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Abstract

In this work we study a generalised Frenkel-Kontorova friction model with
two sliding periodic substrate potentials acting on a harmonic chain represent-
ing the lubricant. We analyse the dynamics of the lubricant and find different
regimes: chaotic stick-slip motion, dominant two-frequency regimes, and com-
mensurate sliding motion. The first chaotic regime is characterised by loose
correlations between the motions of the lubricant masses, inverse-frequency fea-
tureless power spectrum of the generic mass motion and a chain center-mass
velocity which changes in a nontrivial way as the chain spring rigidity K is
changed. In the second, two-frequency regime, the power spectrum develops
strong peaks related to the two incommensurate frequencies of encounter of
the individual masses to the potentials features. The third region is charac-
terised by commensurate encounter frequencies of each lubricant mass to the
two substrate features: correspondingly the power spectrum shows a single
frequency plus its integer multiple harmonics and the center-mass velocity be-
comes K-independent over substantial intervals of K variation. We carry out
this analysis for selected rational and irrational ratios between the substrates
and lubricant periodicities, and identify the different regimes for the different
ratios.
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Figure 1: The generalised FK model for two solid surfaces (represented by sinusoidal
potentials) in contact through a lubricant (represented by a harmonic mass-spring
chain).

1 Introduction

We study an atomic scale friction model derived from the classical Frenkel-Kontorova
(FK) model. The origin of the FK model lies in the early 20th century. It was first
mentioned by Prandtl [1] and Dehlinger [2] in the late 1920s and then independently
introduced by Frenkel and Kontorova [3] just before World War II. It became an
extensively used tool in the understanding of static and dynamical friction in the late
1970s and 1980s. Recently, on this model and related systems, Braun and Kivshar
published an extensive review book [4].

2 The model

We represent two solids touching each other as periodic (sine or cosine) potentials
with periodicity equal to the substrate lattice constants (Fig. 1). The lubricant is
composed by a chain of masses joined by springs. We consider only nearest-neighbour
coupling and interaction terms up to second order (harmonic approximation). Our
model differs from the usual FK model, which is based on a single periodic potential
acting on the spring chain in being based on two periodic potentials.

The Hamiltonian is
H = T + U, (1)

T and U being the kinetic and potential energies. The classical kinetic energy is
defined as

T =
∑

i

p2
i

2m
, (2)

where m is the particle mass and pi is the conjugate momentum to xi, the coordinate
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of the i-th particle in the chain. The potential energy U consists of two parts:

U = Usub + Uspring. (3)

The first term characterizes the interaction of the lubricant chain with the two ex-
ternal periodic potentials representing the solid substrates

Usub({xi}) = −1

2

∑

i

[u+ cos(k+xi) + u− cos(k−xi)]. (4)

The second term accounts for the energy of the springs

Uchain({xi}) =
K

2

∑

i

(xi+1 − xi − a0)
2. (5)

In Eq. (4)

k± =
2π

a±
(6)

are the wave vectors associated to the (generally different) periodicities of the two
substrate potentials, of amplitudes u±. a0 is the equilibrium length of the isolated
harmonic spring, of restoring constant K.

Consider driving the two layers to move at constant speeds v±. The time-
dependent potential acting on the particles is then

U({xi}, t) = −1

2

∑

i

{u+ cos[k+(xi − v+t)] + u− cos[k−(xi − v−t)]} + Uchain . (7)

We introduce a phenomenological friction term to account for the energy loss
of the moving masses, −2γ

∑

i(ẋi − vw). The γ term is meant to account for all
dissipative losses to electronic and phononic degrees of freedom of the two substrates.
A term −γ(ẋi−v+) refers to the first substrate, and analogously −γ(ẋi−v−) refers to
the second one, whence it is natural to choose vw = v++v

−

2
. Accordingly, the classical

equations of motion are then

mẍi = −1

2
{F+ sin[k+(xi − v+t)] + F− sin[k−(xi − v−t)]} +

+K(xi+1 + xi−1 − 2xi) − 2γ(ẋi − vw), (8)

where F± = k±u±.

Henceforth, we choose the reference frame in which v+ = 0 and v− = Vext (so that
vw = Vext/2). In principle three different periodicities define two independent ratios:
a−/a+ and a+/a0. For simplicity, as the system has a wide space of parameters, we
limit ourselves to study the effect of commensurability in a single parameter r, which
we hereby define as

a−

a+

=
a+

a0

= r.

Eventually, in the present work, we only consider r = 3

2
= 1.5 as prototype commen-

surate case, r =
√

5+1

2
' 1.618 (the golden mean, abbreviated GM) and r = π

2
' 1.571
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as numerically similar incommensurate ratios. With these choices (r > 1), the lubri-
cant lattice is denser than both substrate periodicities, i.e. a− > a+ > a0.

Also in view of limiting the dimensionality of the parameters space, we use equal
substrate forces F− = F+ = F . We take a+ as length unit, the mass m of lubricant
particles as mass unit, thus u+ = F a+ as the energy unit. This choice defines a set of
“natural” units for all physical quantities, which are henceforth implicitly defined in
terms of these units, and expressed as dimensionless numbers. To obtain a physical
quantity in its explicit dimensional form, one should simply multiply its numerical
value by the corresponding coefficient shown in the table below.

Physical quantity Conversion coefficient

length a+

force F

mass m

energy F a+

velocity
√

F a+

m

frequency
√

F
m a+

time
√

m a+

F

spring constant K F
a+

viscous friction γ
√

F m
a+

2.1 The standard FK model and its applications

This two-layers version of the model has already been introduced by Vanossi et al.

[5, 6]. They centered their works on the study of the force needed in order to start
sliding, finding that for both a commensurate and a quadratic irrational r a finite
force is required, while a cubic irrational r presented an Aubry transition. In their
model, however, the chain was pulled by a constant force between static substrates.
A model similar to the one studied here has been treated in Ref. [7]. We instead
choose to move one of the layers at a constant speed Vext.

The standard FK model is based on a harmonic chain and a single potential
instead of the two potentials we consider in this work. The equations of the standard
model can be obtained from those of Sect. 2 by taking u− = 0, thus neglecting the
second potential. One of the most interesting features in the standard FK model is
the Aubry transition. In the commensurate case (rational r) for any K the chain is
“pinned” to the substrate, and a finite driving force is needed in order to start sliding.
For an irrational r a critical value of K exists, KAubry, so that for K > KAubry the
system is “unpinned”: sliding begins under any nonzero applied force. For K <
KAubry the system is “pinned”, as in the commensurate case [4].
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Variations of the standard FK model including multiple chains have been studied
and look promising for the simulation of interfacial slip. Other applications have
been found in several fields, including dislocation dynamics, adsorbed atomic layers,
incommensurate phases in dielectrics, lattice defects, magnetic chains and hydrogen-
bonded chains.

In recent years, more possible applications appeared in the study of vortex mat-
ter, novel topological defects and high-Tc superconductors. Due to the current hype
on nanotechnologies, the FK model as also been employed to explain the basic prin-
ciples of atomic-scale engines [4].

3 Numerical method

To solve the differential equations of motion (8) we use a standard fourth-order Runge-
Kutta method [8]. The classical Euler method to solve an equation dy

dt
= f(t, y) is

based on the formula
yn+1 = yn + hf(tn, yn), (9)

(where h is the integration time-step) which suffers an error O(h2). The Runge-Kutta
formula improves over the Euler method by implementing three more evaluations of
f(t, y). The basic idea is that evaluating more points in the interval (t, t + h) it is
possible to reduce the error by calculating a weighed average over the different values
of y obtained. The formulae we employ are the following:

k1 = hf(tn, yn) (10)

k2 = hf(tn +
h

2
, yn +

k1

2
) (11)

k3 = hf(tn +
h

2
, yn +

k2

2
) (12)

k4 = hf(tn + h, yn + k3) (13)

yn+1 = yn +
k1

6
+

k2

3
+

k3

3
+

k4

6
+ O(h5) (14)

To further improve the precision of the numerical integration we include an adaptive
stepsize control. The main feature of this control implies that, for each step h, a
calculation of two sub-steps h/2 is carried out recursively until a preset precision is
reached on the final point. This allows to speed up the calculation in smooth regions
and to reduce the pace when entering “treacherous” areas, thus optimizing overall
performance.

To analyse the Runge-Kutta trajectory, we need a subroutine to compute the
discrete Fourier transform of the time-series of the position of the lubricant particles,
after subtracting a linear term xi(t)−vt. We use the FFTW library1, which includes a

1Version 2.1.5
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Figure 2: Fourth-order Runge-Kutta method. In each step the derivative is evaluated
four times: once at the initial point, twice at trial midpoints, and once at a trial
endpoint. From these derivatives the final function value (shown as a filled dot) is
calculated (from Ref. [8]).

remarkably fast and versatile algorithm [9]. The standard discrete Fourier transform
of a series x(k) is

X(n) =
1√
N t

Nt−1
∑

k=0

x(k) e−ik2πn/Nt (15)

for n = 0...Nt − 1 labelling the frequencies, where Nt is the total number of x(k) =
x(to + k∆t) values considered in the discrete calculation, uniformly separated at
intervals of ∆t. The frequency associated to X(n) is ν(n) = n

Nt∆t
. The frequency

resolution is then inversely proportional to Nt∆t, the total time considered. In Sect.
7 we discuss a less conventional method to analyse power spectra through audio
samples.

To obtain an equally spaced time sequence x(k) out of the unequally spaced
Runge-Kutta time series, we use a standard cubic spline method, in the Numerical

Recipes [8] implementation.

3.1 Boundary conditions

In principle the model described in Sect. 2 implies a chain of infinite length. In
order to carry out a practical numerical calculation, a finite number N of masses
must be considered. Finite-size effects are minimized by applying periodic boundary
conditions (PBC). Notice that in the equations of motion (8) no mention is made of
a0, which is therefore only introduced in the dynamics by the boundary conditions.

PBC are straightforward for rational r. For irrational r, PBC may be realised by
taking rational approximations to r. For example, in the GM case r = (

√
5 + 1)/2,

convenient rational approximants are provided by the Fibonacci sequence Fn+1 =
Fn + Fn−1, F0 = F1 = 1, so that taking a+/a0 = Fn+1/Fn and a−/a+ = Fn/Fn−1

leads to a finite system with N = Fn+1 particles, occupying a ring of length Na0 with
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PBC, subject to the two substrate potentials with, respectively, Fn (+) and Fn−1 (−)
minima. This is intimately connected with the continued fraction expansion of r.
Approaching a problem in which incommensuration is the key feature by employing
rational approximation might appear puzzling. This however allows to force perfect
PBC to the motion and produces a sequence of fast converging rational approximants
to r. However, this method works efficiently only in few cases.

We instead choose to use the value of r to machine precision using a more
straightforward implementation of PBC for Uspring. Problem is that, in general, for
arbitrary N , the first and last mass generally find themselves in a shifted position
relative to Usub with respect to their periodic images. The PBC would be perfectly
implemented only if the “(N + 1)-th” mass is in the same static situation as the first
one. Take the position of x1 at the origin of the coordinate and let it correspond,
say, to a minimum in the potential: the “(N + 1)-th” mass is L = N a0 away from
the origin. Its phase shifts relative to the two oscillations in Usub potential minimum
are δ± = 2π (L mod a±). For PBC to be implemented perfectly these two quantities
should vanish exactly. This can be done only with rational values of the parameter
r. When simulating an irrational r one should minimize the total shift error δtot =|
δ− | + | δ+ | with respect to the number of masses.

In the thermodynamic limit N → ∞ incorrect boundary conditions would pro-
duce irrelevant perturbations. In our finite simulations wrong PBC influence the
motion of the particles. This can be seen by plotting the position of different masses
in a rational context, r = 3

2
, where PBC could be implemented exactly. Here we have

a+ = 1 (taken as length unit), a− = a+ r = 3

2
and a0 = a+

r
= 2

3
. The geometry of

this system is invariant for translations of 6 units along the chain axis (corresponding
to a shift of 9 particles). We then expect two particles 9 indexes away (e.g. x1 and
x10) to move in exactly the same way. Fig. 3(a) confirms that this is indeed the case
when perfect PBC are applied (a chain of N = 99 particles). Instead, when PBC are
broken as in Fig. 3(b) (N = 100) we recognize similar but not perfectly overlapping
positions. We see that wrong PBC induce some perturbation on the single particles,
and this is especially important for the first one, which is closest to the imperfect
boundary. We even find slightly different center-mass mean velocity. Note however
that the time evolution of the particle number 10 (dashed), only ten steps away from
the boundary, is only marginally affected by the imperfect boundary condition, even
with a particularly unfavourable δtot = 2π.

For an incommensurate ratio r it is impossible to realize perfect PBC defined
by δtot = 0. However we can minimize the boundary effect, by means of choices of
N producing especially small δtot. We report below a few values of N producing
particularly good approximate PBCs for r = π

2
and r =

√
5+1

2
. We also report the

corresponding (small) values of the phase error δtot.
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Figure 3: (a) Time evolution of the 1st (solid) and 10th (dashed) particle for r = 3

2

(γ=0.1, Vext = 0.1, K = 1). Perfect boundary conditions are reached with N = 99
particles. If N = 100 masses are taken instead (b), the perfect periodicity is broken.
A common average uniform drift is removed from all trajectories and the average
position is suitably shifted for better clarity.
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Figure 4: Center of mass velocity as a function of time. Starting conditions cause
an initial transient. (r =

√
5+1

2
, γ = 0.1, Vext = 0.1, K = 1).

π/2 Golden Mean

N δtot (rad) N δtot (rad)

69 0.8091 89 0.0827

190 0.3059 144 0.0511

454 0.1667 233 0.0316

644 0.1392 377 0.0195

1098 0.0795 610 0.0121

In practice, we carry out most simulations of the GM based on the N = 89 chain,
after checking that basically identical results are obtained with the N = 233 chain.
We also check that compatible results are obtained using the rational approximants
method. For r = π

2
we simulate the N = 69 and N = 454 chains, and we are going to

find (Sect. 4.3) that some size effects are indeed present for this irrational number.
This is not surprising in view of the fact, illustrated in the table above, that phase
errors are generally much larger for r = π

2
than for the GM.

3.2 Initial conditions

In our computations we impose that the chain is initially shifting with speed vw with
distance a0 between neighbour particles: xi(0) = (i − 1) a0. The time-evolution of
the center-mass velocity is plotted in Fig. 4. After a short transient the velocity
stabilizes, but it continues to execute small amplitude oscillations drawn in Fig. 5(a).
As we are interested in the stationary state of the system, we must remove the initial
transient from all averages. Figure 5(b) shows how single-particle velocities perform
larger oscillations than the center of mass. This example is peculiar in belonging to
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Figure 5: (a) Center of mass velocity as a function of time. After the transient, the

speed performs periodic oscillations. (r =
√

5+1

2
, γ = 0.1, Vext = 0.1, K = 1). (b)

Velocity of two particles (solid-50th, dashed-34th) in the same simulation. The dashed
line has been shifted of +0.3 for better clarity. The amplitude of the oscillations here
is much larger than in (a).

the velocity plateau of Fig. 11 analysed in greater detail in Sect. 4.2; outside this
plateau, the center-mass motion (as each particles’) is no longer periodical and looks
“chaotic”, as reported in Fig. 6.

4 The role of “rationality”

We study here the driven two-substrate model introduced in Sect. 2 for different
values of the length ratio r. We choose three numbers with similar value: r = 3

2
= 1.5

(a rational number), the golden mean r =
√

5+1

2
' 1.618 (an irrational quadratic

number) and r = π
2
' 1.571 (a non algebraic irrational number). We fix the other

parameters to γ = 0.1 and Vext = 0.1 in dimensionless units (refer to the table in
Sect. 2).
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Figure 6: Center of mass velocity as a function of time. Long after the transient
is over, the motion is still deeply non-periodic. (r =

√
5+1

2
, γ = 0.1, Vext = 0.1,

K = 0.1).

4.1 The r = 3
2 ratio

Since 3

2
is a rational number, we expect this simulation to show periodic features: as

discussed in Sect. 3.1, the whole system is geometrically invariant for translations
of 6 a+ units along the chain axis (corresponding to a shift of 9 masses. To apply
periodic boundary conditions we thus need to choose a number of masses N integer
multiple of 9. We take N = 99 as simulation size. We checked that all results are
essentially independent of N , as long as PBC are respected.

We start our analysis by plotting a graph of the center-mass velocity v versus K,
for fixed γ = 0.1, Vext = 0.1 (Fig. 7). There appear three plateaux where v remains
constant regardless of the chain stiffness separated by regions where v changes as
a nontrivial function of K. The motion is then analysed through the power spec-
trum obtained by applying a Fourier transform to the position of a single particle as
described in Sect. 3.

For very small values of the spring constant (K ≤ 0.15) we identify a low-
frequency noise with a characteristic inverse-frequency behaviour (Fig. 8). The mo-
tion here is totally aperiodic, characterized by complicated stick-slip phenomena.

The motion of the particles retains these chaotic features until K = 0.2 is
reached. Here a harmonic array of frequencies suddenly appears. The velocity of
the lubricant here is v = 0.03333 = 1

3
Vext and remains constant over an order of

magnitude variation of K. The power spectrum (Fig. 9) is dominated by a regular
sequence of peaks starting at ν = 0.01111. To explain this regularity, consider the
two frequencies

f+ =
v

a+

= v (16)
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Figure 7: (r = 3

2
) Time-averaged center-mass velocity v as a function of the spring

constant K. In these simulations Vext = 0.1, γ = 0.1, N = 99. Time averages are
carried out on a time interval of amplitude tfin − tin = 10000, taken well after the
initial transient exemplified in Fig. 4.
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Figure 8: (r = 3

2
) Power spectrum for small K. K = 0.2 marks the onset of the

first velocity plateau indicated by 4

3
in Fig. 7. In this and in all following spectra,

prior to Fourier transform, the initial transient is removed from xi(t), and the average
position and the linear drift are subtracted, as usual in power-spectrum calculations.
These and all following spectra refer to particle i = 49: we checked that the spectra
do not depend on this choice, as long as particles i too close to i = 1 and i = N are
avoided (in the irrational r cases).
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Figure 9: (r = 3

2
) Power spectrum for intermediate K. K = 3 is a representative of

the crossover between the q = 4

3
and q = 1

3
plateaux.

f− =
Vext − v

a−
=

Vext − v

r
(17)

with which, on average, an arbitrary lubricant mass reaches a minimum (or maxi-
mum) of each oscillatory potential term. When the chain motion establishes a com-
mensurate ratio between these two frequencies, the vibrations generated by individual
masses encountering the two potential periodic features coincide and reinforce each
other. This suggests the existence of some privileged speeds. To find them we solve
q f+ = f− for rational q = n

−

n+
:

q
v

a+

=
Vext − v

a−
,

i.e.

v =
Vext

1 + q r
. (18)

This relation yields the observed value of v in the first plateau of Fig. 7 for q = 4

3
.

Indeed, the arrows indicating f+ and f− in Figs. 8 and 9 show that f+ is 3 times and
f− 4 times a basic common frequency, which dominates the spectrum.

For spring constants larger than K = 2.7, the chain speeds up reaching velocities
larger than the mean value vw = 0.05. In this crossover the spectrum is again
dominated by 1/f -like noise (see Fig. 9, K = 3). A second plateau at v = 0.0666 =
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Figure 10: (r = 3

2
) Power spectrum for large K. K = 7 belongs to the crossover

between the q = 1

3
and the large-K q = 2

3
plateaux.

2

3
Vext is reached for K ' 3.2 and abruptly abandoned at K ' 6.3. This second stable

region is again described by Eq. (18) with q = 1

3
.

As K is further increased, the chain speed drops rapidly to v = 0.05 = vw (Fig.
7). The large-K behaviour of the spectrum is illustrated in Fig. 10. As expected,
a very large K leads the harmonic term to dominate the Hamiltonian, making the
potential term a small perturbation. The main constraint acting on the chain is then
the damping term −2γ(ẋi − vw). The center-mass velocity is then driven toward the
chosen value of vw = 1

2
Vext. As v = vw fits again Eq. (18) with q = 2

3
, the large-K

motion produces a third plateau, characterised by a regular spectrum of harmonic
frequencies, typical of a periodic motion in the center-mass reference frame.

4.2 The golden mean ratio

Figure 11 reports the evolution of the center-mass velocity as a function of K for
r =

√
5+1

2
. Like for r = 3

2
, several regimes can be identified.

For small values of K we observe a center-mass velocity profile similar to the one
encountered in the previous case. In this low-K region apparently no phase locking
occurs. The velocity in this aperiodic regime peaks close to K = 0.1, like in the r = 3

2

case. The power spectrum at each K is dominated by 1/f noise (Fig. 12). v then
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Figure 11: Center of mass velocity v as a function of the chain stiffness K, for
r =

√
5+1

2
. In these simulations, Vext = 0.1, γ = 0.1, N = 89.

descends to a plateau reached at K ' 0.17 with v ' 0.038197. This corresponds
precisely to v = Vext

1+r
and thus to q = 1 in Eq. (18). This implies a perfect coincidence

between the frequencies related to the sliding over both substrates:

f− =
Vext − v

a−
= f+ =

v

a+

= Vext
3 −

√
5

2
' 0.038197 .

This large stable region is described in terms of the same phase locking phenomenon
discussed for r = 3

2
in Sect. 4.1. In correspondence to the onset of the plateau

at K ' 0.17, the 1/f noise turns abruptly into perfect harmonic frequencies as
illustrated in Fig. 12. Higher harmonics also appear. The relative weight of these
high frequencies decreases for increasing K, thus changing the timber (borrowing the
musical term) of the sliding “note” (Fig. 13). For K ' 100 one almost pure peak
is observed (the intensity of the first and all higher harmonics has become many
orders of magnitude smaller than the “fundamental” tone). The center-mass velocity
remains steady for a very wide range, 0.2 ≤ K ≤ 150.

At K ' 154 the drift velocity v suddenly begins to increase toward the mean
value vw. This is reached only asymptotically, at variance with the commensurate
case. In this region above the plateau, the power spectrum shows a strongly modu-
lated 1/f behavior (Fig. 14). One could wonder whether the dominating frequencies
are related to the finite-lattice allowed ones. In a linear harmonic chain these are
given by

νl =
1

π

√

K

m
sin

∣

∣

∣

∣

1

2
ql a0

∣

∣

∣

∣

, (19)
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Figure 12: (r =
√

5+1

2
) Power spectrum for small K. K = 0.02 and K = 0.15

represent typical spectra of the 1/f aperiodic region, while K = 0.17 is located at
the very onset of the velocity plateau of Fig. 11.
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Figure 13: (r =
√

5+1

2
) Power spectrum for intermediate K. All these values of K

belong to the huge velocity plateau of Fig. 11. Notice the progressively diminishing
intensity of the higher harmonics, which almost disappear approaching the end of
this region.
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Figure 14: (r =
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2
) Power spectrum for large K. K = 150 represents one of

the largest values belonging to the velocity plateau of Fig. 11. K = 160 occurs
soon after the end of the phase-locked region. In the large-K region, where v → vw,
the dominant periodicity is the difference f+ − f− of the two incommensurate basic
frequencies Eq. (16) and (17).
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with

ql =
l 2π

N
, l = 0,±1, ... ± N

2
. (20)

However, the lowest nonzero allowed frequency for the chain under consideration in
the transition region (K ' 150) is ν ' 0.14, much higher than those of all observed
peaks. We conclude that discrete lattice dynamics does not explain the observed
peaks in the large-K region. In fact, the dominant frequencies are integer multiples
of (f+−f−). Note however that in this region f+ and f− are incommensurate, thus the
spectrum is “decorated” by all combinations n−f+ +n+f− for integer n±. This region
is therefore substantially different from the commensurate sliding of the plateau.

4.3 The π
2 ratio

The behaviour of the sliding model for r = π
2
, a transcendent irrational number, has

some similarities and many differences to the two cases previously analysed. First
of all, rather important finite-size effects are observed, as seen in the center-mass
velocity evolution of Fig. 15.

The small-K profile of the center-mass speed is similar to the GM one (Fig. 11).
Note the minor size effects in this region in the comparison of the simulations with
N = 69 and N = 454 masses. The following stable sliding plateau is much shorter
for r = π

2
than for r =

√
5+1

2
: it only extends for about one decade, like for r = 3

2
.

After K = 2 the center of mass accelerates and soon reaches the large-K limit with
v ' vw at K ' 50. Notice however the substantial finite-size effects in this region,
associated to the possible onset of minor plateaux.

The spectrum shows the standard 1/f profile for small K (Fig. 16). At the onset
of the plateau, for K = 0.2, we would expect commensurate frequencies. Indeed, we
observe some groups of peaks repeating at intervals of about ∆ν ' 0.039. However,
they do not fit precisely Eq. (18). Consider, for example, the spectrum of K = 1 (Fig.
17): here one can identify harmonics of ∆f ' 0.004. The characteristic frequencies
of the plateau center-mass speed are

f+ =
v

a+

= v = 0.03634 (21)

and

f− =
Vext − v

a−
=

Vext − v

r
= 0.04053, (22)

which are indicated by arrows in Fig. 16 - 18 2. The other peaks are basically gen-
erated by the difference f− − f+ = 0.004187. The ratio between the two sliding
frequencies is f

−

f+
= 1.115, fitting equation (18) with a value close, but not equal, to

q = 10

9
. This discrepancy is responsible for the permanence of 1/f noise, particularly

evident in the K = 0.2 panel of Fig. 16, and less severe for larger K (top panel of
Fig. 17). One might suspect that this is caused by imperfect PBC since the phase

2Again we verify that in this K range these frequencies bear no relation to the discrete lattice
dynamics of the finite chain: indeed N = 454 allows for almost continuous frequencies (∆f ' 0.001).
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Figure 15: Center-mass velocity in the transcendent irrational case r = π
2
. Finite-size

effects are evidenced by the comparison of the calculations relative to two different
numbers N of particles. In these simulations, Vext = 0.1, γ = 0.1.
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Figure 16: (r = π
2
) Power spectrum for small K. K = 0.2 marks the onset of the

plateau of Fig. 15. The spectrum in this region is considerably different from that
of the GM plateau (Fig. 12) in showing a superposition of harmonic peaks with 1/f
noise.

difference (Sect. 3.1) in our method is significantly larger than in the GM case. How-
ever, we carried out a test simulation with N = 1098 (which should be affected by
a smaller PBC error) for K = 1 finding a spectrum almost identical to the N = 454
calculation shown in Fig. 17. Due to the presence of two incommensurate frequen-
cies, the motion in the time domain is only locally periodic, while on a sufficiently
long time-scale it shows characteristic “beatings”. This region resembles what was
observed for large K for r = GM.

After the end of the first plateau, K ' 2, the spectrum in the transition is
again different from those seen before, because the 1/f noise drops very quickly with
frequency, and leaves an isolated peak at ν ' 0.04 roughly corresponding to f+.

A very small plateau (about ∆K = 0.5 long) is reached for K = 5, characterised
by v = 0.04778. Its spectral character is not unlike that of the previous plateau. For
larger K, v converges to vw (Fig. 15). The spectrum in this region (Fig. 18 becomes
“cleaner and cleaner”, and shows two main incommensurate frequencies f+ and f−
accompanied by their sums and differences, like in the previous plateaux, but with no
1/f noise. In fact, the large-K spectral character of the r = π

2
model is qualitatively

similar to that for r = GM.
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Figure 17: (r = π
2
) Power spectrum for intermediate K. K = 1 is near the center of

the first plateau. K = 3 is a representative of the transition after the first plateau:
note the prevailing (f−− f+) structures. K = 5 belongs to what appears as a narrow
plateau.
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Figure 18: (r = π
2
) Power spectrum for large K. At K = 50 the velocity has almost

reached its asymptotic value v = vw.

5 The role of damping and driving speed

A complete analysis of the friction model would imply the exploration of a wide range
of a multi-dimensional space of parameters. In the previous Section, with a focus on
commensurability, we have kept most parameters fixed to some arbitrary value. In
the present section we release this assumption and explore the role of the friction
coefficient γ and of the external driving force Vext, for the GM ratio.

We start analysing the effect of γ. Since the damping term turns out to be
dominating in the large-K regime, we expect the value γ to influence significantly
the center-mass velocity, at least in the stiff chain limit. In Fig. 19 the velocity v
as a function of K is plotted for four different values of damping. Even though the
q = 1 plateau is always present and the value of v there is independent of γ, changing
γ shifts the upper and lower limits of the stable region. Larger γ anticipates both
the onset of the plateau and the large-K behaviour. In summary, the global effect
is a shift of the plateau to smaller K for increasing γ. An interesting feature seems
to be the behaviour of v near K = 0.1. In this region, independently of γ, the
lubricant speed v peaks at a value larger than for very small K and larger than in
the plateau region. Such top speed decreases monotonically for γ ≤ 0.1. As γ = 0.2,
the stable plateau reaches K ' 0.1 and prevents the formation of the velocity peak;
for smaller K, however, the chain accelerates drastically and tends to remain pinned
to the moving potential.
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Figure 19: (r =
√

5+1

2
) γ-dependence of the center-mass velocity v. The main plateau

is always at the same v, insensitive of γ, but its edges do depend on γ.

We also investigate the role of the driving velocity Vext, with the calculations
presented in Fig. 20. (the plots in Fig. 20 have been rescaled to allow comparison).
As expected, larger velocities reduce the size of the main plateau: it might even
vanish in the large-Vext limit. The small-K limit is instead characterised by a very
broad stable region extending over five orders of magnitude. On the other hand, an
unexpected feature is the new emerging plateau that the Vext = 0.5 plot for small K.
This plateau corresponds to q = 1/2 in Eq. (18). We have not explored the possibility
that similar plateaux might occur for extremely small K in other cases.

6 Conclusions

The present study of the modified FK model barely scratches the surface of a rich
model, where several dynamical regimes are realised by simple changes of a few physi-
cal parameters. Here we mainly concentrate our attention to the role of the periodicity
ratio r between the different length scales implied in the model, and the dynamical
properties (K) of the lubricant. We find many qualitative similarities between ratio-
nal and irrational r, especially the tendency of the lubricant to proceed at a regular
intermediate speed between the two potentials. In certain cases this speed adjusts
itself so that f+ and f− (the encounter frequencies of a single lubricant mass with
the periodic features of the substrate potentials) retain simple rational ratios. This
tendency produces often wide plateaux of the mean velocity of the lubricant, which
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) Dependence of the center-mass velocity on Vext. The main

plateau becomes broader for smaller driving velocities, and v/Vext is universal in the
plateau.
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remains independent of K when this is changed even for several orders of magni-
tude. Outside these regions of commensurate sliding, different dynamical properties
of the lubricant (values of K) produce ”unlocking” of f+ and f−, with widely dif-
ferent regimes of more or less chaotic motion, characterised by 1/f noise (especially
for small K) or a very dense spectrum of incommensurate frequencies (especially for
intermediate and large non-plateaux values of K).

Despite the many similarities, many quantitative, and even qualitative features
of the model depend on whether r is rational or irrational, and even the irrational
nature of r. We find that commensurability favours commensurate gliding so much
that several velocity plateaux emerge for different K regimes (r = 3

2
, in Fig. 7). The

irrational ratios considered are also compatible with commensurate gliding, and the
GM ratio actually produces a very wide plateau of constant velocity, apparently the
only one which produces stable equal f+ = f− (Fig. 13). General irrational numbers
such as r = π

2
(preliminary simulation with r =spiral mean – the real solution of

r3 − r = 1 – indicate similar outcome) show greater difficulty in approaching stable
commensurate gliding: quasi-periodic regimes are realised with f+/f− close, but not
equal, to rational ratios. Velocity plateaux are therefore less favoured, and chaotic
dynamics prevails for wide regions of K. At present, we have no clear understanding
of the reasons of these differences among differently rational numbers.

More work is necessary to characterise completely the different dynamical regimes
and to explore the parameters space of the model in its entirety. It will be, in partic-
ular, important to analyse the dynamics for different ratios a

−

a+
and a+

a0
and different

F+ and F−.

7 Audio analysis

Important information on periodicities can be obtained without any numerical Fourier
transform, simply by exploiting the natural frequency sensitivity of the human ear.
After removing the linear drift from the motion and interpolating it with a standard
cubic spline algorithm, we create a wave file which is composed by a sequence of short

int numbers. Each of those samples is obtained by rescaling the position of a particle
into the numerical interval of a short int. The fixed-rate sampling is chosen by fixing
a time-step dt that puts the sound in the audible range. Reproducing the audio
sample at a standard sampling frequency of 44100 Hz we find that the best results
are obtained with dt = 0.1. No filtering was necessary and no aliasing was observed.
The .wav file is introduced by a proper header in order to be played correctly by any
standard software for computer audio reproduction.

By listening to the audio signal produced by reproducing the wave files thus con-
structed, one easily identifies the three regimes of 1/f noise, of two incommensurate
frequencies and of perfectly commensurate frequencies (as in the velocity plateaux).
The latter are characterised by a single note. In these cases the qualitative “tim-
ber” evolution in the higher harmonics is clearly audible. Audio files are provided
as attachments to the present thesis CD and properly identified in an html file:
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sounds.html . These same data are also available on the internet at
http://www.mi.infm.it/manini/friction/sounds.html .
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