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Preface

The study of vibrational relaxation of excited states in isolated molecules, by the
computation of the spectrum, constitutes the subject of this thesis. The intramolec-
ular vibrational redistribution (IVR), that is the process by which the energy, ini-
tially localized in a given mode, is redistributed among the remaining modes of
the molecule, has been studied in detail in the last years, especially on the exper-
imental side. Indeed IVR strongly influences the kinetics and the final outcome of
many chemical and photochemical reactions and, particularly, the processes of bond
breaking.

In this work, we study IVR on the basis of the polynomial expansion of the
vibrational molecular potential in normal coordinates, computed typically by means
of ab initio techniques up to the third or fourth order of anharmonicity. From the
initially excited state, a hierarchical sequence of sets of basis eigenstates of the
harmonic oscillators, called tiers, is generated iteratively. The tiers are linked to
each other by the anharmonic terms of the potential. The spectrum is computed
by means of a recursive algorithm for the Green function on the tiers basis.

This method is in principle exact, as we verify by comparing it with the numer-
ical solution of the Schrödinger equation for a one-dimensional problem. We then
proceed to the study of simple models and consider specific examples of molecular
potentials. We shall pay special attention to the problem of the convergence of the
spectrum with respect to the enlargement of the basis. We show that the model can
converge for the metastable states confined in the energy region below the tunneling
barrier.
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Part I

Phenomenology and theory of IVR
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Chapter 1

Introduction to IVR

The intramolecular vibrational energy relaxation (IVR) is a common phenomenon in
the vibrational and electro-vibrational dynamics of polyatomic molecules. Besides
its prominent role in spectroscopy, it plays a central role in many areas of chemical
physics through a strong influence in the kinetics and final outcome of unimolecular
reactions, multiphoton processes, mode selective processes, and overtone-induced
reactions.

For over 50 years that an increasingly large body of experimental data of molec-
ular absorption, fluorescence and unimolecular reaction rates has been making evi-
dent the need for a detailed understanding of intramolecular relaxation. Theoretical
studies of IVR have progressed significantly during the past 20 years, both on the
modellization and the computational side.

1.1 Definition and main properties

The intramolecular vibrational relaxation can be defined as the irreversible decay
of a localized vibrational excitation in a isolated molecule. This process can be
considered intramolecular if there is negligible collisional and radiative interaction
with the environment. The irreversibility is obviously referred to the time scale of
interest.

In the statistical approach such as the Rice-Ramsperger-Kassel-Marcus (RRKM)
theory (from which many modern theories evolved) it is assumed that excitation en-
ergy randomizes rapidly compared to the typical molecular times such as the reaction
rate. Tho ‘rapid’ timescales involved are typically in the range of the picosecond.

Historically, the studies of IVR were associated with thermal unimolecular reactions. The

issue of the very existence of vibrational energy redistribution was the key contention between

the pioneering RRKM and Slater’s dynamical theories. Contrary to the RRKM assumption of a

rapid and complete statistical energy redistribution among the modes prior to reaction, Slater’s

3
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Figure 1.1: Experimental infrared spectra of the C-H stretching of cyclopentene C5H8.
Top: gas-phase room-temperature spectrum obtained with a pressure of 30 Torr. Bottom:
low-temperature jet cooled spectrum [Lespade 2002].

theory pictured the excited molecule as an assembly of harmonic oscillators: the reaction occurs

only when the particular superposition of these modes causes the so-called ‘reaction coordinate’

to reach a critical extension. The success of predictions of RRKM theory have instead been taken

as proof of an actual vibrational energy randomization.

Already in the 1960’s, [Bixon 1967] demonstrated, by means of a very simpli-
fied model described in Sec. 3.1, that the experimental implication of statistical
relaxation is the broadening of the absorption lines (see Fig. 1.1), the characteristic
mark being a smooth Lorentzian contour of the spectrum. In this and in a successive
work [Kay, 1976], based on a more general model, it is in addition predicted that
molecules of at least 5-10 atoms are required for statistical IVR to be possible.

For a correct interpretation of high vibrational overtone spectra and vibrational
predissociation spectra, the initially prepared state, which is generally neither a
pure single-mode state, i.e. a stationary state, nor a localized wave packet, has
to be defined carefully. The interpretation of observed spectra must include the
dependence on the initial state, and take into account the competition between the
induced excitation and the spontaneous relaxation. For example, in photochemical
processes the observed rates and yields are functions of both the duration and
frequency of the laser pulse.
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1.2 Experimental evidence

In most cases, since IVR cannot be observed directly, conclusions concerning the pro-
cess are reached on the basis of indirect observations, e.g. the agreement of exper-
imental results with predictions of RRKM theory. The direct observation requires,
indeed, a dynamical experiment where a well specified initial vibrational state is
prepared and then a measurement is made at subsequent time to demonstrate that
the system is in a different state than the originally prepared one. This type of
dynamical experiment has been considered in the past for electronic relaxation, i.e.
molecular fluorescence [Soep 1973].

However, during the past decade, thanks to advances in experimental technol-
ogy in laser spectroscopy and photochemistry, the high-energy vibrational states
which govern unimolecular dynamics have been probed with ever increasing de-
tail. Even a schematic description of the many new experimental methods em-
ployed in literature is beyond the purpose of the present work. We restrict our-
selves to cite the stimulated emission pumping of highly vibrationally excited states
[Abramson 1985], fluorescence analysis of reaction transition states [Imre 1984], jet-
cooled state-specific vibrational photochemistry [Butler 1986], ultrashort pulse laser
photochemistry [Scherer 1986], to mention a few. New tools, such as molecular
beams and double-resonance techniques, have allowed to overcome the difficulty to
prepare and study a well defined initial state which plagued the early experiments.

We give here a brief summary of experimental evidence of IVR.

Rapid energy randomization

The studies of chemical activation by [Rabinovitch 1960, 1973] demonstrated back
in the 1960’s that IVR is complete on a time scale which is short in comparison to
the unimolecular reaction lifetime, in accordance with the RRKM theory.

Broadening of the spectrum

Most of recent IVR investigations were concerned with measuring or computing
spectra corresponding to the high-frequency strongly anharmonic X-H (X=C, O,
N, . . . ) overtones in benzene, pyrrole (C4H4NH), triazine (C3N3H3) and a number
of other polyatomic molecules or molecular ions. For these molecules, extremely
narrow vibrational lines were observed to be homogeneously broadened.

For example for the (CX3)3YCCH (X=H, D and Y=C, Si) molecules, the ex-
perimental studies of [Scoles 1991] showed vibrational lines with average separation
in the range of 10−1-10−2 cm−1. Such a small broadening indicates a nonclassi-
cal mechanism for relaxation since the initially prepared excitation would remain
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otherwise localized for hundreds of thousands of vibrational periods of the X-H
vibration.

Another example is benzene, one of the most widely investigated molecules in spectroscopy.

Early low-resolution spectra [Berry 1982] of the C-H fundamental and overtone sequence, showed

an evolution from a relatively simple spectrum for the fundamental, through complex spectra for

n = 2 and n = 3 overtones, leading to a single broadened feature for the higher overtones. Addi-

tional detail was provided few years later [Lee 1987, 1988] for a jet-cooled sample. However, more

recent works on benzene, seem to contradict the assumptions commonly made in the statistical

theories of chemical reaction rates, revealing mixed but not statistical redistribution of the initial

vibrational excitation [Callegari 1998].

Size of molecules

Finally, the fact that indeed small molecules do not relax statistically, has been
proven by [Crim 1990, 1992]. Quite surprisingly, even relatively large molecules (>
10 atoms) have been observed to undergo non-statistical relaxation at energies as
high as 6000 cm−1. This phenomenon was explained by [Stuchebrukhov 1993] as due
to the lack of low-order couplings. As it will be come clearer in the following, this
reduction of couplings reduces substantially the cumulative transition amplitude
from the initial state and results virtually in vibrational energy localization.

1.3 Computational background

In systems of many dimensions, such as moderately large molecules, a quantum-
mechanical study of vibrational spectra and intramolecular dynamics is often limited
by the computational memory and time requirements for the use of many zeroth-
order states in the basis set (see Sec. 3.2 below). For example in the case of
(CX3)3YCCH molecules discussed above, the total density of states involved in
vibrational couplings in the region of interest should be of the order of several
thousand states per cm−1 or higher, in order to have several spectral components
in the interval of 10−2 cm−1. In the case of benzene, the density of vibrational
states in the energy range corresponding to the C-H overtone n = 3 is around 420
states per cm−1 for the in-plane vibrations alone: then a computational calculation
involves easily millions of zeroth-order states [Zhang 1992].

The use of the so-called artificial intelligence (AI) search methods offers a viable
possible procedure for limiting the number of states. In AI search, a search algorithm
and an evaluation function are employed to select the more relevant states for the
dynamics of the system. By diagonalizing the Hamiltonian of the system on the
selected subset of states, the characteristics of vibrational spectrum and dynamics
can be evaluated. Two of the most effective methods for computational calculation,
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Figure 1.2: Comparison of observed (upper) and simulated (lower) molecular beam over-
tone spectra of pyrrole [Callegari 1998].

the recursive residue generation method and the continued fraction Green function
evaluation, will be discussed in Sec. 4.4 and compared with the algorithm we propose
and adopt in our computations. Particularly, computational calculations based on
the second technique for (CX3)3YCCH [Stuchebrukhov 1993], were found in good
agreement with experimental results. For other computational studies of dynamics
and spectroscopy of polyatomic molecules we refer to [Wyatt 1998], [Rashev 1999].

Before moving on to analyze the details of intramolecular vibrational redistri-
bution, we recall the essentials of the theory of molecular vibrations, at the basis of
our treatment.
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Chapter 2

A survey of the theory of
molecular vibrations

Before concentrating on the molecular vibrations,1 the main target of our research,
we recall the basic separation of different motions of a molecular system. Without
further specification, we assume the sample molecules to be in gas phase, and assume
all interactions between molecules to be negligible.

2.1 Separation of molecular motions

Since the nuclei have masses at least thousands of times the electron mass, the
dynamics in a molecule can be split into the slow motion of the nuclei and the fast
motion of electrons. Thus, according to the adiabatic or Born-Oppenheimer approxi-

mation, the coordinates of nuclei can be assumed to remain fixed while investigating
the motion of electrons.2 The wave equation for the system of nuclei and electrons
in a molecule has the form

(Ĥ − E)ψ(ri,Rj) = 0 (2.1)

where ri are the coordinates of the electrons and Rj the coordinates of the nuclei.
We search a solution of Eq. (2.1) in the form

ψ(ri,Rj) = ψe(ri;Rj)ψn(Rj), (2.2)

with ψe depending parametrically on the nuclear positions Rj.

1A classical book on molecular vibration is [Wilson 1955].
2This separation of the electronic motion and the nuclear motion may break down for degenerate

or quasi-degenerate electronic states.

9
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We shall study the atomic motion of molecules under the hypothesis that the
system remains always in the ground electronic state, associated with the instan-
taneous geometric configuration. The nuclei move by the action of the force field
generated by the electronic interactions.

It can be proved that, when the proper coordinate system is used, the com-
plete nuclear wave equation of a Na-atoms molecule can be further approximately
separated into a product of a vibrational, rotational and translation wave function

ψn ≈ ψvψrψt. (2.3)

The proper set of coordinates is composed by the three Cartesian coordinates of
the center of mass of the molecule, the three Eulerian angles of a rotating system
of coordinates (the axes of which coincide with the principal axes of inertia of the
molecule)3 and finally the 3Na − 6 internal relative coordinates of the atoms.

2.2 The harmonic approximation for molecular

vibrations

In a rigid molecule the adiabatic potential acting on the molecules has a single
well defined minimum R0

i as a function of the 3Na − 6 internal coordinates of
the nuclei. To study molecular vibrations the coordinates of nuclei are written as
Ri = R0

i + ∆Ri, where ∆Ri represents small displacements from the equilibrium
positions R0

i . It is very convenient to scale the displacement coordinates introducing
the mass-weighted Cartesian displacement coordinates, defined as

qi,α =
√
mi∆Ri,α (2.4)

where we introduce the index α = (x, y, z) to label the three Cartesian coordinates.
Thus, in terms of the displacements qi,α, the kinetic energy is

T =
1

2

∑

i,α

q̇2
i,α (2.5)

while the potential energy can be expressed as a power series:

U = U0 +
∑

i,α

∂U

∂qi,α

∣

∣

∣

∣

∣

0

qi,α +
1

2

∑

i,j,α,β

∂2U

∂qi,α∂qj,β

∣

∣

∣

∣

∣

0

qi,αqj,β +

+
1

3!

∑

i,j,k,α,β,γ

∂3U

∂qi,α∂qj,β∂qk,γ

∣

∣

∣

∣

∣

0

qi,αqj,βqk,γ +O(q4). (2.6)

3In the case of linear molecules, the angles of rotation are two instead of three.
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The first-order derivatives are zero since we are limiting to expand the adiabatic
potential U around the equilibrium position. By using the notation

Diαjβ ≡ ∂2U

∂qi,α∂qj,β

∣

∣

∣

∣

∣

0

=
1

√
mimj

∂2U

∂(∆Ri,α)∂(∆Rj,β)

∣

∣

∣

∣

∣

0

,

we can write Eq. (2.6) as

U = U0 +
1

2

∑

i,j,α,β

Diαjβ qi,αqj,β, (2.7)

where we stopped the expansion of the total potential to second order. The 3Na ×
3Na real symmetric matrix D = (Diαjβ), Na being the number of atoms, is called
dynamical matrix of the system.

2.2.1 Normal modes of vibration

Since, in this coordinate system, T is a function of the velocities only and U of the
coordinates only, Lagrange equations of motion take the form

d

dt

∂T

∂q̇i,α
+

∂U

∂qi,α
= 0, i = 1, 2, . . . , Na, α = (x, y, z) (2.8)

Thus, substituting the expressions (2.5) for T and (2.6) for U , we obtain a set of
3Na simultaneous second-order linear differential equations

q̈j,β +
∑

i,α

Diαjβqi,α = 0, j = 1, 2, . . . , Na, β = (x, y, z) (2.9)

that, in a more compact matrix form, reads

q̈ + Dq = 0. (2.10)

The solution of the system can be expanded into the complete basis set of
functions eiωt. If we substitute the expression qi,α = Ai,α cos(ωt + ϕ) into the
differential equations (2.9), a set of algebraic equations results:

∑

i,α

[

δαβδijω
2 −Diαjβ

]

qiα = 0

or
ω2q = Dq. (2.11)

Only for special values of ω does Eq. (2.11) have nonvanishing solutions, those which
satisfy the secular equation

det(ω2I− D) = 0 (2.12)
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with I the identity matrix.
The dynamical matrix D, being real and symmetric, possesses 3Na eigenvalues

ω2
k. Therefore, since the Hessian must be semi-positive definite in a stable minimum

(as for the case of the potential function in the equilibrium vibrational configura-
tion), all these eigenvalues are positive or zero.

Corresponding to a given solution ω2
k of the secular equation, each coordinate of

the system performs an harmonic motion with the same frequency ωk and phase ϕk.
The amplitudes are in general different for each coordinate and they are given by
the eigenvectors of D. Hence, all atoms, oscillating about their equilibrium position
with such simple harmonic motion, reach their position of maximum displacement
(or equivalently of equilibrium) at the same time. It is possible to show that for a
non-linear molecule, there are 6 modes with zero frequency, which correspond to the
translational and rotational degrees of freedom of the system which are extracted as
ψrψt.

4 In the harmonic approximation the system is hence equivalent to a collection
of 3Na − 6 independent harmonic oscillators corresponding to each of the normal
modes.

2.2.2 Normal coordinates

One is then lead to introduce a new set of coordinates, called normal coordinates

Qk, which diagonalize the dynamical matrix D. These are defined in terms of the
mass-weighted displacement coordinates by the linear transformations

Qk =
∑

i,α

Lk
i,αqi,α, k = 1, 2, . . . , 3Na,

based on the eigenvectors Lk
i,α of D. In terms of the Qk, the quadratic part of the

potential energy expansion Eq. (2.7) has the form

U = U0 +
1

2

∑

k

ω2
kQ

2
k. (2.13)

It can be easily demonstrated that the kinetic energy retains its original quadratic
form (2.5) when expressed in normal coordinates. According to the elementary
linear algebra the eigenvector matrix L is an orthogonal transformation. Eq. (2.13)
defines a set of collective coordinates associated with a vibration of frequency ωk.

Each molecule in its equilibrium configuration may be characterized by a certain
set of symmetry operations under which it is invariant. This set forms the point

symmetry group of the molecule and may be composed mainly by three kinds of op-
erations: rotations about an axis, reflection with respect to a plane and to a point

4A linear molecule has only two rotational degree of freedom, hence the vanishing eigenvalues
are only 5.
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[Elliot 1979]. It can be shown that nondegenerate5 normal modes of vibration are
always either symmetrical (unaltered) or antisymmetrical (changed in sign) with re-
spect to a given symmetry operation of the point group of the undistorted molecule.
More generally, each normal mode is labeled by an irreducible representation of the
molecular symmetry group. On the other hand, a member of a degenerate set of
vibrations is transformed by a symmetry operation into a linear combination of the
members of the set.

For example, the normal mode of vibration of benzene by which each opposite C-
H bond is stretched simultaneously in the radial direction, is totally symmetric and
therefore nondegenerate. The CH stretching mode with alternating phases along
the ring is also nondegenerate. The four other normal CH stretching vibrations are
grouped into two 2-fold degenerate modes.

In the following we shall use the symbol D for the number of vibrational degrees
of freedom, i.e. the dimension of the vibrational configuration space of the molecule:
D = 3Na − 6 (but for a linear molecule D = 3Na − 5).

2.2.3 Quantization of the system

The classical treatment of the molecular vibration is a convenient starting point
for the realistic quantum description, which can be obtained by quantizing each
harmonic oscillator. The Hamiltonian can be quantized in the usual way by pro-
moting the classical coordinates and momenta to quantum operators. It is con-
venient to rescale (by a non-canonical transformation) the normal coordinates:

Qk →
√

ωk/h̄Qk, with conjugate momentum Pk = 1
ωk

Q̇k. Hence H reads

H =
1

2

D
∑

k

h̄ωk

(

P̂ 2
k + Q̂2

k

)

, (2.14)

with the commutation relations [Q̂k, P̂k′] = iδk,k′.
The quantum many-body problem can be solved exactly, with the eigenvalues

given simply by

En1,n2,...,nD
=

D
∑

k=1

h̄ωk(nk +
1

2
) (2.15)

and the corresponding eigenstates in the form

|n1, n2, . . . , nD〉 = |n1〉 × |n2〉 × . . .× |nD〉, (2.16)

where ni represents the number of vibrational quanta in the mode Qi. The zero-
point energy is given by Ezero = 1/2

∑

k h̄ωk, i.e. the ground-state energy measured

5A normal mode with frequency ωk is said degenerate if several orthogonal eigenvectors corre-
spond to it.
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from the bottom of the potential well U0 in the harmonic approximation. The set
of orthonormal eigenkets (2.16) of the harmonic approximation of H constitutes a
discrete complete set for the representation of any quantum system with the same
number D of degrees of freedom.

The standard approach of creation and annihilator operators for the quantum
oscillator problem, can be applied to molecular vibrations defining for each normal
mode

ak ≡ 1√
2

(

Q̂k + iP̂k

)

, a†k ≡ 1√
2

(

Q̂k − iP̂k

)

by which the corresponding normal coordinate operator can be expressed as

Q̂k =
1√
2
(a†k + ak). (2.17)

The operators ak and a†k act on a given eigenstate of the system destroying or
creating, respectively, a phonon of vibrational energy in the k-th mode:

ak|n1, . . . , nk, . . . , nD〉 =
√
nk |n1, . . . , nk − 1, . . . , nD〉 (2.18)

a†k|n1, . . . , nk, . . . , nD〉 =
√
nk + 1 |n1, . . . , nk + 1, . . . , nD〉.

2.3 Anharmonic corrections

Let us go back to the quantum power expansion (2.14) and consider terms higher
than second order. In normal coordinates the Hamiltonian of the system has the
form

H =
1

2

∑

k

h̄ωk

(

P̂ 2
k + Q̂2

k

)

+ (2.19)

+
1

3!

∑

ijk

Φ
(3)
ijk Q̂iQ̂jQ̂k +

1

4!

∑

ijkl

Φ
(4)
ijkl Q̂iQ̂jQ̂kQ̂l + . . . ,

where the form of higher-order terms is trivial.

In this expansion the coefficients Φ(3) and Φ(4) have to be sufficiently ‘small’ for
the harmonic description to give a meaningful point of departure of the quantum
description of the problem. Provided that this is the case, the standard approach
is to consider the anharmonic terms as perturbations to the harmonic Hamiltonian

H = H0 + V (3) + V (4) = H0 + V (2.20)

and use the standard techniques of perturbation theory.
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Consider now the perturbation operator V (3) in Eq. (2.19). If we express the
normal coordinate operator in terms of creation and annihilation operators by the
Eq. (2.17), we can expand each product as

Q̂iQ̂jQ̂k =
a†i + ai√

2

a†j + aj√
2

a†k + ak√
2

=
1√
23

[

a†ia
†
ja

†
k + a†ia

†
jak + a†iaja

†
k +

+ aia
†
ja

†
k + a†iajak + aia

†
jak + aiaja

†
k + aiajak

]

. (2.21)

If for example we apply the operator a†ia
†
ja

†
k to a zero-order state |n1, n2, . . . , nD〉,

we generate a first-order coupled state a†ia
†
ja

†
k|n1, n2, . . . , nD〉 proportional to the

harmonic oscillators state in which the boson numbers ni, nj, nk have been incre-
mented by unity.6 In general, the action of each term in Eq. (2.21) is to change
the occupation number of the modes corresponding to the indexes i, j, k, provided
that this operation is possible.7 Finally, according to Eq. (2.19), the cubic pertur-
bation operator V (3) is composed by the set of third-order elementary operators
described here, summed over all the indexes i, j, k. The coefficients Φ

(3)
ijk are totally

symmetric with respect to the exchange of the indexes i, j, k, and so is the operator
of Eq. (2.21). This means that the only independent parameters defining the cubic
potential are those for i ≤ j ≤ k. The action of a perturbation operator of arbitrary
order V (n) is analogous. The number of terms in the second-quantized version of
Qk1

Qk2
· · ·Qkn

analogous to Eq. (2.21) is 2n.
Since the creation and annihilation operators change the occupation vibrational number in a

mode by unit, cubic perturbation operators generate states which differ by one or three vibrational

quanta respect to the original state; quartic operators instead change total population by zero,

two or four phonons. Thus, limiting the potential energy expansion up to the quartic order of

anharmonicity, only those states which differ by up to four quantum numbers are directly coupled.

Even anharmonicity terms such as V (4) have nonzero diagonal matrix elements

〈n1, n2, . . . , nD|V (4) |n1, n2, . . . , nD〉 =
1

4!

[

∑

i6=j

Φ
(4)
iijj(ni +

1

2
)(nj +

1

2
) +

+ 6
∑

i

Φ
(4)
iiii(n

2 + n +
1

2
)

]

, (2.22)

which give the first-order corrections to the energy of the harmonic states in the
perturbative treatment of anharmonic terms in the potential.

6The correctly normalized basis state is retrieved once a†ia
†
ja

†
k|n1, n2, . . . , nD〉 is divided by the

square root factor given by Eq. (2.18).
7The operators a† and a composing the third-order operator are applied to the corresponding

oscillators in sequence, from the right to the left. The order is crucial since the operation ‘fails’ if
at some point in the sequence the annihilator ai acts on an unoccupied ni = 0 vibrational mode;
in this case the result of operation is zero.
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Chapter 3

The molecular model for IVR

We start with an elementary and intuitive description of the dynamics of intramolec-
ular relaxation. Then, we move to a more quantitative treatment through a model
explaining the origin of the structure of molecular levels. The chapter is completed
by a detailed description of the ‘tier’ model, which is our tool of choice for under-
standing and simulating IVR dynamics.

3.1 Qualitative model

The protagonist of the theory of IVR, the bright state |ψs〉, is a vibrational state
that is not an eigenstate of the molecular vibrational Hamiltonian of the system
and that is characterized by the property of being directly related to the ground state
by a transition operator D. Direct excitation is instead forbidden or extremely weak
for a dense population of dark levels |ψl〉 that are close in energy to the bright state
so that they have an appreciable mixing with it.1 D may be for example the dipole
operator coupling the molecular vibrations to a laser pulse.

Suppose the molecule sits originally in the ground state2 |E0〉 when, at t = 0,
it is excited to the bright level |ψs〉 = D|E0〉. Since |ψs〉 is not an eigenfunction of
the Hamiltonian, it has a nontrivial time evolution which depends on the density
of dark states. If the background manifold is sufficiently sparse, it will induce
a simple perturbation to the spectrum we expect for the bright state alone (a
sharp absorption spectrum peaked at the energy of |ψs〉), introducing a few weak
satellites: this is the so called small-molecule limit. In the opposite case instead, the
action of dark levels on the bright state leads to a substantially different spectral
shape. Indeed, the energy of the initial excitation distributes rapidly among the

1Since they cannot undergo an optical transition to the ground state, they are long lived respect
with the bright state.

2This simple model will be generalized to thermally excited initial vibrational states.
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Figure 3.1: A simplified molecular model for IVR.

dense states of the quasi-continuum, producing an irreversible relaxation from |ψs〉
to {|ψl〉}: this statistical limit constitutes the main target of our research.

The actual density ρ of background states effectively coupled to the bright state
is by definition the ratio between the number of coupled states and the energy in-
terval that they occupy. This model predicts than the initially prepared state will
decay exponentially if the density ρ is high enough and coupling is strong. Nonra-
diative transitions to dark states {|ψl〉} introduces an additional rate of decay ∆s

of the bright state |ψs〉, which adds to the radiative decay rate Γs, due to coupling
to the ground state by the radiation-field operator D.

A toy model proposed by [Bixon 1967], with equal coupling matrix elements
between the initially prepared state and an equally-spaced dense set of other vibra-
tional states, undergoes a statistical redistribution if these couplings are larger than
the average spacing of vibrational states. Within this extreme simplification, it is
possible to solve the eigenvalue problem for the spectrum analytically, evaluating a
sequence of absorption lines (centered around the energy of the bright state), with
spectral weights characterized by a Lorentzian envelope. The requirement of equal
couplings was relaxed by [Kay, 1976] allowing them to be statistically independent.
Whenever the natural linewidth of dark levels is larger than the average separa-
tion of these levels, indeed a smooth Lorentzian contour is usually observed in the
absorption spectrum.
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3.2 A more rigorous treatment

To set up a more rigorous theory of intramolecular vibrational redistribution, we
assume that the Hamiltonian H of the system can be divided into two parts

H = H0 + V,

where the perturbation V is assumed small enough, compared to H0, to be treated
perturbatively. H0 is diagonal on a complete system of orthonormal vectors {|n〉}.
For the problem of vibrational spectroscopy studied in the present work, we include
in H0 the lowest (harmonic) term in the power expansion of the adiabatic potential
energy, and in V the cubic and higher-order terms in the expansion, as in Eq. (2.20).

Let us go back to the qualitative model discussed at the beginning of the chapter
and represent the background manifold in terms of unperturbed levels |l〉. Such
hypothesis leads to a very convenient description of the system since, by labeling
these zero-order states with the number of vibrational quanta for each normal mode,
the operators H0 and V are conveniently expressed in terms of a and a† defined in
Sec. 2.2.3. In such a language we will obtain a very intuitive picture of the dynamics
of intramolecular redistribution and to explain the different behavior of dark and
bright levels (see Sec. 3.2.1).

In general we can represent the bright level as a linear superposition of zero-order
levels. However, the standard approach is to identify the excited state |ψs〉 with a
zero-order state |s〉 [Bixon 1967], which we assume to be normalized to unity.

Let us expand the exact eigenstates |En〉 of H as linear combinations of the zero
order levels:

|En〉 = |s〉〈s|En〉 +
∑

l, l 6=s

|l〉〈l|En〉. (3.1)

The spectral weight of the original bright state |s〉 is redistributed amongst the
molecular eigenstates when it interacts with the dark manifold. From the normal-
ization condition

∑

n

|〈s|En〉|2 = 〈s|s〉 = 1

it follows that, if more than one coefficient are nonzero, we must have for each
individual coefficient

|〈s|En〉|2 < 1

Even though the l-sum in Eq. (3.1) extends to all states orthogonal to |s〉, the only
contributions arise from states |l〉 with appreciable mixing to the bright state, i.e.
with non-negligible matrix element 〈s|V |l〉. It is clear that the fragmentation of
the initial excitation depends on the number, distribution and actual values of the
expansion coefficients in V .
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3.2.1 Active and bath modes

In this section we give a simple justification of the distinction between bright and
dark states.

The zero-order vibrational levels of a molecule are specified by the numbers of
quanta in each vibrational normal mode. We can divide then into active and bath

modes depending on whether they are directly accessible by the initial excitation
or not. More precisely those modes that are not linked to the ground state by the
coupling operator D are to be considered inactive. This is the criterion that
distinguishes between bright and dark states. The distinction between active and
bath modes is however not to be regarded as an absolute one: those modes that are
excited in the actual experiment are considered active, while the remaining ones
inactive. In the following we use the notation |na, nb〉, where the multi-indexes na

and nb specify the population of active and bath modes respectively, in the H0

harmonic basis.
Thus, we can redefine IVR as the process by which vibrational energy, initially

localized in a particular mode, is redistributed among all the vibrational modes of
a molecule. When we act on the molecule, assumed cold (i.e. in the state |0, 0〉),
with a well designed incident pulse, we transport it to a single state |s〉 = |na, 0〉
changing the population of active modes only. In a statistical regime, after the initial
excitation, the molecule crosses over very quickly to some state |n′

a, n
′
b〉 in which

some bath modes are excited, n′
b 6= 0. Later the molecule may relax, undergoing an

optical transition to the state |n′′
a, n

′
b〉 (typically |0, n′

b〉); the population of inactive
modes does not change. The result is a net energy transfer to vibrational states to
which direct excitation is forbidden.

The distinction between active and bath modes leads to a very interesting picture
for the manifold of dark states. As illustrated in Fig. 3.2, to a particular activated
specie |na, 0〉, there corresponds a sequence of combination levels |na, nb〉 associated
with increasing population of bath modes. These levels become closer and closer to
each other while moving to higher orders away from the state with nb = 0. Thus the
initial excited state |na, 0〉 within a manifold given by the quasi-degenerate states
taken from all the series |n′

a, n
′
b〉 (with energy of the bottom state |n′

a, 0〉 less than
energy of |na, 0〉). In this language the expansion (3.1) of the exact molecular states
becomes:

|En〉 = |na, 0〉〈na, 0|En〉 +
∑

n′

a,n′

b

|n′
a, n

′
b〉〈n′

a, n
′
b|En〉.

The model we described here is a simplification of those developed by [Freed 1980] to explain

fluorescence spectra. The main difference is that in fluorescence the vibrational transitions are

induced by an electronic transition. In that situation, dark states can be characterized by an

unfavorable Franck-Condon factor, while active modes are those whose sector of potential surface
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Figure 3.2: Structure of the manifold of dark states.

in the ground and excited electronic states differ appreciably from each other. In the analysis of

fluorescence we generally refer to emission rather then absorption spectra.

3.3 The tier model

As illustrated in the previous section, for IVR it is natural to employ a model based
on the organization of the vibrational quasi-continuum into a hierarchical sequence
of successively coupled set of states, called tiers. This hierarchical structure starts
from the bright state, then includes successive tiers of increasing dimension.3

Models based on this idea have been usefully employed in describing IVR in a va-
riety of polyatomic molecules, including benzene [Sibert 1984], butane [Hutchinson 1986],
cyanoacetylene [Hutchinson 1985], propargyl alcohol [Marshall 1987], acetylene [Holme 1988].

The basic advantage of such a description is that it provides a simple and well
founded way to assign intramolecular state-to-state couplings, as opposed to a model
in which the initial state is directly first-order coupled to every state in the quasi-
continuum.

Therefore, the tier model offers a procedure to reduce and organize conveniently
the basis of states for the study of IVR dynamics. Already for a moderately sized
molecule the complete set of zero-order states {|n〉} is so dramatically large to eas-

3The increased population of a tier corresponds to a diminished importance of individual levels
contained.
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ily overwhelm computational time and memory capacities of nowadays computers.
The search technique provided by the tier scheme is effective in selecting the most
relevant states (active space) from the complete original basis (primitive space).

3.3.1 The tier scheme

The tier model is based on a simple explanation of the relaxation dynamics we can
give on the basis of the molecular model we have discussed up to now.

The process begins exciting the molecule to a bright pure overtone level, that is
raising the population of some active mode. If these oscillators are anharmonically
coupled to resonant bath overtone/combination states, the most probable result is to
bring each of the activated vibrational modes into a (nonlinear) resonance with the
bath modes. A high density of nearly resonant dark states makes the establishment
of a successive nonlinear resonance with another bath mode extremely likely. Thus
the initially excited oscillators interact with the bath modes in sequence rather than
simultaneously.

Immediately after excitation, energy is almost partially localized, say in some
local bond. Already the first nonlinear resonance between the bright state and the
background manifold produces a transfer of energy out from the originally excited
modes into the bath modes, initiating the relaxation of the local excitation. In turn,
these dark states are strongly coupled to a set of states representing either further
energy transfer into the same or other modes generating a sequential energy transfer
into lower-frequency modes. With two or more of these nonlinear resonances acting
in sequence, there is an effectively irreversible net energy flow from initially activated
oscillators and excitation is no longer localized.

The tier scheme fits quite naturally the IVR dynamics as pictured above. Fol-
lowing relaxation ‘pathways’, the states of the primitive space can be sorted into a
hierarchical tier structure with the bright state on the top as illustrated in Fig. 3.3,
classifying all the states in the primitive space according to the order of coupling to
the bright state. The dominant couplings connect levels in adjacent tiers: states be-
longing to n-th tier can be directly coupled only to states in tiers (n− 1) or (n+1).
A state |l〉 belongs to the tier given by the length of the shortest path joining |l〉
back to the initial (bright) state |s〉. The increasing population of tiers with order
corresponds to the increasing number of possible paths of a given length with the
number of steps, in the space of eigenstates of H0.

The basic assumption of the tier model is that the anharmonic interactions
between zeroth-order states are treated in perturbation theory at a reasonably low
order. Hence we assume complete knowledge of the Hamiltonian in the form of
Eq. (2.19) to some order in anharmonicity, e.g. fourth order:

H = H0 + V = H0 + V (3) + V (4).
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Figure 3.3: Hierarchical structure corresponding to the arrangement of basis states in
tiers.

In this scheme the basis is composed by the eigenstates |n1, n2, . . . , nD〉 of the unper-
turbed H0 (2.14) in normal mode coordinates, where D is the number of oscillators
of the molecule.

3.3.2 Tier construction

The generation of tiers is carried starting from the bright state by means of the
recursive procedure we now describe.

In general the bright state is |ψs〉 =
∑

i σi|si〉: the initial zero-order tier T0

contains all |si〉 characterized by a nonzero coefficient σi in this expansion. Let us
assume, for the purpose of illustration, that only one of these coefficients is nonzero;
then |ψs〉 = |s〉, so that T0 is one-dimensional. The perturbation V is used to form a
special operator, the successor operator, which applied to a certain vibrational state
yields all the states first-order coupled to it.

Given a generic nth-tier Tn, the successive tier Tn+1 is generated by applying
the anharmonic operator V to the basis states {|n; i〉} of Tn, getting the list of all
basis states directly coupled to it. If |n; i〉 was generated from some state |n− 1; j〉
in tier n − 1 by means of a given elementary perturbation operator, the parent
state |n − 1; j〉 is recovered when V acts on |n; i〉, since V is Hermitian. As every
state in tier n has at least one parent state in the previous tier, V Tn contains the
whole Tn−1. Formally the exclusion of basis states already listed in the tiers basis is
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obtained by defining the projection operator on the subspace generated by tier Tn

Pn =
∑

i

|n; i〉〈n; i|. (3.2)

Hence we can define the successor operator as (1 − Pn−1)V , thus generating the
(n + 1)-th tier from Tn in the following way:

Tn+1 = (1 − Pn−1)V Tn (3.3)

The expression for the successor operator is correct since V can couple directly
exclusively states belonging to adjacent tiers, so it is not necessary (but would
not hurt) to subtract from the identity operator the projectors on the preceding
tiers T0, T1, . . . , Tn−2. In practice, to exclude the appearance of the same state in
different tiers, we simply must check the previously generated tier at every step of
the recursive procedure.

3.3.3 Selection of the basis states

A state directly coupled by anharmonicities higher than cubic and quartic can also
be reached by iterated cubic interactions; for example two states coupled by a direct
fifth-order coupling may be interacting by anharmonic cubic interactions in second
order perturbation. In principle, the cubic terms alone may lead to inclusion of all
states of the primitive space by pushing the recursive procedure far enough.4

The success of the tier model relies on the assumption that the states collected
in tiers of order higher than a given N have a negligible influence on the spectrum
since they are weakly involved in the redistribution of the spectral weight of the
bright state in the expansion (3.1). This allows us to truncate the construction
of the sequence of tiers when the appropriate density of quasiresonant states is
reached, selecting all the zero-order states coupled to the bright state at an order
of perturbation less than N .

To reach a density of states sufficient to simulate the dynamics of the system
correctly, the number of tiers to be included in the basis could be considerable. But
already in moderately large molecules the growth of the size of the tiers along the
sequence is dramatic. For example, a 5-atoms non-linear molecule (e.g. ketene, that
we shall study in the second part of this work) is characterized by D = 9 vibrational
modes. A given state is connected by V to a few tens new states per each of the
modes, i.e. to some hundreds states. The dimension raises to several thousands of
states already at the second tier and then increases as a power from one tier to the
next.

4Really only those states of the same symmetry label as the bright state are generated.
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This rapid growth of the tiers is only partially prevented by the fact that at each step of the

recursive procedure all basis states already generated in the previous tiers are eliminated, as we can

show with a simple reasoning. We can represent the set of vibrational zero-order states as points

on a infinite lattice in a D-dimensional space of nonnegative integer coordinates (n1, n2, . . . , nD).

Each path generated by the reiterated action of the successor operator we defined above, can be

then represented as a walk on such lattice starting from some site near the origin. i.e. the bright

state (which typically has few vibrational quanta of excitation). Completing such analogy, the

order n of tiers corresponds to the length of these walks. This picture shows that the population

of the tiers along the chain increases as the boundary of a D-dimensional sphere, 5 roughly as

n(D−1). We will effectively show in Chap. 5 that in the D = 1 case the size of tiers remains

basically constant, while it increases linearly in D = 2 dimension.

The necessity of limiting the growth in size of the tiers for a medium-sized
molecule makes a further selection of the basis states necessary. We now proceed
to a brief account of the most commonly employed search criteria.

1) Resonance condition

The simplest criteria for a further selection of the basis are based on the resonance
condition, necessary to have an appreciable interaction between states. As se-
lection procedure we could consider only states which are directly coupled by an
approximate resonance, with a certain possible detuning.6

We assume as a criterion for truncating the chain of tiers the achievement of a
density of states large enough for the description of the dynamics of the system.
But with increasing length, relaxation paths can reach states with very different
energy respect to the bright state. To avoid this spread of energy we can simply fix
an energy window around the region we are interested to: this forces the density of
states in tiers to reach a critical value faster.

2) Effective coupling strength

More sophisticated criteria are based on a perturbation theory expression for the
effective matrix element and are intimately bound to the tier generation scheme.

5Really the positive sector of a sphere
6[Stuchebrukhov 1993] suggests to depotentiating the successor operator by depriving it of

terms such as a†ia
†
ja

†
k or aiajak; these indeed couple states differing by three vibrational quanta,

thus with a large detuning with respect to states connected by operators such as, for example,
a
†
iajak or aia

†
ja

†
k.
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The coupling strength, defined as7

Lij =

∣

∣

∣

∣

∣

〈i|V |j〉
E0

i − E0
j

∣

∣

∣

∣

∣

, (3.4)

should distinguish the most interacting among the set of states generated from |i〉.
Thus a state |j〉 is selected if the amount of mixing for some previously selected
state |i〉 exceeds a certain parameter. Note that such expression takes into account
at the same time both the strength of the perturbation operator matrix element (a
large numerator is preferred) and the resonance condition (small denominator). If
Lij exceeds unity, then the new state |j〉 is very strongly coupled to |i〉, and it should
therefore be included at any price in the new tier, while states with Lij � 1 can
usually be left out without a huge effect on the spectrum. Li,j is usually truncated
to one, since all strongly coupled states are to be included anyway. We prefer to
filter the coupling strength Li,j by the smooth expression

ff(x) =
1

√

1 + 1/x2
, (3.5)

which correctly approaches zero linearly for x → 0, and saturates to 1 for large x.
To form the subset of important states, we also want select the most important

paths. Starting from the previous formula (3.4), a second variable parameter is
often introduced for the search, the cumulative coupling strength (c.c.s.)

Wkn
=

n
∏

i=1

Lki−1,ki
=

n
∏

i=1

∣

∣

∣

∣

∣

〈ki|V |ki−1〉
E0

ki
− E0

ki−1

∣

∣

∣

∣

∣

: (3.6)

such a quantity should represent the mixing between |s〉 and |k〉 accumulated along
a given path from the bright (i = 0) to |k〉. Then a new state |kn〉 is allowed into
the n-th tier whenever the cumulative coupling strength for at least one of the paths
joining it to |s〉 exceeds a chosen threshold η.

By tuning the thresholds for the coupling strength and for the c.c.s., which can
also be employed independently from each other, we can arbitrarily change the
dimension of the active space in such a way that numerical calculation becomes
possible.

3) An hybrid criterion

For the selection of states [Stuchebrukhov 1993] proposes an expression similar to
(3.6):

ξkn
=

n
∏

i=1

∣

∣

∣

∣

∣

〈ki|V |ki−1〉
E0

ki
− Es

∣

∣

∣

∣

∣

.

7Recall that first order correction for zeroth order eigenfunction |i〉 is |i〉′ = |i〉+
∑′

j
〈i|V |j〉
E0

i
−E0

j

|j〉
where the summation is carried on all the zeroth order wavefunctions except |i〉.
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Here the energy of states reached at each step of the perturbation path is compared
directly with the energy of the bright instead than with that of its parent state.
Thus, a large detuning of basis states respect to the initial state is prevented even
without the use of a fixed-energy window.

4) Cumulative strength tuned on tiers

It is possible to use the c.c.s. (3.6) choosing a different value η(n) for each tier
n. Tuning this threshold is possible to fix arbitrarily the dimension of individual
tiers: at each step of the recursive procedure the states which would belong to the
successive tier are first sorted according to their c.c.s.8 and then the first ones are
selected, up to reach the maximum size. It is clear that, in such a way, only states
belonging to the same tier are compared by their cumulative strength.

In this variable-threshold scheme, some state, excluded in a certain tier, could
be instead selected in some of the subsequent ones, as also non adjacent tiers could
be directly coupled. To enforce orthonormality of the basis, at each step of the
iterative construction procedure we must check all the preceding tiers, redefining
the successor operator of Eq. (3.3) as (1 −∑n−1

k=0 Pk)V .

Conclusion

All the procedures for the selection of the active space described are generally
referred as artificial-intelligent search. However, in spite of the adjective ‘intelligent’,
such a search is a very problematic task. Indeed the influence of a single state on
the dynamics along the path can be quite complicated and the description of the
dynamics can be dramatically changed by excluding any state in a relevant path.
Therefore a substantially weaker criterion for rejection must be used for the first
few tiers (fortunately these tiers are also the less populated ones). Finally, since
the number of excluded states is enormous, their cooperative action may not be
negligible even they are individually less important than the selected states.

8More precisely the maximum c.c.s., if more than one possible paths are found.
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Chapter 4

Calculation of the spectrum

4.1 The Fermi Golden Rule

If a system initially in some quantum state |Ei〉 is promoted optically by a pertur-
bation, represented by some energy perturbation operator D, to an excited level
D|Ei〉, the spectral function is given by the Fermi Golden Rule1

Ii(h̄ω) =
2π

h̄

∑

n

|〈En|D|Ei〉|2 δ (h̄ω + Ei − En) (4.1)

where the summation is carried out on all possible final states |En〉. The overlap
|〈En|D|Ei〉|2 may be interpreted as the probability that the excited state appears in
the eigenstate |En〉 with energy difference h̄ω from the initial state |Ei〉. According
to Eq. (4.1) the spectrum is represented by a sequence of sticks placed at the energies
En − Ei with relative strength |〈En|D|Ei〉|2.

If before excitation we have not a single |Ei〉 but a statistical ensemble of states
{Ei} with probabilities Pi, we must sum over them

I(h̄ω) =
∑

i

Ii(h̄ω)Pi.

For example at finite temperature the molecules occupy the thermally accessible
vibrational levels according to the Boltzmann distribution

Pi = exp(−βEi)

[

∑

i

exp(−βEi)

]−1

.

These thermal excitations generally introduce some amount of broadening.
If we now return to the context of IVR, the bright state represents the initial

t = 0 excitation, i.e. |ψs〉 = D|Ei〉, and the final states |En〉 are the eigenstates of the

1See, for example, [Davidov 1981] Sec. 93

29
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full molecular vibrational Hamiltonian. For simplicity we assume zero temperature
|Ei〉 = |E0〉 (ground state), the generalization to finite temperature being in prin-
ciple straightforward. In addition we shift the spectrum, taking the ground-state
energy Ei ≡ E0 = 0. Finally, the Fermi Golden Rule (4.1) reads

I(h̄ω) =
2π

h̄

∑

n

|〈En|ψs〉|2 δ (h̄ω − En) . (4.2)

The number of eigenvalues (i.e. spectral lines) with nonzero overlap to the initial
excited state, and their relative spacing, measure the fragmentation of the bright
state interacting with dark states.

The spectrum is connected to the survival probability of the excited state, that
is the probability Ps(t) that at a time t the time evolving wave packet overlaps the
t = 0 state |ψs〉. We can obtain it by Fourier transforming Eq. (4.2) for I(h̄ω) to
the time domain and taking the square of the expression so obtained:

Ps(t) =
1

〈ψs|ψs〉
∣

∣

∣

∑

n

|〈En|ψs〉|2 e−iEnt/h̄
∣

∣

∣

2
. (4.3)

The long-time behavior of the survival probability Ps(t) discriminates between
small-molecule and statistical limit for intramolecular redistribution. However, note
that Ps(t) can give rise to short-time recurrences even in the case of irreversible re-
laxation [Marshall 1991].

4.2 The Green function approach

4.2.1 Definition and basic properties

We define2 the Green function operator3 G(z) of the complex variable z as the resol-
vent of the inhomogeous equation

(z −H)G(z) = I, (4.4)

where H is the Hamiltonian of the system. The eigenvalue problem (z−H)|ψ〉 = 0
is equivalent to finding those values of z such that z−H is not invertible, i.e. G(z)
is singular.

If z does not belong to the spectrum of H, i.e. z /∈ {En} with H|En〉 = En|En〉,
the formal solution of Eq. (4.4) is

G(z) =
∑

n

|En〉〈En|
z − En

. (4.5)

2See [Economou 1983], Chap. 1.
3All operators in this section are not carrying the usual hat mark.
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Since the operatorH is Hermitian, all its eigenvalues are real. Hence G(z) is analytic
in the complex z-plane except at those points of the real axis which correspond to
the eigenvalues {En} of H. From the previous expression (4.5) we can also see that
all these poles are simple, i.e. G(z)(z − En) is analytic in En. The converse is also
true: the poles of G(z) give the eigenvalues of H.4

4.2.2 The Green function in spectroscopy

The spectrum for optical absorption is conveniently expressed in terms of the Green
function by combining the Fermi Golden Rule (4.1) and the formal solution for G.
By writing the delta function in the formula (4.2) as the limit of a Lorentzian
δ(x′ − x) = limε→0+

1
π

ε
(x′−x)2+ε2

, we have

I(h̄ω) =
2π

h̄

∑

n

|〈En|ψs〉|2 lim
ε→0+

1

π

ε

(h̄ω − En)2 + ε2

=
2

h̄

∑

n

|〈En|ψs〉|2 lim
ε→0+

(

−Im
1

h̄ω − En + iε

)

.

If we now exchange the order of summation and limit, we recover the expression
(4.5) for the Green function for the operator h̄−1(H − E0)

I(h̄ω) = −2

h̄
Im lim

ε→0+

∑

n

|〈En|ψs〉|2
1

h̄ω − En + iε

= −2

h̄
Im lim

ε→0+
〈ψs|

(

∑

n

|En〉
1

h̄ω − En + iε
〈En|

)

|ψs〉

= −2

h̄
Im lim

ε→0+
〈ψs|(h̄ω + iε−H)−1|ψs〉.

We finally obtain

I(h̄ω) = −2

h̄
Im 〈ψs|G(h̄ω + i0+)|ψs〉. (4.6)

Eq. (4.6) shows that overlap functions |〈En|ψs〉|2 are the residues of the sandwiched
Green operator within the bright state |ψs〉 at the poles En.

Note that the matrix element 〈ψs|G(h̄ω + i0+)|ψs〉 may be analytic in points of
the real axis corresponding to poles of the original operator G(z). This occurs at
the poles En whose eigenvectors |En〉 are orthogonal to |s〉, i.e. which have vanishing
residues. Hence the set of poles of 〈ψs|G(h̄ω + i0+)|ψs〉 represent in general only a
subset of all the eigenvalues of H.

We are interested to find the matrix element for the bright state 〈s|G(z)|s〉 of
the Green function of the system G(z) = (z − H)−1, where z is a complex energy

4We make abstraction here of the continuous part of the spectrum of H .
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lying in the upper half of the complex plane. The basic idea is to express G(z) in
terms of the unperturbed Green function, 〈s|G0(z)|s〉 where G0(z) = (z −H0)−1.

4.2.3 The basic tools

Let P be a projection operator which commutes with H0 and define Q = 1 − P .
For a generic operator O, we can introduce the matrix representation

(

OPP OPQ

OQP OQQ

)

=

(

POP POQ
QOP QOQ

)

We are interested to find an explicit expression for the quantity PGP for the Green
operator function G(z).

The functions G(z) and G0(z) are linked by the Dyson equation5

G(z) = G0(z) +G0(z)V G(z) (4.7)

From [H0, P ] = 0 we have PH0Q = H0PQ = 0, then H0 is diagonal and the same
is true for the corresponding G0(z)

G0(z) =

(

(z −H0
PP )−1 0

0 (z −H0
QQ)−1

)

.

Thus, in matrix representation the Dyson equation becomes
(

GPP GPQ

GQP GQQ

)

=

(

G0
PP 0
0 G0

QQ

)

+

(

G0
PP 0
0 G0

QQ

)(

VPP VPQ

VQP VQQ

)(

GPP GPQ

GQP GQQ

)

from which we get the following expression for the element GPP

GPP = G0
PP [IPP + VPPGPP + VPQGQP ] . (4.8)

In order to eliminate the quantity GQP = G†
PQ, we use the Dyson matrix equa-

tion again:
(G0

QQ)−1GQP = VQPGPP + VQQGQP

from which we extract GQP :

GQP =
[

(G0
QQ)−1 − VQQ

]−1
VQPGPP =

[

zIQQ −H0
QQ − VQQ

]−1
VQPGPP .

5It can be easily demonstrated from the definition of G. In fact, (z−H)G = (z−H0−V )G = 1,
then, using the definition of the zero-order Green function, (G0)−1G−V G = 1 which is equivalent
to Eq. (4.7).
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Substituting in Eq. (4.8) and solving for GPP , we have

GPP =
[

(G0
PP )−1 − VPP − VPQ

[

zIQQ −H0
QQ − VQQ

]−1
VQP

]−1

=
[

zIPP −H0
PP − VPP − VPQ [zIQQ −HQQ]−1 VQP

]−1

=
[

zIPP −HPP − VPQ [zIQQ −HQQ]−1 VQP

]−1

and finally

GPP = [zP −HPP − VPQGQQVQP ]−1 . (4.9)

We used the basic property of projection operators: P 2 = P so that IPP = PIP =
P and analogously IQQ = Q.

4.2.4 Deduction of the recursive formula

If we introduce the projection operator on the initial bright state P0 = |ψs〉〈ψs|,
the quantity P0GP0 gives the spectrum according to the expression (4.6). Using
Eq. (4.9) the sandwiched Green function becomes

〈ψs|G|ψs〉 =
1

z − E0
s − 〈ψs|V |ψs〉 − 〈ψs|V Q0(zQ0 −Q0HQ0)−1Q0V |ψs〉

(4.10)

where Q0 = 1− |ψs〉〈ψs| is the projection operator on the subspace which excludes
the bright state.

Let us now introduce the tier model. The zero-order states |1; l〉 belonging to the
first tier are defined as the eigenstates of H0 with non zero projection on the space
V |ψs〉, orthogonal to the bright |ψs〉. They span a subspace H1 of Q0H, with the
projection operator P1 defined by Eq. (3.2). Since Q0V |ψs〉 = P1V |ψs〉, Eq. (4.10)
can be rewritten as

〈ψs|G|ψs〉 =
1

z − E0
s − 〈ψs|V |ψs〉 − 〈ψs|V P1(zQ0 −Q0HQ0)−1P1V |ψs〉

We restrict the Green operator function on the subspace Q0H, and define Q1 =
IQ0Q0

− P1. As we proceeded for the bright, we are now interested to the quantity
P1Q0GQ0P1, for which we use again Eq. (4.9):

P1Q0GQ0P1 = P1(zQ0 −Q0HQ0)
−1P1

= [zP1 − P1Q0HQ0P1 − P1Q0V Q0Q1(zQ1 −Q1Q0HQ0Q1)
−1 ×

×Q1Q0V Q0P1]
−1

= [zP1 − P1HP1 − P1V Q1(zQ1 −Q1HQ1)
−1Q1V P1]

−1.
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Let now H2 be the space generated by the states |2; l〉 belonging to the second
tiers, with projection operator P2 and Q2 = IQ1Q1

−P2, so that P2 +Q2 = Q1. The
last expression becomes

P1(zQ0 −Q0HQ0)
−1P1 = [zP1 − P1HP1 − P1V P2(zQ1 −Q1HQ1)

−1P2V P1]
−1.

The process can be iterated by generating subspaces Hi, with projectors Pi, cor-
responding to the successive tiers in the sequence. At each step n the recurrence
relation

Pn(zQn−1 −Qn−1HQn−1)
−1Pn =

[

zPn − PnHPn +

− PnV Pn+1(zQn −QnHQn)−1Pn+1V Pn

]−1

applies. We can write it more synthetically as

G(n)(z) =
[

zPn − PnHPn − PnV G
(n+1)(z)V Pn

]−1
. (4.11)

Note that the quantity G(n)(z) lacks any effective physical meaning since it is not
the sandwich of the Green operator PnG(z)Pn.

When we stop the construction of the chain of tiers at a certain N -th step, we
suppose that the interaction of the states belonging to TN with the states which
would compose the successive tier is negligible, i.e. PN+1V PN = 0. The space H is
therefore decomposed into two invariant subspaces of the operator H, the subspace
H0 + H1 + H2 + · · · + HN spanned by the bright state and the vectors belonging
to the first N tiers and the subspace spanned by the remaining ones.6 Thus, the
sandwiched of the Green function on the bright state is completely independent
from the latter.

Since PN+1V PN = 0, in the case of the N -th tier we can evaluate the quantity
on the left hand of Eq. (4.11) simply by inverting the expression in parentheses:

G(N)(z) = [zPN − PNHPN ]−1 .

Starting from G(N)(z) we can use the recurrence equation (4.11) to evaluate the
analogous quantity corresponding to the last but one tier

G(N−1)(z) =
[

zPN−1 − PN−1HPN−1 − PN−1V G
(N)(z)V PN−1

]−1
. (4.12)

Thus the expression (4.11) can be used to evaluate recursively G(n)(z) along the
sequence of tiers, in reversed order. Finally, once the zero-th tier T0, i.e. the bright
state, is reached, we have obtained the sandwich of the Green function operator in

6See for example [Dennery 1967], Chap. 2, Sec. 20.
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the bright state, since in this case we indeed have the equality G(0)(z) = P0GP0 =
〈ψs|G|ψs〉.

The recursive procedure just described can appear clearer if we pass to the explicit matrix
representation for the Hamiltonian H = H0 + V . Since, as we noted in Sec. 3.3.1, only states
belonging to adjacent tiers are directly coupled,7 in the basis of zero-order states sorted according
the tier structure the Hamiltonian matrix has a block tridiagonal shape:



















〈0|H |0〉 〈0|V |1〉 0 0 0 . . . 0
〈1|V |0〉 〈1|H |1〉 〈1|V |2〉 0 0 . . . 0

0 〈2|V |1〉 〈2|H |2〉 〈2|V |3〉 0 . . . 0
0 0 〈3|V |2〉 〈3|H |3〉 〈3|V |4〉 . . . 0
...

...
...

...
...

. . . 〈N − 1|V |N〉
0 0 0 0 0 〈N|V |N− 1〉 〈N|H |N〉



















where 〈n|H |n + 1〉 represents the matrix elements between states in the tiers n and n+ 1. Since
〈n|V |n + 1〉 = 〈n + 1|V |n〉t the Hamiltonian matrix is real and symmetric.

In general, if we decompose a square matrix A in four blocks

A =

(

〈1|A|1〉 〈1|A|2〉
〈2|A|1〉 〈2|A|2〉

)

,

where the two blocks on the diagonal are square, for the inverse matrix A−1 the block-inversion
formula8

〈1|A−1|1〉 =

[

〈1|A|1〉 − 〈1|A|2〉
(

〈2|A|2〉
)−1

〈2|A|1〉
]−1

is valid. This matrix expression is the matrix equivalent of the Eq. (4.9), as we can see if we
decompose the Hamiltonian matrix: block 1 of the bright, the square block corresponding to
the other states and the remaining two side blocks representing the couplings. Thus, instead of
evaluating the inverse of the whole matrix z − H on the bright, we can invert the square block
2 first and then use the above formula: this is not a remarkable improvement, indeed. However,
thanks to the block tridiagonal shape of z−H , it will be sufficient to find only the elements which
correspond to the states of the first tier instead than the whole sub-matrix. Iteratively, we can
now split block 2 in four parts, dividing the states belonging to the first tier from the remaining
ones, and proceed in the same way.

In practice the procedure begins by inverting the matrix block corresponding to the states in

the last N -th tier; then the block inversion formula is used to find the sub-matrix corresponding

to the previous (N − 1)-th tier. As we saw above in a more formal way, we proceed recursively up

to obtaining the matrix element of (z −H)−1 on the bright state.

7This in not true if we introduce some further criterion for the selection of the basis and so we
are forced to assume that the matrix elements coupling states in not adjacent tiers are negligible.

8See [Demidovič 1981], Chap. 7, Sec. 11.



36 CHAPTER 4. CALCULATION OF THE SPECTRUM

4.3 Selection of the basis states in tiers genera-

tion

According to the recursive expression (4.11), we have to perform three kinds of
matrix operations on the known quantity G(k+1) in order to obtain G(k):

1. we multiply G(z) times 〈n|V |n + 1〉 first, then 〈n + 1|V |n〉t times the matrix
obtained;

2. then we add the identity operator multiplied by z, zPn, and the block of the
Hamiltonian matrix relative to the n-th tier, i.e. PnHPn;

3. at last, we invert the matrix.

The inversion is by far the most expansive task. In fact, the time required to
perform an inversion increases as the third power with the size of matrices. The
addition clearly takes a time growing as the square of the size. On the other hand,
since the blocks 〈n|V |n + 1〉 are generally sparse, the time spent for the matrix
multiplication usually also much smaller than spent for the inversion.9 In order to
limit time and memory requirements, it is extremely convenient to fix a maximum
size for each tier, up to few thousands of states with nowadays computers.

This requirement is intimately bound to the recursive block inversion procedure
we adopt for the calculation of the spectrum. We are forced to shrink the tiers
too large for computational calculation while it is computationally fairly cheap to
arrange a large number of states in a long sequence of relatively small tiers. By
stretching the chain of tiers, we attempt to compensate for the couplings lost by
excluding states from the first tiers. This method works reasonably in the relatively
unfavorable situation of a large number of tiers required. If instead all states coupled
beyond some low order carry negligible weight (an in principle favorable situation),
then many states have to be included in the first few tiers for realizing a large
enough density of states for statistical IVR. In such a situation, inversion may make
the method too computationally demanding.

We realize this requirement of a fixed maximum size of the tiers, by using a
floating threshold, thus selecting the states which are most important according to
their c.c.s. We do not introduce a further criterion such as the coupling strength Lij

since the interpretation of results would become much more complicated. Instead,
since we will find the harmonic energy of states selected spread in a very wide
range, we will sometimes also fix some energy window; the objective is to reach a
density of states potentially critical for observation of IVR. However, to allow for

9Indeed, in the case of two generic matrices, also the matrix multiplication increases as the
third power.
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all potentially important couplings in the initial part of the search, this restriction
will not be taken for the first two tiers.

Finally, in order to preserve the recursive block-inversion procedure, we must
neglect the couplings between non adjacent tiers that appear when states refused
in a certain tier are instead selected in some subsequent tier; indeed these matrix
elements do belong neither to the diagonal nor to the overdiagonal matrix blocks.
These indirect couplings are generally less important and more sparsely distributed
than the direct ones. However, the neglect of these couplings makes our method
not exact within the restricted basis selected.

4.4 Comparison with other methods

From the Hamiltonian matrix set up in the active space, many methods were de-
veloped for the computation of the spectrum and of the survival probability.

4.4.1 The Lanczos method

The recursive residue generation method RRGM, employed for example by [Wyatt 1998],
develops a tridiagonal representation of the Hamiltonian matrix, using the Lanczos
algorithm. Then the residues and eigenvalues for lineshape function evaluation are
quickly computed from the tridiagonal matrix.

In input the specification of the bright state in the basis set is required, but the
procedure does not depend on the way the remaining ones are arranged. Hence
the RRGM is not restricted to matrices of a certain shape (contrary to our method
which only works in the case of block tridiagonal matrices) and, the most important
thing, no restriction on the size of single tiers is required. We can say that, even
if the basis would be generated by the tier model technique, the tier hierarchical
structure can be forgotten.

We can deal with a total number of basis states comparable to or even larger
than the 12,000 states employed, for example, by [Wyatt 1998]. By allowing for
some thousands of states per tier (up to 5,000) in a chain of few tens of tiers,
we can easily reach a fairly large basis set. The limit of both methods (which is
especially crucial for the block-inversion method) is that the basis selection has to
reject many states from the low-order tiers, which could be rather important for the
spectrum. In addition, the block-iterative method must neglect (necessarily weak)
couplings between states belonging to non adjacent tiers, which could in principle
be included with the Lanczos method.

In the work of [Wyatt 1998], most of the time is spent for the selection of states belonging

to the active space.10 Instead, our well designed mechanism for the tuning of the threshold for

10To give a quantitative idea, in the work of [Wyatt 1998] for the 12,000-dimension basis set,
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the cumulative coupling strength in each tier, allows us to spent a moderate time for the basis

selection.

On the other hand, the RRGM is not exact neither in principle.

4.4.2 The strictly speaking ‘continued fraction’ method

The original work [Stuchebrukhov 1993] uses an approximate version of the recur-
sive block-inversion we have described in Sec. 4.2.4.

Let us go back to Eq. (4.12) for G(N) in the last N -th tier and suppose we can neglect the

non-diagonal terms. Since this is equivalent to consider the zero-order states belonging to the tier
N as eigenvectors of operator G(N),11 we can use the general solution (4.5) for the Green function

G(N)(z) =
∑

l

|N ; l〉〈N ; l|
z −E0

N ;l

, (4.13)

and substitute it in the recursive formula (4.11) for the previous (N − 1)-th tier:

G(N−1)(z) =

[

zPN−1 − PN−1HPN−1 − PN−1V
∑

l

|N ; l〉〈N ; l|
z −E0

N ;l

V PN−1

]−1

.

with PN−1 =
∑

i |N − 1; i〉〈N − 1; i|. Let us write explicitly the operator in parentheses to be
inverted:

∑

i

|N − 1; i〉〈N − 1; i|
(

z − E0
N−1;i − 〈N − 1; i|V |N − 1; i〉 −

∑

l

|〈N − 1; i|V |N ; l〉|2
z −E0

N ;l

)

−
∑

ij, i6=j

|N − 1; i〉〈N − 1; j|
(

〈N − 1; i|V |N − 1; j〉 +
∑

l

〈N − 1; i|V |N ; l〉〈N ; l|V |N − 1; j〉
z −E0

N ;l

)

The inversion can be immediately performed if we assume again that the non-diagonal terms, i.e.
with i 6= j, are negligible. With such approximation we obtain

G(N−1)(z) =
∑

i

|N − 1; i〉〈N − 1; i|
z − E0

N−1;i − 〈N − 1; i|V |N − 1; i〉 −
∑

l

|〈N−1;i|V |N ;l〉|2

z−E0
N;l

that we observe to have the same structure than G(N)(z) in Eq. (4.13).
In turn, G(N−2)(z) is given by

G(N−2)(z) =
[

zPN−2 − PN−2HPN−2 − PN−2V G
(N−1)(z)V PN−2

]−1

the RRGM calculations required about 2 hours on an IBM RS6000 model 590 workstation, while
the computation of the active space and the Hamiltonian matrix elements required about 8 weeks
on the same workstation.

11Recall that G(N) is not the restriction of the original Green operator function on the states
of the N -th tier.
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that is

G(N−2)(z) =

[

zPN−2 − PN−2HPN−2 − PN−2V ×

×
∑

i

|N − 1; i〉〈N − 1; i|
z −E0

N−1;i − 〈N − 1; i|V |N − 1; i〉 −∑l
|〈N−1;i|V |N ;l〉|2

z−E0
N;l

V PN−2





−1

If we write PN−2 =
∑

k |N − 2; k〉〈N − 2; k| and we neglect, as above, the non-diagonal k 6= i

elements, we find

G(N−2)(z) =
∑

k

|N − 2; k〉〈N − 2; k|
z −EN−2;k −∑i

|〈N−2;k|V |N−1;i〉|2

z−EN−1;i−
∑

l

|〈N−1;i|V |N;l〉|2

z−E0
N;l

(4.14)

where

EN−1;i ≡ E0
N−1;i + 〈N − 1; i|V |N − 1; i〉

EN−2;k ≡ E0
N−2;k + 〈N − 2; k|V |N − 2; k〉.

represent the first-order correction to energy in perturbation theory. The previous expression can
be generalized for a n-th tier as

G(n)(z) =
∑

i

|n; i〉〈n; i|
z −E0

n;i − 〈n; i|V |n; i〉 − Σn;i

with the self-energy of the i-th state belonging to the n-th tier given by

Σn;i ≡
∑

l

|〈n; i|V |n+ 1; l〉|2
z −E0

n+1;l − 〈n+ 1; l|V |n+ 1; l〉 − Σn+1;l
.

Thus, the evaluation of the Green function begin computing the self-energies {ΣN−1;i} of the
states in the last but one tier; then the procedure is iterated obtaining {ΣN−2;j}, etc. up to reach
the first tier. Knowing {Σ1;k}, we can evaluate the self-energy Σ0 of the bright state

Σ0 =
∑

k

|〈s|V |1; k〉|2
z − E0

1;k − 〈1; k|V |1; k〉 − Σ1;k

and, finally, the Green function sandwiched on it:

〈ψs|G(z)|ψss〉 =
1

z −E0
s − 〈ψss|V |ψss〉 − Σ0(z)

.

We can recover this procedure from the exact recursive block inversion method
simply by performing the inversion required by the Eq. (4.11) on the matrix in
parentheses with all the non-diagonal elements put equal to zero. Obviously the
computational advantages are enormous since the inversion of a diagonal matrix
is immediate. The structure of the sandwiched Green function generated by this
approximated procedure is that of a continued fraction, as we can see from expression
(4.14).

The neglect of off-diagonal terms is clearly very much advantageous with respect
to full inversion of the blocks, but it has no physical justification.
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Part II

Results and discussion
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Chapter 5

Tests of the method

We start to test the tiers method for the calculation of the spectrum in the simple
case of a one-dimensional oscillator, to familiarize with the general properties of the
spectrum in presence of energy redistribution and the features of the tier model,
with special attention to the problem of convergence with basis enlargement. Then,
we extend the test to a two-dimensional case.

5.1 One-dimensional test

In this section we study a polynomial potential in one dimension including up to
the fourth order of anharmonicity. The Hamiltonian, according to Eq. (2.19), is

H0 =
1

2
h̄ω1

(

P̂ 2 + Q̂2
)

+
1

3!
a Q̂3 +

1

4!
b Q̂4 (5.1)

where several values for the anharmonicity parameters a and b will be chosen in the
following. For the sake of simplicity we measure energy (and thus also a and b) in
units of h̄ω1.

5.1.1 General characteristics of the lineshape

Let us begin by excluding the quartic term (b = 0) and consider both a weak
a = 0.05 and a strong a = 0.5 third order term: the corresponding potentials are
plotted in Fig. 5.1. We take as bright state the fifth overtone, i.e. the state |5〉 with
harmonic energy 5.5. As imaginary part of z we choose a value much smaller than
the spacing between zero-order levels, ε = 0.05.

Summarizing we take b = 0, bright state |s〉 = |5〉, imaginary part of en-
ergy ε = 0.05 and anharmonic parameters a = 0.05 (small perturbation
limit) and a = 0.5 (strong interaction).
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Figure 5.1: One-dimensional cubic (b = 0) anharmonic potentials for (a) a = 0.05 (b)
and a = 0.5 (solid line), compared with the harmonic function (dashed line).

As a first step, we consider the first-order correction to the spectrum given by
the states of the bright (T0) and the first tier (T1). The latter are {|2〉, |4〉, |6〉, |8〉},
which have opposite parity respect to the bright state since the perturbation has
only the cubic term V (3) (see Sec. 2.3). The Hamiltonian matrix of the system
restricted to the T0 and T1 states is

H(a = 0.05) =













5 0.0228 0.0988 0.1299 0.0540
0.0228 2 0 0 0
0.0988 0 4 0 0
0.1299 0 0 6 0
0.0540 0 0 0 8













, (5.2)

for a = 0.05 and

H(a = 0.5) =













5 0.228 0.988 1.299 0.540
0.228 2 0 0 0
0.988 0 4 0 0
1.299 0 0 6 0
0.540 0 0 0 8













, (5.3)

for a = 0.5. We have marked the 1 × 1 and 4 × 4 square blocks corresponding to
the bright and the tier T1 respectively. The rectangular blocks contain the coupling
elements between the bright state and the states in tier T1. The general scheme of
the matrix is

H =

(

〈0|H|0〉 〈0|H|1〉
〈0|H|1〉t 〈1|H|1〉

)

.

Note that the diagonal blocks 〈n|H|n〉 = 〈n|H0|n〉, since the cubic perturbation
operator does not couple states with the same parity and therefore 〈n|V |n〉 = 0.

The spectral profile corresponding to the first tier N = 1 is shown in Fig. 5.2.
As it appears clearly in the figure, the weak spectral peaks are easier to observe in
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Figure 5.2: Spectrum for N = 1 tier (b = 0): (a) weak interaction a = 0.05; (b) strong
interaction a = 0.5. The intensity (in arbitrary units) is shown in linear scale (above) and
logarithmic scale (below).
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Figure 5.3: Spectrum for N = 1 with bright state |s〉 = |5〉 (solid line) and |s〉 = |3〉
(dashed line, below): (a) a = 0.05, (b) a = 0.5.

logarithmic scale: in the following we shall prefer this kind of representation. The
two simple spectra Fig. 5.2 already illustrate some general characteristics of the
lineshape in presence of spectral weight redistribution.

1) Shape of the spectrum

The spectrum, as in Fig. 5.3, is centered about the harmonic energy of the bright
state. Indeed, if we change the initial state from |s〉 = |5〉 to |s〉 = |3〉, the central
sector of the spectrum shifts from about E ≈ 5 to E ≈ 3. This is exactly true if the
diagonal elements of the potential vanish, as occurs for odd terms in the potential
expansion. As we shall observe when even powers of Q are included, the average
energy in the coupled states roughly equals the expectation value 〈s|H|s〉. In the
small perturbation case a = 0.05, most of the spectral strength is concentrated
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in the central peak approximately at the energy of the bright state, with four
much weaker satellites (the first peak on the left is hardly perceivable). For strong
anharmonicity a = 0.5, the three central peaks have a comparable height and the
central one is even lower than the surrounding two, corresponding to a very intense
spectral weight redistribution. However, in both cases, the intensity of the spectrum
decreases departing from the center, so that the two external peaks are lower that
the central ones.

2) Peaks and eigenvalues

We know1 that we can find at most as many peaks (i.e. poles of G) as the number
of eigenvalues of H, that is the size of the basis. Indeed we locate in the spectrum 5
peaks, as the number of basis states. In addition, when the levels are sparse, we can
easily assign each pole of G to an individual zero-order state of the basis. This is
really true if the perturbation term V is much smaller than the separation between
successive levels of the unperturbed H0: here exact eigenvalues En of the complete
Hamiltonian are close to the corresponding zero-order levels E0

n.2 In Fig. 5.2a we
recognize the peaks corresponding to the bright (central peak) and the four states
in the first tier at approximately the corresponding harmonic energies. Therefore
we can ascertain that the zero-order states closer in energy to the bright state are
the most important ones, which is in accord with the resonance condition.

If the imaginary part ε if small enough that the width of individual levels is
less than the spacing between eigenstates, each peak corresponds to an individ-
ual eigenstate of the Hamiltonian H. Otherwise, with a large ε, some peaks may
disappear as in the case of ε = 0.5 in Fig. 5.4. In the tier spectrum the poles of
the Green function do indeed move away from the H0 eigenvalues: this shows that
the tiers calculation is not a perturbative one, but that it amounts to the exact
spectral evaluation within a subspace. The shifts of peaks produced by varying the
imaginary part ε are instead due to the superposition of the Lorentzian queues and
not to properties of the system.

3) Levels repulsion

While observing the position of peaks in Fig. 5.2b we note that for strong interaction
a = 0.5 the two intermediate peaks are displaced from the energies of the zero-order
levels |4〉 and |6〉. However we can verify that these peaks really correspond to
these states by imposing to the first tier T1 a maximum size of two states and then
excluding the states |2〉 and |8〉 from the basis (Fig. 5.5): the three central peaks

1See the properties of the Green function, Sec. 4.2.2.
2The first order correction to the energy of the zero-order eigenstates ∆En = 〈n|V |n〉 is zero

since the cubic perturbation operators can not couple a state with itself (see Sec. 2.3).
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Figure 5.4: Anharmonic term a = 0.5: spectra for ε = 0.5 (solid), ε = 0.05 (dashed) and
very small ε = 0.0005 (dotted).
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Figure 5.5: Spectrum for N = 1 tier and a = 0.5. Solid: T1 complete (4 states); dashed:
only 2 states in T1.
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remain almost unchanged, while the extreme two disappear, which are therefore
assigned to states |2〉 and |8〉.

It remains to explain why in Fig. 5.2 the two peaks |4〉 and |6〉 are so shifted
respect to the harmonic values of energy. Indeed also the states |2〉 and |8〉 are
slightly shifted from the harmonic values of energy. The key indication is that the
two levels on the low-energy side of the bright and the two on the right side are
shifted in opposite directions. Indeed, a general property of the quantum systems
is that the levels repel each other. As further proof, in Fig. 5.5 we observe how the
level |4〉 moves slightly to the left by the action of level |8〉.

4) Weight, coupling strength and matrix elements

When we have resized the T1 above, the states selected were |4〉 and |6〉 that have
greater spectral weight than |2〉 and |8〉, as we can see comparing the peak heights in
Fig. 5.5. Thus, at least in such a simple situation, the effective cumulative coupling
strength (c.c.s.) as defined in Eq. (3.4), does work : states closer in energy to the
bright state are preferred because of the smaller value in the denominator and are
indeed the most important ones in the spectrum. The c.c.s. (according to Eq. (3.4))
of the states belonging to the first tier are:

|6 : 0.4509〉, |4 : 0.3676〉, |8 : 0.1771〉, |2 : 0.0758〉,

where we have introduced, for the sake of simplicity, the notation |n : c.c.s.〉. This
ordering roughly corresponds to the relative height of peaks in Fig. 5.2b only roughly
since, for example the |4〉-line, is slightly higher than |8〉-line, in spite of their
effective coupling strength.

We take as coupling strength of a state the larger one among the different paths joining it to
the bright. For example |6〉 can be reached in three different ways,

a†a†a |5〉 =
√

5
√

5
√

6 |6〉, a†a a† |5〉 =
√

6
√

6
√

6 |6〉, a a†a† |5〉 =
√

6
√

7
√

7 |6〉

where the latter provides the largest coefficient; then, by multiplying it by c = 1
3!0.5 = 0.02946

and filtering by the function ff of Eq. (3.5) we find the c.c.s. 0.4509. On the other hand, by

adding the three above contributes multiplied by c, we recover the matrix element 〈5|V |6〉 = 1.299

in (5.3), wich is larger than 〈5|V |4〉 = 0.988.

The |2〉-peak is much lower than the |8〉-peak, even though the corresponding
zero-states have the same difference in energy with respect to the bright |5〉. This
is easily explained since the operator (a†)3 generates |8〉 from |5〉 with a larger co-
efficient than (a)3 for |2〉.3 Thus, the initial excitation generally flows more easily
towards the higher energy levels because of the larger coefficient of the creator op-
erators a† with respect to the annihilator a in Eq. (2.18). This explains why the
spectrum is non symmetric around the bright-state energy.

3We have (a†)3 |5〉 =
√

6
√

7
√

8 |8〉 = 18.330 |8〉 while (a)3 |5〉 =
√

5
√

4
√

3 |2〉 = 7.745 |2〉.
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Figure 5.6: Cubic term a = 0.5: N = 1 tier (solid) compared to N = 2 (dashed)
spectrum.

5.1.2 Convergence condition for the spectrum

Let us now study the evolution of the spectrum by adding states to the basis.
The second tier consists of the following states:

T2 = {|1〉, |3〉, |7〉, |9〉, |11〉},

which have odd parity since their parent states T1 are of even parity. The rectangular
matrix of the couplings of the T2 states with those in T1 is

〈1|V |2〉 =









0.2500 0.4592 0 0 0
0.1443 0.7071 0.4269 0 0

0 0.3227 1.6369 0.6614 0
0 0 2 2.3864 0.9270









.

It presents several null elements. Indeed, we shall find that the Hamiltonian matrices
corresponding to real molecular surfaces are generally sparse. Note that since every
state in a tier is generated by some state belonging to the previous tier, every
column must contain at least one nonzero element. Finally, the c.c.s.

|7 : 0.2385〉, |9 : 0.1173〉, |3 : 0.1038〉, |11 : 0.0523〉, |1 : 0.0176〉

are on average smaller than those of the states in the previous tier, since they are
obtained multiplying numbers less than one.

By comparing the spectrum for the 2 tiers with that for 1 tier in Fig. 5.6,
we observe the spectrum to change remarkably. New peaks corresponding to the
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Figure 5.7: Comparison of the 2-tiers (solid) and 3-tiers (dashed) lineshapes (a) for the
original cubic term a = 0.5 and (b) for the lower value a = 0.3.

basis states added in the second tier appear, while the peaks already present are
displaced: the 1-tier spectrum provides a very rough approximation. However, the
same general properties observed for 1 tier occur, such as the correspondence of
peaks with zero-order basis states, the repulsion of levels and the lower spectral
weight of states far away from the bright. Obviously, the introduction of more
spectral levels causes a further redistribution of the spectral weight of the initial
state |5〉.

By adding the third tier4

T3 = {|10 : 0.08398〉, |12 : 0.04177〉, |14 : 0.02181〉, |0 : 0.00249〉, }

we can see in Fig. 5.7a that the two first peaks at the left of the bright undergo
very small changes, while starting from h̄ω ≈ 3 the two spectra get rapidly very
different.

We also tried the same calculation for some lower value of the cubic anharmonic
term a = 0.3 instead of 0.5: the spectrum of Fig. 5.7b shows that the already con-
verged region, as we expect, becomes larger. This is made even clearer in Fig. 5.8,
in which the region of convergence is directly compared with the potential function
for a = 0.5 and a = 0.3. We see that the convergent sector of the spectrum cor-
responds to the energy region below the top of the potential barrier. Indeed, since
the polinomial function is a very smooth function, the tunneling probability of the
quasilevels5 localized inside the well close to Q = 0 just below the top of the barrier
is extremely low. Thus, changes in the spectrum upon basis enlargement become
insignificant when including in the basis the zero-order states up to very higher
energy.6

4The successive tiers will all contain three states.
5See, for example, [Davidov 1981], Sec. 48.
6Since the states inside the potential well are not bound states, they have, by the uncertainty
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Figure 5.8: Convergence of the spectrum below the potential barrier: comparison of the
spectra for N = 50 (solid) and N = 500 (dashed) tiers for (a) a = 0.5 and (b) a = 0.3.
The spectra are ‘rotated’ to match energy scales with that of the corresponding cubic
potentials.



52 CHAPTER 5. TESTS OF THE METHOD

1e-08

1e-07

1e-06

1e-05

0.0001

0.001

0.01

2 3 4 5 6

E
(t

ie
r)

 -
E

(e
xa

ct
)

Tiers

Figure 5.9: Approach of peaks to the eigenvalues evaluated resolving the Schrödinger
equation. Difference from the ‘exact’ values E1 = 1.4765982 (solid line), E2 = 2.4349508
(dashed) and E3 = 3.3688183 (dotted) in logarithmic scale.

Indeed, if we consider 10,000 tiers, the basis is composed by approximately 30,000 states.7 But,

in spite of the action of so many states, the lineshape remains basically indistinguishable respect

to the 50-tiers case in the region below the barrier up to the 17-th significant digit! Instead, the

spectrum for a = 0.5 shows some weak perturbation from the states outside the well, already upon

reaching 500 tiers (Fig. 5.7a).

We test the convergence of the tier method by comparing the positions of peaks
with the eigenvalues obtained by the numerical solution of the Schrödinger equation
in coordinate space. We find that adding the higher-order tiers, the poles of G
approach exponentially the corresponding numerically exact eigenvalues. Fig. 5.9
also shows that deeper levels in the well converge faster.

This test confirms that the method is essentially exact, and that it converges
to exact quasistationary eigenvalues as the basis of states gets infinitely large. It
also shows that, in favorable conditions, the number of tiers necessary to achieve a
satisfactory spectrum is not particularly large.
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Figure 5.10: (a) Comparison between the cubic-only a = 0.3 (solid) and the cubic plus
quartic potential with a = 0.3 and b = 0.024 (dashed): the positive quadratic term turns
the potential behavior at confining. (b) Detail: As a side effect the quartic term raises
the potential barrier.

5.1.3 A confining potential

Let us add a small positive quartic term b = 0.024 to the previous potential with
a = 0.3, getting

V (Q̂) =
1

2
Q̂2 + 0.05 · Q̂3 + 0.001 · Q̂4 (5.4)

Now each tier contains both even and odd states. As a consequence, the diagonal
anharmonicity block 〈k|V |k〉 is not zero.

Since the coefficient of Q4 is much smaller than that of Q3, near the origin E = 0
the potential is similar to that of Fig. 5.8 with a slightly higher barrier (Fig. 5.10).
However the main novelty is that the full potential is more confining, with a correct
behavior at infinity. The quantum system is confined in an asymmetric double
potential well with steep quartic walls. The deeper well beyond the potential barrier
reaches Vmin = V (−28.82) = −91.70.

We thus expect the spectrum to converge in any range of energy provided that
we include in the basis a sufficient number of states. This is what we observe by
comparing the two spectra for 150 and 200 tiers (Fig. 5.11a) and for 200 and 250
tiers (Fig. 5.11b). Adding further tiers, the spectrum remains pratically unchanged.

If we now raise the initial excitation to higher values, the zero-order wavefunction
|s〉 extends enough in space to have a nonnegligible superposition with the levels
in the well beyond the potential barrier, even down to probe the actual ground

principle, a natural width corresponding to their finite lifetime. However we shall neglect such
width in the following.

7Except than the very first ones, the tiers are all composed by three states differing by two
quantum numbers from each other: in one dimension the growth of the size of tiers is prevented
by the orthogonality condition (see Sec. 4.3).
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Figure 5.11: Potential as in Eq. (5.4) (a = 0.3, b = 0.024) and bright state |s〉 = |5〉 :
comparison of the spectra corresponding to (a) 150 and 200 tiers and to (b) 200 and 250
tiers.

-80 -60 -40 -20 0 20

In
te

ns
ity

 [
a.

u.
]

Energy

(a)

-80 -60 -40 -20 0 20

In
te

ns
ity

 [
a.

u.
]

Energy

(b)

-80 -60 -40 -20 0 20

In
te

ns
ity

 [
a.

u.
]

Energy

(c)

-80 -60 -40 -20 0 20

In
te

ns
ity

 [
a.

u.
]

Energy

(d)

Figure 5.12: Evolving overlap with states in the left well in Fig. 5.10a raising the initial
excitation from (a) |s〉 = |100〉 to (b) |200〉, (c) |400〉 and (d) |600〉. The begin of energy
scale at the minimum of potential function Vmin = −91.70. The number of tiers is 300,
to ensure good convergence of all spectra.
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Figure 5.13: Harmonic oscillator wavefunction for |s〉 = |5〉, compared with the anhar-
monic potential.

state of the complete system. This is illustrated in Fig. 5.12: with a bright state
about |s〉 = |400〉, the lowest level corresponds approximately to the energy value of
the bottom of the deeper well. A further raise of the initial excitation reduces the
mixing between the bright state and the eigenstates in the bottom of the well. The
intensity in this low energy sector of the spectrum almost vanishes starting from
|s〉 = |600〉.

The negligible mixing of a low-energy bright state such as |s〉 = |5〉 with the
many levels in the deeper well is imputable to the tiny spatial extension of the har-
monic oscillator wave functions corresponding to the first eigenvalues (see Fig. 5.13).
The zero-order wave function corresponding to a bright with n = 100, instead,
starts ‘dripping’ a nonnegligible amplitude beyond the potential barrier maximum,
approximately at about Q = 8. On other hand, a rapidly oscillating harmonic os-
cillator wave function such as |s〉 = |600〉 has only a tiny overlap with the smooth
eigenfunctions in the bottom of the well, explaining the absence of intensity in the
left zone of the spectrum for a such high initial excitation.

Details of the spectrum shown in Fig. 5.14a indicate that these levels are more
spaced near the ground state, as expected from a shallower minimum. Their density
increases in correspondence of the upper well, since it enlarges the effective size of
the well (Fig. 5.14b).
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Figure 5.14: A blowup of the spectrum in Fig. 5.12.c, for |s〉 = |400〉. (a) Levels near
the ground state, plotted from the minimum Vmin = −91.70 and (b) in the region in
correspondence of the potential barrier Vmax = 10.64.

5.2 Two-dimensional test

We now consider the more complex system of two coupled anharmonic oscillators.
We take the Hamiltonian

H =
1

2

2
∑

i=1

h̄ωi

(

P̂ 2
i + Q̂2

i

)

+
1

3!

2
∑

i,j,k=1

Φi,j,kQ̂iQ̂jQ̂k,

ω1 = 1.0, ω2 = 1.7, Φi,j,k = Φ = 0.15, (5.5)

Some contour lines of the potential are plotted in Fig. 5.15. We excite the system to
the zero-order state |0, 3〉, thus considering the mode Q̂2 as active and Q̂1 as bath,
see Sec. 3.2.1.

1) The saddle point

In several dimensions the concept of a barrier maximum separating the local po-
tential well from the ‘outer space’ maps to the lowest saddle point. Again we shall
show that in the energy range between the potential minimum and the saddle point,
convergence of the spectrum is ensured for the metastable eigenvalues. Surface (5.5)
presents a saddle point in the neighborhood of (Q1, Q2) = (0, 0) at (−5.285, 3.109)
with height V = 7.395, as illustrated in Fig. 5.15. Indeed, we observe in Fig. 5.16
that the region of the spectrum approximatively below the height of the saddle
point is quite stable with the enlargement of the basis. We compare in Fig. 5.17
the different spectra for 10 and 50 tiers around the value of saddle point: the states
above the saddle point do not give any indication of convergence.

We said that the tier model is successful since the mostly coupled states with the initial
excitation are included in the basis already with the first few tiers. Therefore, the less energetic
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Figure 5.15: Equipotential contours of the two-dimensional potential surface given in
Eq. (5.5), at the levels V = 1, 4, 7.3, 7.5.
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Figure 5.16: Comparison of the computed spectra of the system defined by Eq. (5.5)
for(a) 1 and 2 tiers, (b) 3 and 4 tiers. The value of the saddle point is marked by a dashed
line.
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Figure 5.17: A blowup of the region close to the saddle point for N = 10 and N = 50.

zero-order states (with few quanta) are all included in the first tiers. Thus, the region of possible
convergence remains stable when all the poles in it appear since all the corresponding zero-order
states are been included in the basis (basi saturation). As can be seen from the mean harmonic
energy in each tier

E0 = 5.1, E1 = 6.1, E2 = 8.8087, E3 = 12.73, E4 = 16.95, E5 = 21.10, E6 = 25.23,

states added with higher order tiers have energies far away from the first sector of the spec-

trum, therefore they introduce no new pole in this region. On other hand, their mixing with the

metastable levels is suppressed by the potential barrier.

2) Effect of the selection of the basis states

Until now we included in the basis all the states belonging to a given numberN
of complete tiers. In two or more dimensions, the size of the tiers increases with
their order. Fig. 5.18 shows that, as we have already deducted with an intuitive
reasoning in Sec. 3.3.2, the tiers growth linearly in the two dimensional case. In
the case considered of two coupled quantum oscillators, the spectrum converges
long before the size of tiers overwhelms the computational possibilities. However,
this two-dimensional example is quite useful for understanding the effects of basis
selection, by visualizing the idea of tiers generation as walks on a lattice described
there.

In Fig. 5.19 we plot the zero-order states of the basis as points in a two-
dimensional array with horizontal and vertical axes corresponding to modes Q1

and Q2 respectively. The enlargement of the basis by adding successive tiers is
illustrated in Fig. 5.19.
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Figure 5.18: Growth of the tier size for the two-dimensional problem defined by Eq. (5.5).
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Figure 5.19: Zero-order states as points in a two-dimensional lattice: (a) bright state
(2), tier 1 (+) and tier 2 (∗); (b) tier 3 added (◦).
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Figure 5.20: Subset of states selected (∗) with a maximum size of 50 states per tier
compared with the full 20-tiers basis (×).

Now, we repeat the same procedure but imposing a maximum value to the
number of states in each tier, say 50, by means of the cumulative coupling strength
tuned on tiers (see Sec. 3.3.3). By building the first 20 tiers, we can compare in
Fig. 5.20 the region of states belonging to the complete basis with the sub-region
occupied by only the selected ones. Indeed the states with a number of vibrational
quanta larger in the mode Q1 than in the mode Q2 are preferred respect to the
corresponding ones in which the population of the two modes has been exchanged.
As expected, the resonance condition, included in the expression for the cumulative
coupling strength, selects the less energetic zero-order states with more vibrational
excitations in the softer mode.

5.3 Conclusion

Here we collect the main results of the test of the model:

• Even when the potential has no lower bound, the spectrum converges to the
metastable levels inside the local well, in the energy region below the tunneling
barrier.

• The method for the calculation of the spectrum is asymptotically exact as the
basis grows to infinity since it corresponds to resolve the eigenvalue problem
of the system.
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• The tier model is quite successful for the selection of basis states really im-
portant for the dynamics of the system.

• For few dimensions, numerical convergence is reached easily.
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Chapter 6

Study of IVR

In the present chapter, we express all energies in the commonly used spectroscopic
units

1 cm−1 = 0.123984 meV = 1.98645 e−23J.

In addition, contrary to the previous chapter, we take the zero-point harmonic
energy as the zero of energy scale.

6.1 The role of internal resonances

One of the essential ingredients for energy sharing in system of coupled oscillators
is the presence of active nonlinear resonances (also known as internal or Fermi reso-
nances), that is of approximate commensurate frequencies. Historically, their im-
portance was demonstrated [Ford 1961] to interpret the little relaxation calculated
by Fermi, Pasta and Ulam for a chain of coupled nonlinear oscillators (Fermi-Pasta-
Ulam paradox [Fermi 1955]).

Experiments were often in accord with the statistical assumption of the existence
of redistribution for real molecules, even though some system have been found to
relax nonstatistically or even not at all. This nonstatistical behavior can often be
explained with the poor coupling of some modes with the rest of the molecule so
that they result inactive respect to the relaxation dynamics.

One possible cause may be a blocking effect due to the presence of a heavy atom or a weak

bond, which hinders the flow of energy through the whole system [Lopez 1982], [Swamy 1985].

This results in a longer lifetime of the initial localized excitation even though the high total

density of states in itself would lead to a statistical redistribution.

Here we study the role of internal resonances for energy redistribution by means
of a 6-dimensional artificial model characterized by one higher frequency mode
ω1 = 1000 cm−1 (considered active) and 5 other bath modes of lower frequencies
ω2, . . . , ω6, respectively 498, 499, 500, 501 and 502 cm−1. Our purpose is to keep the

63
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Cubic coefficients

1 1 1 -10
1 1 2 0.81
1 1 3 0.82
1 1 4 0.83
1 1 5 0.84
1 1 6 0.85
1 2 2 1.01
1 3 3 1.02
1 4 4 1.03
1 5 5 1.04
1 6 6 1.05

(continued)
1 2 3 0.1
1 3 4 0.11
1 4 5 0.12
1 5 6 0.13
1 2 6 0.14
1 2 5 0.15
2 2 2 3.01
3 3 3 3.02
4 4 4 3.03
5 5 5 3.04
6 6 6 3.05

Quartic coefficients

1 1 1 1 -2
1 1 2 2 0.5
2 2 2 2 -1
2 2 3 3 0.5
3 3 3 3 -1.1
3 3 4 4 0.6
4 4 4 4 -1.2
5 5 5 5 -1.2
6 6 6 6 -1.2
4 4 5 5 0.4
4 4 6 6 -0.4

Table 6.1: The cubic Φijk and quartic Φijkl anharmonic coefficients (in cm−1) of the
6-dimension model for the investigation of internal resonances.

ratio between the frequency of ω1 and of each of the bath modes very close to the
integer value 2, while the energy sharing between the bath modes is intense since
they are quasi degenerate. The cubic and quartic anharmonic terms in Tab. 6.1 are
all taken very small, both for having a large interval of convergence of the spectrum
(very high saddle point) and for limiting the flow of spectral weight induced by
large coupling elements in the Hamiltonian matrix. We choose |s〉 = |4, 0, 0, 0, 0, 0〉
as the bright state and the imaginary part ε = 0.05. In addition we fix an energy
window for the states in tier T3 (2400 cm−1< ω < 5600 cm−1) and a narrower one
for tiers T4 and T5 (3400 cm−1< ω < 4600 cm−1).

Broadening

The presence of strong internal resonances leads to a large energy redistribution, as
we can deduce from the broadening of the region very near the bright state energy
in Fig. 6.1. The structures surrounding the initial excitation have a spectral weight
comparable with that retained by the central peak of the bright state. Such an
intense flow of spectral weight is necessarily associated with the internal resonances
since the very small anharmonic terms by themself would correspond to a highly
harmonic behavior of the system.

The high intensity structures around the bright state can be easily enveloped
with a Lorentzian function with ε′ = 0.40 = 8ε: this allow us to assign to the initial
excitation a large effective decay rate intrinsic to the dynamics of the system well
distinct from the ‘artificial’ decay rate that we introduce by means of the imaginary
part ε of the frequency.
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Figure 6.1: 6-dimensional model with strong internal resonances: simulated spectrum
corresponding to N = 5 tiers of maximum size Smax = 200 compared with the Lorentzian
width used in the calculation ε = 0.05 (dotted line) and the broader Lorentzian envelope
with effective ε′ = 0.40 (dashed).

The fit of the spectrum with a Lorentzian envelope works well since we have chosen a quite

uniform set of anharmonic terms. Indeed, the prediction of a Lorentzian contour of the spectrum

as the characteristic mark of statistical IVR was predicted theoretically by means of an even more

regular model: an infinite set of equally spaced levels coupled to the bright level by equal matrix

elements, as described in Sec. 3.1. Real molecules present instead quite irregular potential surfaces,

characterized by rather poor uniformity of the associated density of states. A quantitative estimate

of the dynamical behavior of the initial excitation can be obtained by Fourier transforming the

spectrum.

Convergence and c.c.s. of states selected

From the cumulative coupling strength (3.6) we can quantify the spectral weight
lost by excluding some states from a certain tier. Simply, we can compare the sum
of the squared c.c.s. carried on the states kept in a tier with the sum on all the states
which would belong to the complete tier. For the selection of basis states during
the tier construction, we consider only the maximum value of the c.c.s. among the
set of paths joining it to the bright state. Here we write out the sum of the square
c.c.s. over all the paths, instead.

The values obtained for the case Smax = 200 are collected in Tab. 6.2. The
sum of c.c.s. on the states kept is larger than one for the first 4 tiers, while the
total c.c.s. kept in the fifth tier is only 0.004995. This means that in the first four
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Tier weight kept weight lost fraction lost
T1 2.0192 0 0
T2 4.0741 2.6375e-08 6.4739e-09
T3 8.2071 3.2835e-06 4.0008e-07
T4 16.4856 2.4635e-05 1.494e-06
T5 0.004995 1.7440e-06 0.000349

Table 6.2: Smax = 200: comparison between the square c.c.s. summing on the states
selected in each tier (weight kept) and the analogous quantity referred to the excluded
states (weight lost).
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Figure 6.2: Test of convergence for the 6-dimension model, ε = 0.05, Smax = 200: (a)
comparison of N = 3 and N = 4; (b) N = 4 and N = 5.
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Figure 6.3: Test of convergence of the spectrum for the 6-dimension model with fixed
N = 5 and the size of tiers growing from Smax = 200 (solid line) to Smax = 400 (dashed).

tiers are collected all the states with a large c.c.s. since they are reached in the
tier generation by a sequence of quasi-isoenergetic levels. In Fig. 6.2 we observe
indeed strong changes in the spectrum by adding the fourth tier, N = 3 → 4, while
adding the successive, N = 4 → 5, the spectrum changes by very little. Since the
fraction of weight lost in each tier is very small, especially in the first four tiers,
we expect also a stability of the spectrum respect to the enlargement of the size
of tiers. The comparison between the case Smax = 200 and Smax = 400 for N = 5
tiers, passing from 867 basis states to 1667, is shown in Fig. 6.3 and confirms that
the c.c.s. criterion for the selection of the states works correctly.

Conclusion

The study of this simple model explains the role of internal resonances for statistical
energy redistribution in the framework of the tier model. Indeed the integral ratios
between frequencies ensure that the bright state is coupled with several zero-order
basis states by relaxation paths composed by a sequence of steps between isoenergetic
or quasi-isoenergetic levels. This results in very large c.c.s., saturated to unity and
then in the large values of the total c.c.s. of states selected in each tier appearing
in Tab. 6.2.

The presence of a finite number of accurate internal resonances leads to a much
easier numerical convergence of the evaluation of the spectrum. Indeed in such a
situation, only a relatively small set of zero-order basis states are really determinant
for the relaxation dynamics and they are correctly selected by means of the c.c.s.
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method.

6.2 The unsuccessful search of a confining

molecular potential

The availability of the quadratic, cubic and possibly quartic and higher force con-
stants is the necessary condition for the present study. A relatively large number
variety of molecules have been investigated in the framework of ab initio methods.
Unfortunately, these calculation are limited to only the diagonal fourth-order terms
Φiiii and semidiagonal Φiijj ones, which give the first-order perturbative correction
to the harmonic energy, Eq. (2.22). Of course, the tiers method relies on the com-
plete determination of all the coefficient, not just the diagonal and semidiagonal.

Thanks to the analysis carried out till now, we have a detailed knowledge of
the requirements the molecular force field must satisfy for our investigation to be
possible are now clear:

Set of coordinates. The use of the second quantized description is at the basis
of our method to generate the basis of zero-order states (tier model) and to
set up the Hamiltonian matrix of the system. However, in investigating the
molecule the internal coordinates are often preferred with respect to the nor-
mal coordinates. Indeed, the internal coordinates provide the most physically
significant set for use in describing the potential energy of the molecule since
they are directly referred to its geometrical structure, for example to the in-
teratomic distances or to the angles between chemical bonds. Then, in order
to convert to the language of creation and annihilation operators, Eq. (2.17),
we must express the molecular force field directly in the normal coordinates
description, and this may be a laborious task.

Frequency. Molecules which are absorbing or emitting one quantum of vibrational
energy show bands in the region from about 200 to 3,500 cm−1, up to the
visible region of the spectrum (around 20,000 cm−1) in the case of highly-
excited overtones. The ideal molecule for the study of IVR in statistical regime
possesses at least an high frequency active mode (of the order of few thousands
of cm−1) and several low frequency bath modes (hundreds of cm−1). This
ensures a large density of quasi-resonant dark levels in correspondence of a
few vibrational quanta of excitation in the high frequency active mode.

Size. Since, as we have shown in Sec. 3.3.3, the size of tiers increases very rapidly
with the number of degree of freedom of the system, it becomes impractical to
address a molecule with mode than, say, 10 atoms. However, as stated at the
very outset of this work, a relatively large number of atoms – 4 or 5 at least –
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is generally favorable for the statistical IVR limit (unless the initial excitation
is very high in energy).

Anharmonicity. We search for a compromise between a quite strong anharmonic-
ity of the potential surface that would ensure an intense energy redistribution
and a molecular structure sufficiently stiff for the polynomial expansion of the
potential to be meaningful.

Confining potential. According to the one and two-dimensional tests we de-
scribed in the previous chapter, the energy region of metastable levels below
the tunneling barrier must be large enough to allow a high initial excitation,
and then a reasonably large density of quasi-degenerate dark levels, neces-
sary for statistical IVR. This energy range is given by the difference between
the height of the lower saddle point near the harmonic minimum and the
zero-point energy of the molecule.1

Resonances. From the model studied in the Sec. 6.1 we learned that the strong
interaction of the basis states is ensured by the presence of internal close res-
onances, for example Fermi resonance, even though the anharmonic couplings
are small.

The highest frequency modes in organic compound are usually associated with
the stretch motion of XH (X = C, O, N,. . . ) bonds. Thus, the excitation of a
XH overtone may lead to reach a density of dark levels sufficient for irreversible
relaxation. In addition, the XH overtones are usually strongly anharmonic. This
explains why for a number of years a focus for IVR studies has been the XH overtones
in a number of polyatomic molecules.

The benzene C6H6 [Maslen 1992], [Miani 1999] has been frequently used in stud-
ies of IVR as a textbook example of a molecule of intermediate size. Indeed, with its
30 degrees of freedom, benzene is probably beyond the computational possibilities
of the tier method based on block-matrix inversion. But this is a marginal difficulty,
in comparison to the obstacle that its potential surface presents a very low saddle
point, even lower than the CH stretch fundamental. Thus, even if some metastable
level below the tunneling barrier does exist, the lowest possible bright level with
a quantum of excitation in the CH active mode must have a nonnegligible overlap
with the levels beyond the potential barrier.

The same situation appears for all the others molecules that seemed apt for our
investigation: silyl anion SiH−

3 [Shen 1991], ketene CH2CO [East 1995], acetylene

1The quartic correction to the harmonic approximation would allow a converging simulation of
IVR dynamics if the quartic terms gave rise to a lower bound potential. However, since in practice
some of the quartic terms are commonly negative, the realistic molecular potential surfaces are
usually not confining.
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C2H2 [Martin 1997]: they are incompatible with the study of statistical IVR. For
example, the silyl anion has a saddle point at height 7311 cm−1above the well
minimum. When the zero-point energy Ezero = 1/2

∑

k h̄ωk = 4325 cm−1 in taken
in account, the useful range is compatible with only one quantum of SiH excitation.
For ketene the lowest saddle point barrier is found at 936 cm−1above the minimum
of the local well. As the zero-point energy is Ezero = 7155 cm−1, the 9-dimensional
well thus defined is unable to contain any metastable state. The tiers method is
therefore inapplicable to this system. For benzene C6H6 the situation is even worse.

We must reject also a molecule such as methanol CH3OH [Miani 2000] since
it exhibits a large amplitude motion, the internal rotation and the torsion of the
OH group with respect to the methyl group: the harmonic approximation would
certainly results unsatisfactory for any moderately high initial excitation.

The examples considered show a very general fact: while the zero-point energy
increases with the number of oscillators, and thus the size of the molecule, the
height of the lowest saddle point (through which the wave function may tunnel out)
remains basically independent of the number of degrees of freedom (it is determined
by the degree of anharmonicity of the chemical bonds, which is fairly universal).
The saddle point is actually getting generally lower as the number of anharmonic
terms increases, as more paths open in new directions of configuration space.

We conclude that the study of IVR in real molecules based on the harmonic
expansion is plagued by the singularity of the polynomial approximation. The zero-
point energy of medium-sized molecules such as benzene is so strongly large that
it easily exceeds the saddle point, leading to non convergence of the method: the
potential surface is not confining at all. Very surprisingly, this problem, intrinsic to
the polynomial approximation and not to the tier model technique, was completely
ignored in previous works on IVR.

6.3 An artificially modified molecular potential:

ketene*

In the attempt to study a realistic case, we decided to modify a molecular force field
by neglecting a number of anharmonic terms such that the potential barrier is high
enough with respect to the zero-point energy to give a large region of metastable
levels. Therefore the following analysis becomes a further test of our method, con-
centrating our efforts in the achievement of the numerical convergence of the sim-
ulated spectrum. The ketene CH2CO seems the most adequate molecule since it is
relatively small and it possesses two strongly anharmonic CH stretch modes near
3,000 cm−1 plus several coupled lower frequency (bath) modes. We shall write
‘ketene*’ when referring to this artificial model. The parameters retained are listen
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Figure 6.4: Simulated spectrum of ketene* with complete N = 1 tier (266 states).

in the Appendix. The height of its lowest saddle point is 26780 cm−1, while once
measured with respect to the zero-point energy gives a full 19625 cm−1convergence
range.

6.3.1 General features of the spectrum

We consider active the high frequency and strongly anharmonic CH stretch mode,
with frequency ω1 = 3305; the other modes are bath. If we take |s〉 = |4, 0, 0, 0, 0, 0,
0, 0, 0〉 as the bright state, the harmonic energy of the initial excitation E0

s = 13220
is virtually high enough to reach a density of zero-order states sufficient for irre-
versible decay, remaining however below the tunneling barrier.

We start our study by evaluating the spectrum of the system with a very small
basis, only the bright plus the complete N = 1 tier composed by 266 states. Over
99% of the spectral intensity is distributed in the region from 0 to 30,000 cm−1

shown in Fig. 6.4.

Sequence of CH overtones

From the one-dimensional test in Sec. 5.1.1 we know that the central highest peak
is to assign to the bright state and indeed it is placed near the corresponding har-
monic energy E0

s = 13220. The interaction of the bright state with the first-order
coupled states produces a transfer of spectral weight out of the CH mode into the
bath modes. But the sequence of relatively high peaks on both sides of the bright
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Figure 6.5: Ketene*: comparison between spectra for ε = 2 cm−1 (solid line) and the
larger ε = 20 cm−1 (dashed). (a) N = 1 complete tier; (b) N = 2 with Smax = 500.

absorption line corresponds to the set of CH stretch overtones. Hence the predomi-
nant effect of anharmonic interaction is the establishment of a nonlinear resonance
between the bright state and the states |3, 0, 0, 0, 0, 0, 0, 0, 0〉, |5, 0, 0, 0, 0, 0, 0, 0, 0〉,
|6, 0, 0, 0, 0, 0, 0, 0, 0〉, etc. We conclude that most of the relaxation consists in a
further spectral transfer into the same active mode, since the ratio between the cu-
bic anharmonic term Φ111 = −1321.03 and the corresponding frequency ω1 = 3305
is quite large, comparable with that for the one-dimensional problem (5.1) with
a = 0.5 we studied in Sec. 5.1 (strong-interaction limit). Such strong anharmonic-
ity is a typical behavior of XH overtones in molecules.

Fractal structure of the spectrum

Now we take a substantially smaller ε = 2 cm−1, restricting the spectrum to the
region around the bright state 13000-13700 cm−1. We can observe in Fig. 6.5 a
fine spectral structure that is otherwise hidden by the broad Lorentzian filtering.
In particular, in Fig. 6.5a we compare the spectra for N = 1 complete tier and in
Fig. 6.5b for N = 2 with maximum size Smax = 500. The latter evidences a quite
complex contour completely invisible for a large ε = 20 cm−1. This ‘blow up’ of the
lineshape reveals characteristics similar to the original spectrum, a self-similarity
which is reminiscent of a fractal structure.

6.3.2 The problem of the numerical convergence

We now study the problem of the convergence of the spectrum with the enlargement
of the basis, varying both the number N of tiers generated and the maximum size
Smax of individual tiers.

By selecting a subset of 100 states among the first-coupled basis states, many of
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Figure 6.6: Ketene*, ε = 2 cm−1: (a) comparison between the N = 1 tier complete
(solid) and the subset of 100 basis states (dashed); (b) comparison between N = 1 (solid)
and N = 2 (dashed) for 100 states in each tier.
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weak poles of the spectrum disappear, while the peaks corresponding to the strong
CH overtones are only slightly changed (Fig. 6.6a). This shows that the cumulative
coupling strength distinguishes successfully the most strongly coupled basis states,
among which we select all the CH overtones belonging to the first tier.

On other hand, in Fig. 6.6b the spectrum for N = 2 with 100 states per tier is
much more different with respect to that for N = 1 than the complete 1-tier case.
Those changes are due first of all to the repulsion of higher energy levels, which
push the CH n > 4 overtone peaks to the left, confirming what we observed in
the one-dimensional test. In addition the levels in the second tier selected according
to their c.c.s. seem to give a more relevant contribution to the spectrum than the
first-order coupled states rejected in the first tier.

The region around the bright

This region of the spectrum contains 45% of the spectral intensity. Note that
enlarging the basis from N = 5, Smax = 500 to N = 3000, Smax = 3000, the total
spectral weight of the region change less than 1%. Thus we can conclude that the
main redistribution processes on a large scale are well described at the level of the
first few tiers.

The comparison of the spectra for N = 5 and N = 10 (Fig. 6.7a) and especially
for N = 10 and N = 20 (Fig. 6.7b) with fixed Smax = 500, gives the impression
of a good convergence with the addition of basis states belonging to the higher
order tiers. However the spectra with the same N = 20 but different Smax =
500, 1000, 3000 in Fig. 6.7c,d are quite different from each other. This indicates
that inclusion of states belonging to high order tiers becomes negligible over a
certain order N ≈ 10.

A further refinement of the evaluation of the spectrum in Fig. 6.8a, by taking a
smaller ε = 0.2 cm−1, reveals the underlying structure. Again, the spectra for N =
10 and N = 20 are practically indistinguishable, while in Fig. 6.8b the lineshape is
very unstable upon the enlargement of the tier size from Smax = 500 to Smax = 1000.

The region of the CH overtone n = 5

Now we study the region of the spectrum about the CH overtone n = 5.
The changes of the spectrum are sensibly larger if we include 6,000 new basis

states by adding two tiers N = 3 → 5 to the chain, instead that if we add 8,000
states with N = 5 by enlarging their size from Smax = 2000 → 4000. This proves
that with few tiers, the states with a large relative c.c.s. in a certain n-th tier are
more important for the IVR dynamics than the states which belong to lower order
tiers with a small relative c.c.s. On the other hand, the inclusion of 10,000 states
to the basis by stretching the chain of tiers from N = 5 to N = 10 (Fig. 6.9a) has
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Figure 6.7: Test of convergence for ketene*. Fixed Smax = 500: (a) comparison between
N = 5 and N = 10, (b) comparison between N = 10 and N = 20. Fixed N = 20: (c)
comparison between Smax = 500 and Smax = 1000; (d) Smax = 1000 and Smax = 3000.
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Figure 6.8: Refinement of the resolution, fixed N = 10 tiers: (a) comparison between
ε = 2 (solid) and ε = 0.2 (dashed); (b) with ε = 0.2 test of convergence comparing
Smax = 500 (solid) and Smax = 1000 (dashed).
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Figure 6.9: Test of convergence in the zone of the overtone n = 5: (a) Smax = 2000,
comparison of N = 5 and N = 10; (b) N = 5, Smax = 1500 (solid) compared with
Smax = 2000 (dashed); (c) Smax = 3000 spectrum for N = 3 and N = 5; (d) N = 5 fixed,
Smax = 2000 compared with Smax = 4000.
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Figure 6.10: N = 5 tiers: Smax = 2000 compared with Smax = 3000.

a much weaker effect on the spectrum than add 2,000 states belonging to the first
5 tiers enlarging their size from Smax = 1500 to Smax = 2000 (Fig. 6.9b).

The region of n = 6, above the saddle point

Let us consider the region about the n = 6 CH overtone, across the saddle-point
energy: as we expect, the spectrum in this region (Fig. 6.10) gives no sign of
convergence.

Use of fixed energy windows

Now go back to the region of the spectrum about the n = 5 CH overtone (always
with |4, 0, 0, 0, 0, 0, 0, 0, 0〉 bright state) excluding from the basis with N = 10 tiers
the states with harmonic energy out side given energy windows. We do not fix any
energy window for the states belonging to the first two tiers, while we select in the
third tier only the states with harmonic energy in the interval 16150 cm−1< E0 <
17150 cm−1 and in the remaining tiers those with 16400 cm−1< E0 < 16900 cm−1.

The exclusion of the well off-resonance states improves the stability of the spec-
trum with the enlargement of the basis, but a satisfactory convergence of the fine
structure of the lineshape is not reached, as we can see in Fig. 6.11a. In addition,
the lineshape is significantly different if compared with that obtained without the
resonance window (Fig. 6.11b): even the high-intensity peaks are shifted.
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Figure 6.11: Test of convergence with fixed energy windows (described in the text) for
states selected with N = 10 tiers: (a) comparison of Smax = 3000 and Smax = 4000;
(b) Smax = 2000, comparison between the spectrum obtained with the use of the energy
window (solid line) and without (dashed).
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Figure 6.12: Smax = 4000, N = 5 tier, ε = 2. Lorentzian envelopes of spectral peaks
corresponding to an effective width ε′ = 50 cm−1 (dashed lines), compared with the
Lorentzian enlargement of the levels due to the imaginary part of energy ε = 2 cm−1.
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6.3.3 Evidence of IVR

A Lorentzian contour of the spectrum is the characteristic mark of intramolecular
relaxation. Near the n = 5 overtone of CH stretch mode, with harmonic energy
E0

5 = 16525, we can fit the set of relative high peaks around the E ≈ 16600 peak
with a Lorentzian envelope with ε′ = 50 cm−1, see Fig. 6.12. This effective width
corresponds to a lifetime ∆T = h̄/∆E ≈ 100 fs, a range characteristic for IVR. The
region of the bright state presents indeed a large amount of broadening, but the
search of good fit is plagued by the strong asymmetry of the contour. Then for a
quantitative estimate of the lifetime of the bright state it is necessary the direct
calculation of the survival probability (4.3).

Observe that not only the zone of initial excitation but all the high-intensity
regions of the spectrum appear broader (particularly the peaks corresponding to
the CH overtones). This can be seen as another consequence of the hierarchical
structure of the tier model, and of the physics underlying it.

6.4 Conclusion

The main aspects evidenced by the investigation of IVR carried out in this chapter
are the following:

• Accurate internal resonances ensure an intense flow of the initial excitation
from the active mode to the bath modes even in the presence of relatively weak
anharmonicity. In addition these resonances allow for a good convergence of
the spectrum by including relatively few states in the basis.

• The tier ordering of the basis states is effective since we have verified that
inclusion of tiers beyond a certain order (N = 3 for the model of Sec. 6.1 and
N = 10 for ketene*) brings in a negligible modification to the spectrum.

• The possibility to achieve a good numerical convergence for a moderately
large molecule is vanished by the computational limits on the number of basis
states. A coarse-grained stability of the spectrum is soon achieved by including
some thousand of basis states in the first few tiers, while for a high-energy
resolution the method is not really applicable as it stands, even for a medium-
sized molecule.

• The relaxation of initial excitation appears in the broadening of the region
about the bright state. Indeed, all the high intensity regions of the spectrum
are broadened in a similar way. If these structures are sufficiently symmetric,
they can be quite simply fitted with Lorentzian envelopes corresponding to ef-
fective decay rates larger than the ‘external’ broadening parameter ε 6= 0. The
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corresponding decay rate is comparable with the typical range of statistical
vibrational relaxation.

• The study of IVR in real molecules based on the harmonic expansion is plagued
by the singularity of the polynomial approximation. In moderately large
molecules the region of convergence of the spectrum is incompatible with
the study of a high-energy initial excitation in IVR. Indeed, only very small
molecules, e.g. water [Császár 1997], may have a zero-point energy low enough
for the potential surface to be confining. On the other hand, in small molecules
the density of basis states is generally not sufficient to lead to a statistical re-
distribution of the initially localized excitation.



Conclusions

The method of calculation of the spectrum, based on a block-inversion procedure
of the Hamiltonian matrix is in principle exact, as the size of the basis grows to
infinity. It permits to compute the spectrum of a system of coupled oscillators with
arbitrary precision.

We have applied successfully this model for the calculation of the spectrum of
the one, two and 6-dimensional test model problems. Already at this level, we
have observed fundamental characteristics of IVR: the hierarchical structure of the
spectrum, the flow of spectral weight to a broad lineshape, and, in some cases, the
fingerprints of statistical IVR.

The application of this model to the realistic potential surface of a medium-
sized molecule is difficult, mainly due to poor scaling of the computer time required
for the calculations. However, the computational difficulties are minor details in
comparison with the fact that the polynomial expansion of all molecular potential
surfaces available in the literature are very weakly confining, thus containing only
few (if not zero) bound states in the well. This makes it impossible to evaluate the
spectrum associated with an initial energy excitation high enough for IVR to occur.
Surprisingly, this problem, intrinsic to the polynomial expansion of the potential,
and not to the tier model technique, was completely ignored in previous works on
IVR. The use of non-polynomial potential terms (such as Morse functions) could
cure this problem.
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Appendix: force field of ketene*

The normal mode frequencies (in cm−1) of the molecule of ketene reported in
[East 1995] are: ω1 = 3305, ω2 = 2284, ω3 = 1477, ω4 = 1197, ω5 = 606, ω6 =
529, ω7 = 3422, ω8 = 1036, ω9 = 453.

Cubic coefficients

1 1 1 -1321.03
2 1 1 41.17
2 2 1 21.81
2 2 2 -334.06
3 1 1 76.22
3 2 1 46.80
3 2 2 190.25
3 3 1 264.66
3 3 2 12.52
3 3 3 62.20
4 1 1 -25.58
4 2 1 -17.74
4 3 1 52.69
4 3 2 -47.87
4 3 3 -42.64

(continued)

4 4 1 42.14
4 4 2 50.91
4 4 3 112.43
4 4 4 -172.29
5 5 2 66.76
5 5 4 120.91
6 5 2 22.42
6 5 4 2.52
6 6 2 125.03
6 6 3 1.61
6 6 4 56.36
7 7 2 25.04
7 7 3 -46.19
7 7 4 -56.73
8 7 1 62.62

(continued)

8 7 2 50.62
8 7 4 82.49
8 8 2 -47.84
8 8 3 -108.27
8 8 4 6.91
9 7 1 -46.06
9 7 2 -29.26
9 7 4 -142.52
9 8 2 66.18
9 8 3 18.21
9 8 4 29.08
9 9 2 105.70
9 9 3 -64.16

Table 6.3: Ketene*: cubic anharmonic terms Φijk (in cm−1) of the polynomial
approximation of the molecular vibrational potential in normal mode coordinates.
This is a subset of the terms reported in [East 1995] for the molecule of ketene.
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Quartic coefficients

1 1 1 1 492.25
2 1 1 1 -13.93
2 2 2 1 6.86
2 2 2 2 164.58
3 1 1 1 -47.38
3 2 1 1 -13.90
3 2 2 1 2.87
3 2 2 2 -12.43
3 3 2 1 6.94
3 3 2 2 13.43
3 3 3 1 1.58
3 3 3 2 6.27
3 3 3 3 50.60
4 1 1 1 -1.27
4 2 1 1 -5.53
4 2 2 1 -4.83
4 2 2 2 26.78
4 3 1 1 -72.63
4 3 2 1 -1.98
4 3 2 2 -29.11
4 3 3 1 -8.29
4 3 3 2 -3.63
4 3 3 3 10.55
4 4 1 1 -23.52
4 4 2 1 6.15
4 4 2 2 51.66
4 4 3 1 -1.15
4 4 3 2 12.42
4 4 3 3 14.70
4 4 4 1 -7.49
4 4 4 2 -14.14
4 4 4 3 -16.27
4 4 4 4 28.40
5 5 2 1 5.92
5 5 2 2 -42.24

(continued)

5 5 3 1 -32.24
5 5 3 2 3.85
5 5 3 3 31.34
5 5 4 1 -27.68
5 5 4 2 -10.69
5 5 4 3 12.18
5 5 5 5 598.94
6 5 2 1 -5.94
6 5 2 2 -49.90
6 5 3 1 15.46
6 5 3 2 2.68
6 5 3 3 -47.61
6 5 4 1 18.76
6 5 4 2 -7.70
6 5 4 3 -8.03
6 5 4 4 -16.31
6 5 5 5 -300.00
6 6 2 1 -3.98
6 6 3 1 -7.32
6 6 3 2 1.33
6 6 3 3 39.51
6 6 4 1 -5.30
6 6 4 2 8.70
6 6 4 3 32.16
6 6 4 4 -19.94
6 6 5 5 488.28
6 6 6 5 -396.35
6 6 6 6 533.09
7 7 1 1 535.68
7 7 2 1 -12.66
7 7 2 2 -2.46
7 7 3 1 -3.86
7 7 3 2 -18.25
7 7 4 1 15.41
7 7 4 2 -5.46

(continued)

7 7 4 3 -90.63
7 7 7 7 565.53
8 7 1 1 -40.95
8 7 2 1 -14.25
8 7 2 2 3.17
8 7 3 2 7.51
8 7 3 3 10.24
8 7 4 1 -77.22
8 7 4 2 -0.36
8 7 4 3 -3.01
8 7 4 4 -1.93
8 7 5 5 -4.74
8 7 6 5 -10.87
8 7 6 6 21.04
8 7 7 7 6.14
8 8 2 1 5.51
8 8 3 1 46.83
8 8 3 2 12.30
8 8 3 3 96.91
8 8 4 1 15.24
8 8 4 2 15.08
8 8 4 3 35.30
8 8 5 5 47.40
8 8 6 5 -49.91
8 8 6 6 26.40
8 8 8 7 50.36
8 8 8 8 72.47
9 7 1 1 38.88
9 7 2 1 17.92
9 7 2 2 1.78
9 7 3 2 -5.72
9 7 3 3 3.41
9 7 4 1 92.75
9 7 4 2 -4.52
9 7 4 3 9.08

Table 6.4: Quartic coefficients Φijkl of ketene*.
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(continued)

9 7 4 4 9.83
9 7 5 5 10.12
9 7 6 5 -2.14
9 7 6 6 -5.77
9 7 7 7 -18.88
9 8 2 1 -14.16
9 8 2 2 -44.25
9 8 3 1 -43.70
9 8 3 2 -16.60
9 8 4 1 -2.27
9 8 4 2 -9.05
9 8 4 3 -31.04
9 8 4 4 -22.28
9 8 5 5 -82.91
9 8 6 5 89.76
9 8 6 6 -64.93
9 8 8 7 -38.98
9 9 2 1 8.01
9 9 3 1 32.64
9 9 3 2 22.68
9 9 3 3 171.66
9 9 4 1 -1.51
9 9 4 2 -13.55
9 9 4 3 68.32
9 9 4 4 -4.20
9 9 5 5 125.42
9 9 6 5 -89.95
9 9 6 6 101.43
9 9 8 7 21.66
9 9 8 8 172.94
9 9 9 7 -10.38
9 9 9 9 369.65

Table 6.5: Quartic coefficients Φijkl of ketene* (continued previous table).
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