 10 nN i.e. a friction coefficient

µ ≃ 0.1 about one order of magnitude larger. This difference is to be ascribed to the adopted

TBMD potential. This point will be discussed below.

The rigid flake models, studied here and in previous work [7] are not too realistic, since in

practice the carbon flake can deform while interacting with the graphite substrate and the tip.

Accordingly, we want to study the dependence of friction force Ffric on the average rotation angle

〈φA〉, for a flake which atoms are allowed to relax in all directions. The possibility to account

for flake relaxation, where each atom is allowed to relax in x, y and z direction, is an important

improvement with respect to a rigid flake model such as the one by Verhoeven et al.. Hereafter we

consider only relaxing flakes, pulled by a support along the graphite surface, assumed to be rigid,

as discussed in chapter 3. Because of the very large computational workload we have few results

relative to the 96 atoms flake, but the main trends are understood satisfactorily with C54.

Due to fluctuations and systematic deviations from φ of the orientation φA of the flake along

the scan, to study the dependence of the friction force Ffric on the stacking angle, it is better to

consider the average rotation angle 〈φA〉 rather than the support angle φ. As shown in figure 4.6

(d), these two angles may differ substantially, especially for soft springs.

Figure 4.14 shows the friction force Ffric, as a function of average angle 〈φA〉, with pulling

angle θ = 0◦, applied load of 100 nN and soft spring constants Kx = Ky = 0.1 eV/Å2. Despite the

support stacking angles have been chosen to φ = 0◦, 5◦, 10◦, 15◦, 20◦, 25◦ and 30◦, the possibility

of flake rotations, allowed by the soft springs as previously discussed, causes a significant difference

between the support stacking angle and the effective average angle 〈φA〉. This effect is particularly

evident for the 24 atoms flake, where for support stacking angle φ = 30◦ we find 〈φA〉 ≃ 16◦.

As expected, the C54 and even more the C96 flake show average angles nearer to the support

values, and therefore we recover a friction curve behavior with a peak at 〈φA〉 ≃ 0◦, similar to

the one obtained in the semi-rigid case and observed in experiment, and with low friction for

incommensurate angles. In contrast for the C24 flake this behavior is lost completely because of

the wide angular oscillations and lateral shifts. For such a small flake with soft springs, rotations

and shifts are so effective to destroy the possibility to observe any reliable φ-dependency of Ffric.

In a more realistic setup such wide-angle rotations of the flake are hindered: we study the friction

force curves as a function of the average stacking angle for a larger spring strength Kx = Ky = 0.5

eV/Å2 and even for unreasonably hard springs Kx = Ky = 2.5 eV/Å2. These calculations involve

the C24 flake, pulled along x (angle θ = 0◦) and applied load FN = 100 nN. Results are shown

in figure 4.15. Increasing springs strength, thus suppressing shift-rotational freedom of the flake,

the model recovers the semi-rigid results, thus experimentally observed monotonically decreasing

behavior peaked at 〈φA〉 ≃ 0◦.

The friction values are still of order of several nN like for the rigid flake, about one order of

magnitude larger than experiment. As anticipated, the observed discrepancy is to be ascribed

to the properties of the TBMD potential, and is not much affected by the possibility of flake



4.3. FRICTION 63

0 5 10 15 20 25 30
average stacking angle < φ

A
> [degree]

0

2

4

6

8

F
fr

ic
 [n

N
]

24 atom flake
54 atom flake
96 atom flake

Figure 4.14: Friction force Ffric as a function of the average rotation angle 〈φA〉
for three different flake sizes: 24 atoms (black solid line), 54 atoms (red dashed

line) and 96 atoms (blue points). The simulation has been carried out for pulling

angle θ = 0◦, total applied load of 100 nN and soft springs constants Kx = Ky =

0.1 eV/Å2.
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Figure 4.15: Friction force Ffric as a function of the average rotation angle 〈φA〉
for three values of springs strength: soft Kx = Ky = 0.1 eV/Å2 (black solid line),

middle Kx = Ky = 0.5 eV/Å2 (red dashed line) and hard Kx = Ky = 2.5 eV/Å2

(blue dot-dashed line), plus the semi-rigid case (orange dash-dash-dotted line).

Simulations involve a C24 flake, pulling angle θ = 0◦ and total applied load FN =

100 nN.
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Figure 4.16: Friction force Ffric as a function of the average rotation angle 〈φA〉
for two values of springs strength: soft Kx = Ky = 0.1 eV/Å2 (black solid line)

and hard Kx = Ky = 2.5 eV/Å2 (red dashed line), plus the semi-rigid case (blue

dot-dashed line). Simulations involve a C54 flake, with the same parameters as in

figure 4.15.

relaxation. The specific property of the TBMD parameterization used here that produces such

substantially larger friction is the reduced interlayer equilibrium distance, discussed in chapter 3,

and responsible for increased corrugation with respect to real graphene on graphite.

Importantly we observe that a cleaner and narrower dependence of friction on angle 〈φA〉 builds

up as the possibility of flake rotations is hindered by stiffer and stiffer springs. In other words, flake

rotations and lateral shifts tend to level out the dependence of friction force Ffric on the stacking

angle 〈φA〉, removing in particular the possibility of a superlubric contact, as observed by Filippov

et al. [12]. In practice, for φ ≃ 0◦, Ffric increases with springs strength, due to the fact that, for

an highly commensurate contact, flake shifts and rotations lower the friction, while stiff springs

inhibits shift-rotational flake behavior, thus producing higher friction in commensurate contact.

The opposite occurs at highly incommensurate stackings, near φ = 30◦.

The same analysis shows qualitatively similar results when carried out with a C54 flake. Figure

4.16 reports the friction force Ffric for two different spring constants: soft Kx = Ky = 0.1 eV/Å2

and hard Kx = Ky = 2.5 eV/Å2, in the same conditions as in figure 4.15. The overall result is

similar, but the peak at φ = 0◦ is sharper and the peak value is higher than for C24. Importantly,

as the flake size increases from 24 to 54, these shift-rotational effects become comparably less

important, and this suggests that for realistically large flakes of few hundred atoms, the precise

value of the spring stiffness should be of little importance, as long as it remains in the eV/Å2

range.
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Figure 4.17: Nonlinear friction force (a) and friction coefficient µ =
Ffric

FN
(b)

dependency on the total applied load FN , for two different support stacking angle

values of the C24 flake: φ = 0◦ thus a commensurate contact (black solid line) and

φ = 15◦ thus an incommensurate contact (red dashed line). Simulations have been

carried out for pulling angle θ = 0◦ and springs constants Kx = Ky = 2.5 eV/Å2.

4.3.2 Load dependence

We come now to study the detailed dependence of the friction force Ffric on the applied load FN .

To match the experimental results, we explore a range of loads from a maximum value of 100 nN

to a minimum one of 20 nN. We recall that Dienwiebel et al. [7] apply loads up to 40 nN, Sasaki et

al. [26] loads of order 100 nN and Fusco and Fasolino [10] loads ranging from 2 to 4 nN per atom.

We also observe that simulations with loads smaller than 1 nN per atom are not much significant,

our TBMD model being more reliable in the high-load regime, where the short-ranged nature of

our TBMD potential is not too substantial a problem. At small load our model is not able to

correctly reproduce the c-axis equilibrium distance of graphite, finding, for zero applied load, an

unphysical equilibrium distance ≃ 2.4 Å instead of ≃ 3.35 Å. This is a consequence of the fact

that the present model looses reliability for distances approaching the cut-off value, corresponding

to small loads. Regardless of the applied load, the flake-substrate distance being smaller than real

life produces larger absolute values of friction. This point will be discussed in next chapter.

Figure 4.17 (a) shows the dependence of friction Ffric on the applied load; panel (b) shows the

dependence of the friction coefficient µ =
Ffric

FN
on the applied load. Simulations are carried out for

a C24 flake, pulling angle θ = 0◦, two values of support stacking angle φ = 0◦ (commensurate) and

15◦ (incommensurate), hard springs constants Kx = Ky = 2.5 eV/Å2. The choice of hard springs

is done to minimize the flake shift-rotational effects, in order to focus better the load dependence of

the friction and simpler comparison with earlier results. As expected we observe friction increasing

monotonically as load increases. The increase of friction with applied load shows a roughly linear

behavior, with more significant deviations from the linear Coulomb law for commensurate stacking

φ = 0◦ than incommensurate stacking φ = 15◦. In the commensurate case φ = 0◦ the friction

versus load curve suggests a power-law behavior, with exponent smaller than one, differently from

the F 1.6
N of the work by Fusco and Fasolino [10]. This difference may be explained by these
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Figure 4.18: Friction coefficient µ as a function of the average stacking angle 〈φA〉
for two applied load values: 100 nN (black solid line) and 40 nN (red dashed line).

Simulations have been carried out for a 24 atoms flake, pulling angle θ = 0◦ and

springs constants set to Kx = Ky = 2.5 eV/Å2. For comparison we show also the

Kx = Ky = ∞ (blue dot-dashed).

authors’ conjecture that a power law with exponent larger than one is characteristic of sharp,

undeformable tip-surface contacts, as in their monoatomic C-atom tip. Surprisingly, the friction

coefficient is observed to decrease as load increases. Its values are near to the macroscopic known

value for graphite-graphite static friction coefficient µ = 0.1. We observe that our graphene over

graphite behaves as a strongly slipper system. Importantly, the friction coefficient is higher for

commensurate contact with respect to the incommensurate one, this difference decreasing as load

increases. This effect is likely to become less prominent for flakes of larger size, where the load per

atom is smaller.

Figure 4.18 shows how friction coefficient curves vary for different load. Results obtained for a

C24 flake, pulling angle θ = 0◦, springs constants Kx = Ky = 2.5 eV/Å2 and two load values (100

and 40 nN) are compared with the semi-rigid case. The relative difference between the FN = 100

nN and the FN = 40 nN curve is maximum for average stacking angle 〈φA〉 = 0◦, and reaches a

minimum for 〈φA〉 = 25◦. Finally, we observe that decreasing load not only produces larger friction

coefficient, but makes the friction behavior to resemble more the rigid-flake pattern case, with a

higher and clearer friction peak near 〈φA〉 = 0◦.

4.3.3 Scanline dependence

At fixed pulling direction θ = 0◦ (i.e. dragging the support along the x direction), we investigate

the dependence of the friction force versus stacking angle curves on the precise scanline followed
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Figure 4.19: Three different scanlines for pulling direction θ = 0◦. They are

obtained starting from initial stacking AB by shifts in the y coordinate of the

initial support center, respectively by 0 Å (solid line), l0
4 Å (dashed line) and l0

2

Å (dot-dashed line).

by the support over the graphite surface. Varying the scanline is achieved by changing the y

coordinate of the initial flake center h, as illustrated in figure 4.19. Changing scanline determines

a different potential profile seen by the flake while pulled by the support over the graphite surface:

this modifies the friction behavior, as discussed in chapter 1 and shown by Fusco and Fasolino

[10]. In figure 4.20 we consider three different scanlines, defined by three different initial stacking

positions with respect to the perfect graphite lattice: AB initial stacking h = 0, AB with a shift

h = l0
4 and AB with a shift h = l0

2 . We carry out simulations for hard springs Kx = Ky = 2.5

eV/Å2 where scanline effects are the most visible, because of reduced lateral shifts. For h = 0 and

h = l0
2 scanlines we find a substantially equivalent friction behavior as a function of the average

stacking angle 〈φA〉, while the h = l0
4 scanline shows systematically lower friction, especially for

small φ. The reason is that along this line each flake atom never hits directly on top any substrate

atom, thus finding lower corrugation and allowing for basically superlubric regime regardless of φ.

In contrast along the two other scanlines, for φ = 0◦ one half of flake atoms encounters periodically

a substrate atom right below its trajectory, thus finding a high corrugation. When softer springs

are selected, a much weaker dependence on the scanline is found, since the flake takes advantage

of its freedom to displace laterally and follow low corrugation lines, such as h = l0
4 , even when the

support pulls it along some other parallel line.

4.3.4 θ dependence

Finally we study the friction force Ffric dependence on the pulling direction (angle θ). Varying the

pulling angle, that is the direction along which the flake is pulled by the support, affects directly

the periodicity of the problem. Figure 4.21 shows the friction force for seven different values of
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Figure 4.20: Friction force Ffric as a function of the average stacking angle 〈φA〉
for three different scanlines defined by three different initial stacking positions

with respect to the perfect graphite lattice: AB initial stacking (black solid line),

AB with a shift along y direction h = l0
4 (red dashed line) and AB with a shift

in y direction h = l0
2 (blue dash-dotted line). Simulations involve a C24 flake,

pulling angle θ = 0◦, applied load FN = 100 nN and hard springs of constants

Kx = Ky = 2.5 eV/Å2.
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Figure 4.21: Friction force Ffric as a function of the pulling angle θ (solid line,

black). Data are obtained by averaging on results for three different scanlines,

defined by initial stacking AB, AB shifted by l0
4 and AB shifted by l0

2 perpendicular

to the pulling direction. Simulations involve a C24 flake with load of 100 nN,

support stacking angle φ = 0◦ and springs constants Kx = Ky = 2.5 eV/Å2.

the pulling angle θ: 0◦, 5◦, 10◦, 15◦, 20◦, 25◦ and 30◦. Data are averaged over three different

scanlines, defined by initial stacking with h = 0, h = l0
4 and h = l0

2 . The considered scanline range

is defined by a geometry consideration; in fact, shifting along y by more than l0
2 , we find stacking

configurations which eventually trace a path geometrically equivalent to one in the considered

range. Simulations have been carried out for a C24 flake with load of 100 nN, support stacking

angle φ = 0◦ and springs constants Kx = Ky = 2.5 eV/Å2. Again the choice of hard springs

minimizes the shift-rotational flake effects. In agreement with Verhoeven et al. [8] (see figure 1.7),

we find a minimum friction value for pulling angle θ = 0◦, followed by a fast growth in friction

(until θ = 10◦), which tends to saturate afterwards, and finally a maximum value for pulling angle

θ = 30◦. Differences between our results and those by Verhoeven et al. are to be ascribed to the

difference between our atomistic model with respect to the simple analytical and rigid model of

that work, and to the smaller flake size considered here.
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Discussion and conclusion

As illustrated in chapter 4, we find good qualitative agreement between the results we obtain by

our TBMD atomistic model and the existing experimental data. First, in our calculations we

recover the stick-slip behavior of the lateral forces, characteristic of AFM sliding experiments. In

particular, we find the correct qualitative dependence of the stick-slip behavior on the springs

stiffness characterizing the cantilever-tip-flake coupling: soft springs allowing for clean stick-slip

behavior, while hard springs inhibiting it. Our calculations also reproduce correctly the friction

coefficients for a graphene on graphite system, and the friction behavior as a function of the

average stacking angle 〈φA〉 especially when the rotational degree of freedom φA is quenched. We

also find that for larger flakes, the fluctuation in φA reduce substantially anyway, especially for

incommensurate stackings φ 6= 0◦. Acordingly, incommensurability produces substantially smaller

friction, especially for flakes of larger size. Also, the way total applied load and pulling direction

affect the friction agrees with experimental data and theoretical expectations. We find a significant

dependency of the stick-slip pattern on the actual scanline chosen, for a given pulling direction.

In the quantitative comparison between the experimental results and our model, we find sys-

tematically static friction force Ffric and coefficient µ about one order of magnitude larger than

experiment, regardless of the particular set of parameters defining the sliding simulation. These

and other quantitative discrepancies are to be attributed to:

• Our TBMD model, based on a cut-off distance rc = 2.6 Å, yields for the c-axis equilibrium

distance d between the graphene flake center of mass and the graphite substrate, an un-

physical value of ≃ 2.2 Å rather than the actual, substantially larger, interlayer distance of

graphite, 3.35 Å (see table 3.1). This reduced interlayer equilibrium distance is responsible

for the increased energy corrugation experienced by our model flake with respect to real

graphene on graphite. This increased corrugation is the major cause of the observed larger

friction. Regardless of the applied load, the flake-substrate distance being smaller than real

life produces larger absolute values of friction, our model graphite thus behaving as system-

atically less lubricating than real graphite. Accordingly, our TBMD model looses reliability

for interlayer distances approaching rc, corresponding to small loads, but also at large loads

friction is of course enhanced.

• In our TBMD model the isolated graphene flake is more reactive than a real one, which is

bond to the AFM tip and thus somewhat passivated. Accordingly, the flake atoms, especially

those at the flake border, show a greater tendency to bond to substrate atoms. Our flake is

then more reactive than the real one, because, in the absence of a proper tip to bind to, its

atoms increase their tendency to stick to substrate ones, thus increasing friction.
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• For soft springs (Kx = Ky = 0.1 eV/Å2), corresponding to a soft tip-flake coupling, we

find clear stick-slip behavior, but the freedom left to the small flakes to rotate and shift

laterally destroys the possibility of a superlubric sliding. In detail, the effect of shift-rotational

freedom of the flake is to increase friction for incommensurate contacts and to decrease it

for commensurate ones, thus levelling off the dependence of the friction static force Ffric

on the stacking angle φ. On the other hand, hard springs (Kx = Ky = 2.5 eV/Å2) inhibit

the flake freedom to rotate and shift laterally. This produces a clear dependence of Ffric on

stacking angle φ, but the possibility the flake to perform stick-slip motion is strongly, and

often completely, hindered. In fact experiments find, in the same range of applied loads,

both a clear stick-slip behavior and a clear dependence of friction on φ angle, plus friction

absolute values of one order of magnitude smaller. This suggests that in the experiments, a

hard flake-tip coupling inhibits rotations, while the flake translational motion couples to the

globally softer cantilever spring constants.

Following these considerations, improvements of our model could proceed along the following

lines:

• The major step forward in the quantum-mechanical treatment of nanotribology is to con-

struct a reliable TBMD potential, representing quantitatively also the graphite interlayer

interactions. This can be achieved by adding a Van-der-Waals long-range term to the TBMD

potential, in order to overcome the limits due to the present short-ranged nature of TBMD

potential. If a realistic C-C interaction up to distances of the order of 0.7÷1 nm were included

in the model, it could allow us to include a more realistic relaxing substrate in the model,

where also the interactions between the flake and the inner graphite layers (in particular the

second one), and among the substrate graphite layers are included. Such an improved model

would imply significantly larger computational workload.

• To account for the observed different stiffness against rotations, we should consider a two-

step springs Tomlinson model. Flake atoms shall be coupled to the support by hard springs,

and the support is in turn pulled by a single relatively soft spring attached to its center of

mass and connected to a steadily advancing stage. This would allow stick-slip motion and,

at the same time, inhibit flake rotations effectively.

Once such a more reliable model is available, a further line of investigation should be to study

the effect of the presence of structural defects in the flake or substrate, as proposed by Guo et al.

[27].
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