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Abstract

We perform extended calculations of composed carbon structures where

carbon acquires its sp or sp2 hybrid character. Based on an existing im-

plementation of a tight-binding (TB) model for carbon, we implement

the calculation of the forces using the Hellmann-Feynman theorem. The

forces make it possible to use fast minimization algorithms to relax car-

bon nanostructures composed of up to several hundred atoms. We focus

our investigation on carbynes (sp character) inserted in a nanohole inside

a graphene sheet (sp2 character), and on carbon nanotubes mainly (sp2

character). After relaxation we compute the electronic structure, in par-

ticular we evaluated the band gaps for semiconducting nanotubes. The

results are compared to DFT calculation and experimental observations.

Finally, taking advantage of the forces, we perform molecular-dynamics

simulations of carbynes in graphene at high temperature, to investigate

the stability of such a system.
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CHAPTER 1

Introduction

Carbon is unique in its ability to form close to ten million different compounds. Nature

has amorphous carbon forming highly disordered structures, for example in combustion soot,

but also regular crystals such as diamond, graphite or C60. As it was well known before 1985,

carbon could form two basic kinds of structures: the diamond lattice with sp3-hybridization,

where each atom is connected with four others, and the graphite lattice with sp2 hybridization

on 3 nearest neighbors of each atom. Diamond is renowned as a material with superlative

mechanical qualities, most of which originate from the strong covalent bonding between its

atoms. In particular, diamond has the highest hardness and thermal conductivity of any bulk

material. Those properties determine the major industrial application of diamond in cutting

and polishing tools.

Graphite is formed by flat hexagonal layers of carbon atoms, separated by 3.35 Å, which

means that a stack of 3 million sheets is about one millimeter thick. The distance between

each two nearest carbon atoms in the layer is 1.42 Å. Unlike diamond, graphite is an electrical

conductor. Thus, it can be used in, for instance, electrical arc lamp electrodes. Likewise, under

standard conditions, graphite is the most stable form of carbon. A single layer of graphite is

called graphene, drawn in Fig. 1.1(a). It has extraordinary electrical, thermal, and physical

properties. It can be produced by epitaxy on an insulating or conducting substrate or by

(a) Scanning tunneling microscopy (STM) topography
(60 nm2) at room temperature of Ir clusters on a
graphene layer.

(b) Scanning electron microscopy (SEM) images of
a carbon disk (top image) and free-standing hollow
carbon nanocones. Maximum diameter is about 1
micrometer.

Figure 1.1. Graphene nanostructures and nanocones.
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8 1. INTRODUCTION

mechanical exfoliation (repeated peeling) from graphite. Its applications may include replacing

silicon in high-performance electronic devices. The 2010 Nobel Prize in Physics was awarded

to Andre Geim and Konstantin Novoselov “for groundbreaking experiments regarding the two-

dimensional material graphene”. Single layers of graphite were grown epitaxially on top of other

materials starting from the 1970s [1, 2, 3]. In 2004 physicists at the University of Manchester

and the Institute for Microelectronics Technology, Chernogolovka, Russia obtained graphene

by mechanical exfoliation of graphite. They used cohesive tape to repeatedly split graphite

crystals into thinner and thinner pieces. The tape with attached optically transparent flakes

was dissolved in acetone and, after a few further steps, the flakes including monolayers were

sedimented on a silicon wafer [4]. Yet another method of obtaining graphene is to heat silicon

carbide to high temperatures (>1100 �) to reduce it to graphene [5]. Other methods are the

epitaxial growth on metal substrates, graphite oxide reduction, pyrolysis of sodium ethoxide.

Graphene differs from most conventional three-dimensional materials. Intrinsic graphene is a

semi-metal or zero-gap semiconductor. Graphene shows a linear (or conical) dispersion relation

for low energies near the six corners of the two-dimensional hexagonal Brillouin zone. Graphene

is thought to be an ideal material for spintronics due to small spin-orbit interaction and near

absence of nuclear magnetic moments in carbon. Electrical spin-current injection and detection

in graphene was recently demonstrated up to room temperature [6, 7, 8]. Graphene shows also

interesting mechanical and thermal properties.

In 1985 the C60 was discovered by Richard Smalley, Robert Curl, James Heath, Sean

O’Brien, and Harold Kroto [9] at Rice University. The existence of C60 had been predicted

by Eiji Osawa of Toyohashi University of Technology in 1970. Kroto with Curl and Smalley

were awarded the 1996 Nobel Prize in Chemistry for their roles in the discovery of this class

of carbon molecules. Buckminsterfullerene is a spherical molecule with the formula C60 and

it was the first fullerene molecule discovered. The fullerene (C60) was named after Richard

Buckminster Fuller, a noted architectural modeler who popularized the geodesic dome. The

name was thought to be appropriate since fullerenes have a shape similar to that sort of dome.

Fullerenes have since been found to occur in Nature and in 2010 C60 has been discovered in a

cloud of cosmic dust surrounding a distant star 6500 light years away. Using NASA’s Spitzer

infrared telescope the scientists spotted the molecules’ unmistakable infrared signature. Since

the 1985, the number of discovered nanostructures is rapidly increasing. A few examples of

them are: the family of fullerenes C70, C76 [10], C84 [11], C60.

Carbon nanocones [12] and carbon nanohorns [13]. The carbon nanocones, shown in

Fig. 1.1(b), discovered in 1994 are the simplest example of nanostructured carbon. Nanocones

occur on the surface of natural graphite and are produced by carbon condensation on a graphite

substrate, or by pyrolysis of heavy oil [14] or by laser ablation of graphite targets [15]. Electron

microscopy reveals that the opening angle (apex) of the cones is not arbitrary, but has pre-

ferred values of approximately 20°, 40°and 60°. For nanohorns as for the theoretical prediction

of electronic properties of the nanocones, this is still a open recent topic.

Finally nanoscale carbon toroidal structures [16], the nanotubes [13] and helicoidal tubes

[17] were discovered and/or synthesized. These carbon structures could be single walled or multi

walled1. Focusing on carbon nanotubes (CNs, also known as buckytubes) they are allotropes of

1Recently, a few types of similar non-carbon structures were discovered: for example, boron nitride nanotubes
[18] or silicon nanotubes [19]
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(a) Few CNs in a disordered conformation (b) CNs in a disordered conformation

(c) CNs in a compact end ordered shape (d) bla

Figure 1.2. Different SEM images showing CNs.

carbon with a cylindrical nanostructure. CNs are kins to the fullerene structural family, which

includes the spherical buckyballs because both kinds of structures are basically wrapped up

graphene sheet, with all carbon atoms in a mainly sp2 hybridization. A few SEM images of

CNs are reported in Fig. 1.2. The ends of a nanotube are often capped with a hemisphere of the

buckyball structure. Their name is derived from their size, since the diameter of a nanotube is

on the order of one or a few nanometers while they can be up to a few centimeters in length.

Their band gap can vary from zero to about 2 eV and their electrical conductivity can show

metallic or semiconducting behavior.

In the present work, we develop a tight-binding (TB) code to study the electronic and

structural properties of carbon nanostructures. In particular, we implement the calculations of

forces, which allow us to obtain relaxed structures very efficiently and to molecular dynamics

(MD). We apply the TB model to graphene with inserted sp carbon chains, called carbynes

(Chap. 6), and to carbon nanotubes (Chap. 7).





CHAPTER 2

The tight-binding method

Atomistic simulations have been successfully implemented using ab initio techniques and

calculations based on empirical inter atomic potentials. Accurate and reliable results have been

obtained by first-principles calculations using density-functional theory (DFT) within the local-

density approximation (LDA) and also from accurate Hartree-Fock calculations. Nevertheless,

first-principles studies are at present still limited by their heavy computational workload de-

mand and, even with the ever-increasing power of modern digital computers, their applications

are still limited to systems containing no more than few hundreds of particles. Alternatively,

one can develop an atomic cohesion model based on empirical potentials. In this case, since

any ambition of a fundamental description is lost, the overall reliability of the model potential

is only proved heuristically. Furthermore, this approach may lack transferability, any empirical

potential being specific of a given material or, at best, set of materials. On the other hand,

approaches based on empirical potentials require comparably little computing power and, there-

fore, it allows really large-scale simulations of thousands and even hundreds of thousands of

atoms.

The third approach is based on the tight-binding (TB) description of electronic states as

originally developed by Slater and Koster in their seminal paper [20]. The basic idea of TB, to

use a linear combination of atomic orbitals (LCAO) to solve the periodic potential problems met

in the theory of the electronic motions in solids, was originally proposed by Bloch [21]. In order

to reduce the computational workload as much as possible, the electronic structure is calculated

by means of an elegant and clever semi-empirical recipe illustrated in the following sections.

Such a semi-empirical method is both deeply rooted into a quantum-mechanical picture and

it still preserves a rather intuitive physics-chemical description of bonding. TB represents a

conceptual bridge between superior, but expensive, ab initio simulations and undemanding,

but limited, model-potential ones. With TB method we can also derive the interatomic forces

governing the time evolution of an assembly of bonded atoms directly from the electronic struc-

ture of the system and this allows to perform minimization procedure or molecular dynamics

(MD) procedure. The coupling of TB with MD generates the tight-binding molecular dynamics

(TBMD) [22].

2.1. Basic formalism

We introduce the total Hamiltonian for a piece of matter in the form:

(1) H = Te + TN + Vee + VNN + VeN .

Te is the electrons kinetic energy and TN the kinetic energy of the nuclei. Vee and VNN are the

electron-electron and nuclei-nuclei repulsions. The last term is the electron-nuclei interaction.

11



12 2. THE TIGHT-BINDING METHOD

Neglecting relativistic effects, the Hamiltonian (1) can be written as:

H = −
∑

i

~
2

2m
∇2

i −
∑

I

~
2

2MI

∇2
I +(2)

+
∑

i<j

e2

|ri − rj|
+
∑

I<J

ZIZJe
2

|RI −RJ |
−
∑

i,I

ZIe
2

|RI − ri|
,

where indices i, j refer to electrons and I, J to nuclei. MI is the nuclear mass, ZI the nuclear

charge. To compute the general Hamiltonian eigenfunctions one should solve the Schrödinger

equation

(3) HΨ({R}, {r}) = EΨ({R}, {r}) .
Now the Born-Oppenheimer approximation splits the eigenvalue problem into two problems:

one for the electrons the other for the nuclei. In other words with this approximation the

Hamiltonian’s eigenfunctions can be factorized separating the {R} dependence from {r} and

the electronic states are determined at fixed nuclei positions. In this way we can find the

electronic eigenstates for each nuclear configuration {R} by solving the electronic eigenvalue

problem:

(4) [Te + Vee + VeN ]ψν({R}, r) = Eν({R})ψν({R}, r) .
Here r are the electrons coordinates and ν indicates a quantum number identifying the electronic

eigenstate with energy Eν . Despite this approximation the many-body problem in Eq. (4) is

usually extremely complicated due to the complicated motion induced by Vee. To proceed

needs further simplifications. The one-electron approximation is a common approach that

represents the electronic state of the whole sistem by a Slater-determinant, an antisymmetrized

product of N one-electron function. A variational approach leads to the so-called Hartree-Fock

(HF) equations. Other methods involving the one-electron approximation include those based

on the Density-Functional Theory (DFT) [23, 24]. In many situations, when only s and p

electrons are involved, a one-electron approach has the advantage of a moderate computational

effort combined with qualitative and even semi-qualitative electronic states and energetics. The

tight-binding (TB) method we use in the present work is one of the quickest and simplest one-

electron schemes: the many body problem is reduced to the problem of one electron moving

in the average field Vave(r) due to the other electrons and ions. The resulting one-electron

Hamiltonian read:

(5) h(r) =
p2

2me

+ Vave(r) ,

which can be inserted in the Schrödinger equation:

(6)

[
− ~

2∇2

2m
+ Vave(r)

]
ψν(r) = ǫνψν(r) ,

that admits a solution for any set of ionic positions {R}. Labeling the set {R} by a pair of

indices (jl), we expand the electronic wave-function on the basis of the atomic orbitals ϕαjl(r)

corresponding to the actual chemical species and associated to atomic orbital energies ǫα. The

label α indicates the full set of quantum numbers defining the orbitals. The wave-function is
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written as:

(7) ψν(r) =
∑

αjl

Bναjlϕα(r−Rl − dj) ,

where Bναjl are the coefficients of the expansion, to be determined. Inserting this expansion in

Eq. (6) we can define the Hamiltonian matrix element

(8) hα′(j′l′),α(jl) = 〈ϕα′j′l′(r)|h(r) |ϕαjl(r)〉 ,
and the overlap integral between two atomic orbitals as

(9) Sα′(j′l′),α(jl) = 〈ϕα′j′l′(r)|ϕαjl(r)〉 .
The Schrödinger equation is written in matrix form as:

(10)
∑

αjl

[
hα′(j′l′),α(jl) − ǫν Sα′(j′l′),α(jl)

]
Bνα(jl) = 0 .

Before introducing problem concerning the evaluation of the overlap integral S, it is useful to

shift to the crystal structure formalism.

2.1.1. Periodic-crystal formalism. The TB method is equally suitable to describe pe-

riodic crystalline structures and nonperiodic (finite) objects. We choose a periodic-crystal

formalism for generality sake, since one can describe also a finite objects (as well as 1D or 2D

periodic structures) by putting it inside a sufficiently large repeated cell, the so-called supercell.

Now the average field in Eq. (6) reproduces the periodic potential due to the crystal structure

and is invariant under all symmetry operations of the space group of the system considered.

To describe a crystal, one clamps the atoms at their equilibrium positions

(11) Rjl = dj +Rl ,

where Rl = n1a1 + n2a2 + n3a3 is the generic translational vector of the lattice defined by

the primitive vectors {a1, a2, a3} and n1,2,3 are both positive and negative integers. The basis

vectors for the atoms in the unit cell are labeled by dj . The electronic wave-function display a

k -dependence and the Schrödinger equation (6) rewrite as:

(12)

[
− ~

2∇2

2m
+ Vave(r)

]
ψν(k, r) = ǫν(k)ψν(k, r) ,

that admits a solution for any set of ionic positions {R}. The invariance of the Hamiltonian in

Eq. (12) includes also lattice translations so we have

(13) h(r+Rl′ ) = h(r) .

Accordingly the one-electron wave function must obey Bloch’s theorem:

(14) ψν(k, r+Rl′ ) = exp(ik ·Rl′ )ψν(k, r) .

Now as done above we introduce the idea of expanding the crystalline electron wave function

ψν(k, r) = ψνk(r) on the basis of the atomic orbitals

(15) ϕαjl(r) = ϕα(r−Rl − dj) .
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A linear combination of the atomic wave-functions in the primitive cell gives the single-electron

basis-function written as Bloch sums:

(16) ϕBloch
αjk (r) =

1√
Nc

∑

l

exp(ik ·Rl)ϕα(r−Rl − dj) ,

where Nc = Nk is the number of primitive translations in the sum
∑

l, i.e. the number or

real-space crystal primitive unit cells, equaling the number of discrete wave-vectors k in the

Brillouin zone (BZ). We write explicitly the inverse relation:

(17) ϕα(r−Rl − dj) =
1√
Nc

∑

k

exp(−ik ·Rl)ϕ
Bloch
αjk (r) ,

and the definition:

(18) Bναj(k) =
1√
Nc

∑

l′

exp(−ik ·Rl′)Bναjl′ .

The Bloch sums work as the basis set to represent the crystalline wave function:

ψν(k, r) =
∑

αjl

Bναjϕ
Bloch
αjk (r)(19)

=
1√
Nc

∑

αjl

exp(ik ·Rl)Bναj(k)ϕα(r−Rl − dj) ,

The TB formalism for atoms of the same chemical nature need us to introduce, N as the

number of atoms in one cell and Norb as the number of orbitals carried by each atom. We thus

obtain an electronic problem of size N ×Norb to be solved for each of the Nk = Nc k -points in

the BZ:

(20)
∑

αj

hα′jαj(k)Bναj = ǫν(k)
∑

αj

Sα′j′αlBναj ,

or in a matrix form

(21) h(k)Bν(k) = ǫν(k)SBν(k) .

Here the matrices

(22) hα′j′,αj(k) = 〈ϕα′j′0(r)|h(r) |ϕαjk(r)〉 ,
and

(23) Sα′j′,αj(k) = 〈ϕα′j′0(r)|ϕαjk(r)〉 .
This is the essence of the TB method and it is due to Bloch [21]. This is also called LCAO

(Linear combination of atomic orbitals). This method produces correctly the symmetry prop-

erties of the energy bands and provides fair solutions of the single-particle Schrödinger equation

at arbitrary points in the BZ.

2.2. Orthogonal Basis Set

The {ϕαjl(r)} basis set defined in Eq. (15) to expand the crystalline wave function ψνk(r)

happens not to be orthogonal since wave functions centered to orbitals different atoms in gen-

eral overlap. Adopting the matrix element written in Eq. (8) and the overlap integral between
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two atomic orbitals written in Eq. (9) we can obtain therefore the crystalline one-electron ener-

gies by solving the generalized secular problem of Eq. 20. This equation needs the evaluations

of overlap integrals Sα′(j′l′),α(jl) for each atomic configuration. As a consequence the computa-

tional workload increases accordingly. Several non-orthogonal TB models have been developed

and used as first done in Ref. [25]. However here we adopt a model that removes this non-

orthogonality problem. Following Slater and Koster [20] approach their first step was to switch

from {ϕαjl(r)} to a new orthogonal basis {φαjl(r)} which possesses the same symmetry proper-

ties of the original one, within the crystal symmetry group, as explained in details in Ref. [20].

This method is known as the Löwdin [26] method and is discussed in AppendixA. Following

eq. (16), we introduce the new wave function

(24) φαjk(r) =
1

Nc

∑

l

exp(ik ·Rl)φα(r−Rl − dj) ,

With this method we obtain a simplified secular problem that is free from the overlap

contributions, the crystalline wave function in Eq. (19) is now given by:

(25) ψν(k, r) =
1√
Nc

∑

αj

Cναj(k)φαjk(r) .

Now for each wave-vector k the solution of the Schrödinger equation needs a standard diag-

onalization of the Hamiltonian on the orthogonal basis. This means that since the Hamiltonian

has the same periodicity of the lattice, its Bloch matrix representation (20) is naturally block-

diagonalized in separate blocks for different values of k. The Hamiltonian matrix elements

within a single k block is:

hα′j′,αj(k) = 〈φα′j′0(r)|h(r) |φαjk(r)〉(26)

=
1

Nc

∑

ll′

exp(−ik ·Rl)

∫
d3rφα′(r−Rl′ − dj′) hφα(r−Rl − dj) ,

where we used the orthogonal basis in Eq. (25). The secular problem in Eq. (20) becomes:

(27)
∑

αj

[
hα′j′,αj(k)− ǫν(k)δα′αδ(j′)(j))

]
Cναj(k) = 0 .

It allows us to compute C(k) at each k as the list of N ×Norb components of the eigenvectors

which are sought as the coefficients of the crystalline wave-function with the Bloch-type basis

set of Eq. (25) and which represent an eigensolution of the TB problem. Of these solutions we

have one for each eigenvalue labeled by ν, and for each k.

2.3. The two-Center Approximation

In principle, within a proper 1-electron approximation, and given a set of atomic wavefunc-

tion φα(r), the matrix element defining Eq. (26) can be computed exactly, thus providing a

parameter-free theory. This approach is unfortunately unpractical in most cases. Some fur-

ther handling of the theory is in fact desirable at this stage since a rigorous application of the

tight-binding method is very complicated: at first the overlap coefficients S’s must be deter-

mined by some given procedure (either analytical or numerical) in order to calculate the Löwdin

functions. The Hamiltonian matrix elements must then be evaluated as linear combinations of

appropriate energy integrals. Indeed, in order to translate the present formal development into
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a useful tool, we need to introduce some simplifying ad hoc ansatz. Basically, these simplifi-

cations fall into two different categories: either we can choose suitable approximations which

allow us to focus just on the leading terms and to disregard other computationally-intensive

(but less important) contributions; or we can introduce empirical features into the present the-

ory so to avoid expensive calculations. We will at first consider a fundamental approximation,

leaving the discussion of further simplifications to the next section.

Taking Eq. (5) and treating the average potential Vave(r) as a sum of spherical potentials

located at any single lattice site, we can rewrite the one-electron Hamiltonian as follows:

(28) h(r) =
p2

2me
+
∑

(j′′l′′)

Vj′′l′′(r) ,

where Vjl(r) is the spherical potential due to the ion located at position Rj′′l′′ = dj′′ +Rl′′. The

Hamiltonian matrix element defined in Eq. (8) can be speared into two qualitatively different

contributions:

hα′(j′l′),α(jl) = 〈φα′j′l′(r)|
p2

2me
+ Vjl(r) |φαjl(r)〉+(29)

+ 〈φα′j′l′(r)|
∑

(j′′l′′)6=(j′l′)6=(jl)

Vj′′l′′(r) |φαjl(r)〉 .

From this division we obtain a classification of the types of integrals in four categories:

• On-site integrals if the two atomic-like wave-functions and the potential are located at

the same atom.

• Two-center integrals if the location of one of the wave-functions is the same as the

location of the potential, while the other wave-function is at a different one.

• Three-center integrals if all three locations are on different sites.

• Wave-function at the same location but potential on a different one: this category

is not considered originally in the SK method and comes effectively as a small local

correction to the on-site terms. We just report it for completeness.

The first term in Eq. (29), also called intra-atomic term,

(30) 〈φα′j′l′(r)|
p2

2me
+ Vjl(r) |φαjl(r)〉 = ǫαδα′αδ(j′l′)(jl)

is the kinetic operator plus the on-site potential. This term is easily computed thanks to

orthogonality and yields the diagonal matrix elements. Neglecting further the three-center

integrals with respect to two-center ones constitutes the so-called Two-center approximation.

There is no general argument proving that three-center integrals are negligible. Nevertheless it

is reasonable to state that their value is small when compared to two-center integrals, due to

the localized character of the Löwdin functions. A fundamental approximation was therefore

introduced by Slater and Koster [20] by assuming that three-center energy integrals can be

simply disregarded. The level of error introduced by this approximation is probably similar to

the one introduced by assuming that Vave(r) is the sum of spherical contributions. It would

be much more complicated to mimic the variation of a three-center energy integrals when all

of three involved atoms are moving. On the contrary, this can be done quite effectively for

two-center integrals.
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Figure 2.1. The “diatomic molecule” system formed by atoms at
Rj′l′ (left) and Rjl (right).

Figure 2.2. Possible overlaps between s and p orbitals with the
same first quantum number in a “diatomic molecule”. t is the distance
vector between two atoms (see Fig. 2.1)
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Figure 2.3. Construction of crystalline two-center energy integrals.

The first direct consequence of the two-center approximation is that we can formally treat

the matrix elements given in Eq. (29) as if we had a sort of “diatomic molecule” system. Fol-

lowing Refs. [20, 27] we introduce the vector

(31) t = R(j′l′) −R(jl) = dj′ +Rl′ − dj −Rl

joining the two selected atoms. At each we center atomic position a spherical coordinate frame

of reference with the z -axes parallel to t, as illustrated in Fig. 2.1. Computing the Hamiltonian

matrix element it turns out that the angular functions depending on azimuth ϕ combine to

give a nonzero element only if the two magnetic quantum numbers of the two orbital are

equal m = m′ = 0,±1,±2, · · · and this is indicated, in analogy to atomic physics with the

notation σ, π, d, · · · , respectively; or in other words this letter specifies the absolute value of

the component of the angular momentum along the direction of t. The radial and θ-dependent

angular parts of the same integrals are commonly indicated as ss, or sp, or pp, · · · according

to the actual symmetry of the two involved orbitals. The Slater-Koster complete labeling for

the relevant integrals has become very popular because of its simplicity and intuitive notation:

two-center hopping integrals are, in fact, shortcut as (ssσ), or (spσ), or (ppσ) and so on. The

practical application of this procedure is illustrated schematically in Fig. 2.2 in the case of s-

and p-like orbitals. Despite we are using Löwdin functions {φαjl(r)} and not atomic orbitals,

since they have the same symmetry properties as true atomic orbitals referring to crystal’s

symmetry, the above argument is still valid. In the crystal picture we need to rotate any pair

of spherical harmonic functions so as to match a fixed Cartesian frame of reference equal for

all atoms in the structure. This is done by introducing the director cosines of the vector t

connecting the pair of atoms:

(32) ci = ti/|t|, (i = x, y, z) .

This geometrical construction is reported in Fig. 2.3 for the simple case of a sp the two-center

hopping integral (spσ). The matrix element in Eq. (29) can be expressed as the product of a

function that depend on inter atomic distance, and a direction cosine.
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2.4. Further Approximations

At this point the TB description of electronic states has been greatly simplified, but the

computational effort requested to compute all of the Hamiltonian matrix elements is still a

relevant task for numerical applications. We will follow SK introducing this other two key

approximations:

(1) Only close neighbor interactions are taken into account. Among all of the the two-

center energy integrals we assume that the interactions are approximately zero when

the distance between atoms is greater than a suitable cut-off radius. This approxima-

tion is based on the localized character of the basis set functions and is valid for true

atomic orbitals and even for Löwdin orbitals. The benefits of this approximation are

threshold: the models depend on a reduced number of parameters, and much fewer

two-center hopping are to be computed for each arrangement of the atoms.

(2) A minimal basis set is used for the LCAO expansion. This means that we only include

those Löwdin (or atomic) orbitals whose energy is close to the energy of the electronic

states of the crystalline system we are interested in. For applications to semiconductors,

this procedure basically amounts to considering only those orbitals having energy close

to the topmost valence crystalline states. For example, is the case of silicon we can

reasonably omit the 1s, 2s, 2p atomic orbitals and include only 3s and 3p. Such an

approximation also reduces the number of parameters in the model and, perhaps more

importantly also decrease the order N ×Norb of the TB matrix to be diagonalized, by

reducing the factor Norb. For this reason this approximation reduces immensely the

computational workload of the TB method.

The few two-center hopping integrals involved in the model are evaluated by fitting a suitable

database of structural and electronic properties obtained either from experiment or by first-

principles calculations. The fitting is usually executed onto the electronic energy bands of the

equilibrium crystal phase. During the last decades a sustained effort by several authors has been

devoted to fit Slater-Koster parameters for a large variety of elemental as well as compound

materials.

The model is now properly defined as an orthogonal, two-center, short-range and minimal

basis set TB model. Even though we made a rigorous treatment of quantum electronic states,

by introducing empirical parameters to replace the Hamiltonian matrix elements we loose any

chance to actually perform the LCAO expansion given in Eq. (25) and also with the broad set

of approximations introduced we loose the accuracy, reliability and transferability typical of

ab-initio electronic structure. For this reason this method is called semi-empirical. Despite

such bad news at this level provided that an accurate set of parameters is employed, the

TB model allows us to compute the energy bands along any direction of the Brillouin zone,

the total and partial density of states, and to evaluate optical and dielectric properties of the

corresponding crystal structures with minimal effort. Alternatively, given a sufficient numerical

effort, the TB model makes it possible to occur such properties for system of such a large size

that first-principle approach could not investigate yet.





CHAPTER 3

The TB parameterization for Carbon

Our aim is to apply the TB method illustrated in the precedent Chapter to carbon struc-

tures. We proceed here illustrating the parameterization given by Xu et al. adopting a scaling

form for the dependence of the TB hopping parameters and the pairwise potential on the

interatomic separation.

3.1. Hopping integrals

The advantage of a TB model over a classical force field in describing complex carbon

systems, such as amorphous carbon, is strictly related to its transferability. Goodwin, Skinner

and Pettifor [29] explain a way to obtain a set of parameters for Silicon that describes accurately

the energy-versus-volume behavior of Si in crystalline phases with different atomic coordination

as well as the structure of small clusters. Following that approach, Xu Wang Chan and Ho [28]

develop a similar TB inter atomic potential for carbon They adopt the scaling form given by

Goodwin et al. for the dependence of the TB hopping parameters and the pairwise potential on

the inter atomic separation. The model of Ref. [28] exhibits good transferability when applied

to a wide variety of crystal structures. Using Eq. (29) discarding the last term with the two

center approximation and taking Eq. (30) to write the first two terms we obtain the Hamiltonian

matrix element in the integral form:

hα′(j′l′),α(jl) = ǫαδα′αδ(j′l′)(jl)(33)

+
∑

l

∫
d3rφ∗

α′(r)H2C(r− t)φα(r− t) ,

with the displacement vector t given in Eq. (31). For carbon the right minimal basis set is

formed by 2s and 2p orbitals, thus omitting 1s and the higher extern orbitals (3s, 3p, . . . ).

Slater and Koster [20] showed that every integral in Eq. (33) is completely determined by a

director cosine ci defined in Eq. (32) and by a parameter representing the orbital overlap. With

Es Ep Assσ Aspσ Appσ Appπ

-2.99 eV 3.71 eV -5.0 eV 4.7 eV 5.5 eV -1.55 eV

Table 3.1. Parameters for the TB model by Xu, Wang, Chan and
Ho [28]. Es and Eb are the atomic orbital energies.

q nc rc [Å] r0 [Å] r1 [Å]
2.0 6.5 2.18 1.536329 2.45

Table 3.2. Parameters for the s(r) function [28].

21



22 3. THE TB PARAMETERIZATION FOR CARBON

ts(r − r1) tφ(r − d1) f(x)

c0 6.7392620074314× 10−3 2.2504290109× 10−8 −2.5909765118191
c1 −8.1885359517898× 10−2 −1.4408640561× 10−6 0.5721151498619
c2 0.1932365259144 2.1043303374× 10−5 −1.7896349902996× 103

c3 0.3542874332380 6.6024390226× 10−5 2.3539221516757× 10−5

c4 −1.24251169551587× 10−7

Table 3.3. Coefficients of the polynomial functions ts(r−r1), tφ(r−
d1), and f(x) [28].

this minimal basis all possible orbitals overlaps are only four, which leaves us to compute four

parameters: Vssσ, Vspσ, Vppσ, Vppπ. We can express the different integrals representing all the

possible intersite interaction between two carbon orbitals as
∫
d3rφ∗

s(r)H2C(r− t)φs(r− t) = Vssσ(34)

∫
d3rφ∗

s(r)H2C(r− t)φpi(r− t) = ciVspσ
∫
d3rφ∗

pi
(r)H2C(r− t)φs(r− t) = −ciVspσ

∫
d3rφ∗

pi
(r)H2C(r− t)φpj(r− t) = c2iVppσ + (1− c2i )Vppπ (i = j)

∫
d3rφ∗

pi
(r)H2C(r− t)φpj(r− t) = cicj(Vppσ − Vppπ) (i 6= j) ,

with i, j = x, y, x. The on-site energies are the Hamiltonian’s diagonal element, namely the

first term in Eq. (33). They represent the energy value of each possible orbital in each atom and

the obtained parametrization [28] gives a fixed values Es and Ep for the two kind of orbitals.

The director cosines are easily computed and the term Vνν′µ is the product of two parts:

(35) Vνν′µ = Aνν′µs(r) with νν ′µ = ssσ, spσ, ppσ, ppπ .

The six fixed parameters (two diagonal terms and four off-diagonal energies Aνν′µ) are reported

in Table ,3.1. The function s(r) modulates the hopping integrals depending on inter atomic

distance r = |t|, with t defined in Eq (31). Xu et al. adopt the functional form suggested by

GSP [29] for the scaling function s(r):

(36) s(r) =
(r0
r

)q
exp

(
q

[
−
( r
rc

)nc

+
(r0
rc

)nc

])
.

The value r0 denotes the nearest-neighbor atomic separations in diamond and q, nc, rc are

parameters that need to be determined. Xu et al. choose the cut-off distance rm = 2.6 Å

which is between the nearest-neighbor and next-nearest-neighbor distances of carbon atoms

in the diamond structure at equilibrium. The parameters in the model in Eq. (36) are chosen

primarily by fitting first-principles LDA results of energy versus nearest-neighbor inter atomic

separation for different carbon polytypes [30], i.e. diamond, graphite, linear chain, simple cubic

and face-centered cubic structures, with special emphasis on the diamond, graphite and linear

chain structures. These values are reported in Table 3.2. The function s(r) goes to zero at
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φ0(eV ) m mc dc [Å] d0 [Å] d1 [Å]
8.18555 3.30304 8.6655 2.1052 1.65 2.57

Table 3.4. Parameters for the φ(r) function.

infinity. Since we need a finite smooth cut-off at some designated finite distance r1 = 2.45 Å,

which we achieve by replacing the tail of s(r) with a third-order polynomial ts(r − r1), whose

coefficients reported in Table 3.3, are determined by requiring the connection of s(r) and ts(r)

at r1 to be smooth up to the first derivatives.

3.2. Total energy

To obtain the bands of a given carbon-only structure we solve numerically the generalized

eigenvalue problem in Eq. (12). The chemical potential µ is found by imposing the condition:

(37) 2
1

Nk

∑

k,ν

fFD[ǫν(k), Te] = Ne = N ×Norb ,

where the factor 2 takes into account the spin degeneracy the sum extends over all N × Norb

TB bands and all Nk k -points in the Brillouin zone, with the Fermi-Dirac occupancy functions

at a fictitious electronic temperature Te

(38) fFD[ǫν(k), Te] =
1

exp
(
ǫν−µ
kBTe

)
+ 1

.

Ne is the total number of electrons per unit cell. The total band-structure energy Ebs is obtained

by summing the eigenvalues weighted with the occupancy of the electronic states:

(39) Ebs = 2
1

Nk

∑

k,ν

fFD[ǫν(k), T ]ǫν(k) .

Since Ebs amounts for the interaction between any single electron with all of the other ones at

a mean field-level, in practice

(40) Ebs = Uel−ion + 2Uel−el .

It is therefore possible to write the total energy Etot of the (ions+electrons) system:

(41) Etot = Uion−ion + Uel−ion + Uel−el = Ebs + (Uion−ion − Uel−el) .

The problem with the above equation is that within the present semi-empirical scheme it is

not possible to compute directly the Hartree energy Uel−el since the electron density ρ(r) is not

determined while in principle the term Uion−ion could be computed by means of Madelung sum-

mations. In concrete the difference Uion−ion − Uel−ion is approximated by an effective repulsive

energy Erep to obtain:

(42) Etot = Ebs + Erep .

This repulsive term accounts for several phenomena:

(1) the Coulomb ion-ion interaction;

(2) the correction of the double counting electron-electron interactions;
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(3) the overlap interaction due to the non-orthogonality of the basis set; the Löwdin pro-

cedure should be carried out at each configuration of the carbon atoms;

(4) in some effective manner the inclusion of the neglected three-center energy integrals;

(5) any possible charge transfer effects that are not included self-consistently in the TB

scheme.

Following Xu et al. [28] Erep has the form:

(43) Erep =
∑

i

f

(
∑

j 6=i

φ(ri,j)

)
,

where φ(ri,j) is a pairwise potential between atoms i and j and f is a 4th-order polynomial.

The pairwise potential has the same form as in Ref. [29], and is basically the same form as

Eq. (36):

(44) φ(r) = φ0

(
d0
r

)m

exp

(
m

[
−
(
r

dc

)mc

+

(
d0
dc

)mc
])

.

This function’s parameters are collected in Table 3.4. For distances larger than a first cut-off

distance, d1 = 2.57 Å this function is replaced by a third order polynomial tφ(r−d1). Following
the same procedure used to obtain ts(r − r1) requiring the tangency between φ(r) and tφ at

d1 < dm and its first derivative vanish at dm = rm = 2.6 Å, the polynomial coefficients listed in

Table 3.3 are obtained. This kind of parameterization give an empirical repulsive energy that

guarantees a good description for carbon structures, in particular for graphite, diamond and

linear chain structures. Xu, Wang et al. also showed the good transferability and the agreement

with results obtained from ab-initio calculations.

3.2.1. Correction of the repulsive potential. Unfortunately earlier researchers seem

not to have realized that, as it stands, the original potential is unstable due to the negative

value of the c4 term in f(x) (where x states for
∑
φ(ri)), see Table 3.3. This leading term causes

a sign change, followed by negative divergence of Erep when two atoms i, j reach a distance

r < 1 Å. Such “squeezed” situations are normally not likely to occur. However, as Murphy’s

law has it, during MD simulations or minimizations, we run into a finite probability of falling

into such unphysical short-distance attraction, leading to instability and collapsing simulations.

To avoid these difficulties and restore a physically sound overall potential surface, we propose

a modification in the f(x) parameterization. We add to the polynomial function f(x) a new

8th-order term, with coefficient c8 = 2.0× 10−17 eV. The modified f(x) function is explicitly:

(45) f(x) = c0 + c1x+ c2x
2 + c3x

3 + c4x
4 + c8x

8 = f(x) + δf(x) ,

The resulting repulsive potential is compared to the original one in Fig. 3.1, showing that the

new term does indeed correct the problem. Figure 3.2 shows that the 8th-order term causes

a visible difference between the two functions only for distances r < 1.0 Å, which might only

occur in rather high-energy collisions between two carbon atoms. In this way, f(x) provides

a repulsive potential with the same properties of the original one in the physical region of

bonding without the unphysical risk of two atoms collapsing to the same position driven by an

infinite attractive interaction. In detail, Fig. 3.2 shows that for values greater than 1.15 Å the

difference between f and f is too small to make any difference in the total energy calculation.
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Figure 3.1. The repulsive energy Erep for a C-C dimer as a function
of distance r. Dashed: the original f(x) exhibiting a negative diver-
gence. The solid: our modified f(x) with physically correct positive
divergence.

As a consequence, all previous characterizations of this TB model [22] remain valid for the

corrected model based on f .

3.2.2. k-point integration. The electronic part of the total energy requires an averaging

over the full BZ. This k -point integration, in practice, is carried out by a summation over a

sufficiently dense discrete mesh of k -points. We tested the convergence of our results against

the number of k points in the mesh.

For efficiency reasons, there is no need to compute the full mesh, since one can take

advantage of symmetry. For example in a rectangular BZ, the bands have the symmetries

ǫkx,ky = ǫ−kx,ky = ǫkx,−ky = ǫkx,ky : it is possible and convenient to implement a reduced mesh

restricted to first quadrant kx ≥ 0, ky ≥ 0. The other k points not considered are accounted for

by means of suitable weights. The weights count all equivalent k vectors in all quadrants and

finally assign the right factor at the corresponding first-quadrant k vector. The simplification

illustrated above makes all calculation substantially faster. For example a 5 × 5 mesh of k

vectors can be reduced to a mesh of only 9 k-points, requiring 9 Hamiltonian diagonalization

instead of 25.
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Figure 3.2. The introduced correction to the repulsive term: δf =
f(x)− f(x). The displayed interval for r repeats the typical range of
bonding: this figure makes it clear that throughout the physical range
of meaningful applications the correction δf ≤ 10−4 eV.



CHAPTER 4

Calculation of the forces

To follow the classical notion of the atomic position a.s. following the adiabatic potential

surface provided by Etot, it is necessary to evaluate the associated forces. The system is com-

posed by a set of N point-like atoms characterized by Cartesian coordinates {Ri; i = 1, . . . , N}.
Regardless of the actual form of the repulsive potential and scaling functions, the semi-empirical

TB model provides a total energy functional with Etot ≡ Etot(R1,R2, · · · ,RN):

Etot(R1,R2, · · · ,RN) = Ebs + Erep =(46)

=
∑

k,ν

〈ψν(r,k)|h(r) |ψν(r,k)〉 fFD(ǫν(k)− µ) + Erep(R1,R2, · · · ,RN) ,

where the electronic term depends on {Ri} since h(r), ψν(r,k), ǫν(k) and µ all depend on

{ki} The first term is Ebs solved in Sec. 3.1, the second term is the repulsive potential and is

illustrated in Sec. 3.2 for carbon atom. We rewrite Etot(R1,R2, · · · ,RN) = Etot({Ri}) using

the eigenvalues form for Ebs :

(47) Etot({Ri}) =
2

Nk

∑

k,ν

ǫν(k)fFD(ǫν − µ) + Erep({Ri}) .

According to classical mechanics, the total force Fγ acting on the γ-th ion is given by

Fγ = − ∂

∂Rγ
Etot({Ri}) = − ∂

∂Rγ

[
2

Nk

∑

k,ν

ǫν(k)fFD(ǫν − µ) + Erep({Ri})
]

(48)

=
[
FA

γ + FR

γ

]
,

where we have separate the first attractive (or covalent) contribution FA
γ from the second re-

pulsive contribution FR
γ . The two terms not only differ as far as their origin is concerned (the

first one depending on the true TB model only, the second one depending just on the empirical

repulsive potential), but more importantly they require dissimilar numerical treatments. The

repulsive force is in fact trivially computed since Erep({Ri}) in the present TB implementation

is known analytically as a function of the inter atomic distances, as discussed in the previous

section. The evaluation of FR
γ is therefore neither computationally intensive (indeed the asso-

ciated potential Erep is by construction short ranged) nor deserves any particular remark. On

the other hand, the attractive contribution to the net force does requires careful handling.

27
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4.1. The Hellmann-Feynman theorem

We come to the calculation of the force contribution of the attractive electronic term. Using

Eq. (25) we write the explicit form of the wave-function with orthogonal basis set:

FA

γ = − 2

Nk

∂

∂Rγ

∑

k,ν

ǫν(k)fFD(ǫν − µ)(49)

= − 2

Nk

∂

∂Rγ

∑

k,ν

〈ψν(r,k)|h(r) |ψν(r,k)〉 fFD(ǫν − µ)

= − 2

Nk

∂

∂Rγ

∑

k,ν

∑

α′j′l′

∑

αjl

C∗
να′j′l′(k)Cναjl(k) 〈φα′j′l′(r)|h(r) |φαjl(r)〉 fFD(ǫν − µ) .

For simplicity consider single k point, which allow us to leave the k -pint sum above. The

coefficients C defined in Eq. (25) is redefined here for a simpler notation: Cναjl(k) = eik·RlC̃ναj =

Cναjl. As in Eq. (26) the Hamiltonian matrix element is:

(50) hα′(j′l′),α(jl) = 〈φα′j′l′(r)|h(r) |φαjl(r)〉 .
Eventually the total force is obtained by summing all k points:

(51) FA

γ =
1

Nk

∑

k

FA

kγ

By computing the derivative of each factor, the form of FA

kγ become:

FA

kγ = −2
∑

ν

[
∑

α′j′l′

∑

αjl

∂C∗
να′j′l′

∂Rγ

Cναjlhα′(j′l′),α(jl) +(52)

+
∑

α′j′l′

∑

αjl

C∗
να′j′l′

∂Cναjl

Rγ
hα′(j′l′),α(jl) +

∑

α′j′l′

∑

αjl

C∗
να′j′l′Cναjl

∂hα′(j′l′),α(jl)

∂Rγ

]
fFD(ǫν − µ) +

− 2
∑

ν

ǫν
∂fFD(ǫν − µ)

∂(ǫν − µ)

∂(ǫν − µ)

Rγ
,

If we make use of the following relations (which hold because of the orthogonality of the basis

set)

(53)
∑

αjl

Cναjlhα′(j′l′),α(jl) = ǫνCνα′j′l′ and
∑

α′j′l′

C∗
να′j′l′hα′(j′l′),α(jl) = ǫνC

∗
ναjl ,

we can transform Eq. (52) into

FA

kγ = − 2
∑

ν

[
ǫν

∂

∂Rγ

(
∑

αjl

C∗
ναjlCναjl

)
+(54)

+
∑

α′j′l′

∑

αjl

C∗
να′j′l′Cναjl

∂hα′(j′l′),α(jl)

∂Rγ

]
fFD(ǫν − µ) +

− 2
∑

ν

ǫν
∂fFD(ǫν − µ)

∂(ǫν − µ)

∂(ǫν − µ)

Rγ
.
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The first term appearing on the right-hand side of the above equation is actually zero, since

(55)
∑

αjl

C∗
ναjlCναjl = 1

involved by the normalization of the eigenvectors of the LCAO matrix problem. Equation (54)

can then be re-written as:

FA

kγ = − 2
∑

ν

∑

α′j′l′

∑

αjl

C∗
να′j′l′Cναjl

∂hα′(j′l′),α(jl)

∂Rγ

fFD(ǫν − µ) +(56)

− 2
∑

ν

ǫν
∂fFD(ǫν − µ)

∂(ǫν − µ)

∂(ǫν − µ)

Rγ
.

The simple derivation presented above is the implementation of the Hellmann-Feynman theorem

[31] for the TB model. It generally states that to compute the linear response of the Hamiltonian

eigenenergies to an external perturbation (here an atomic displacement), one can ignore the

response of the wavefunction. Before any further analysis involving the first term on the right

side of Eq. (56) focus on the calculation of the second term.

4.1.1. The Mermin free energy. To compute the force FA

kγ acting on γ ion one must

take the derivative of Etot({Ri}) as illustrated above. In particular it is necessary to include

changes in Etot({Ri}) caused by changes in the occupancy fFD(ǫν − µ): a new term arises in

force. Pederson and Jackson [32] showed that it is very difficult to calculate this occupancy

term in Eq. (56). Calling the first term on right side FHF
kγ for its link with the Hellmann-Feynman

theorem we rewrite Eq. (56) as:

(57) FA

kγ = FHF
kγ − 2

∑

ν

ǫν
∂fFD(ǫ)

∂(ǫ)

∣∣∣∣∣
ǫ=ǫν−µ

∂(ǫν − µ)

Rγ
.

Following the fundamental work by Wentzcovitch, Martins and Allen [33], we introduce the

Mermin free energy [34]:

(58) Ω = Etot({Ri}) +K − TelS ,

(59) S = −2kB
∑

ν

[fν ln fν + (1− fν) ln(1− fν)] ,

where fν = f(ǫν − µ). Wentzcovitch et al. showed numerically that MD simulations conserves

the quantity Ω+KI rather than U+KI which would be appropriate if the second “entropic”term

in Eq. (57) was absent. According to this new conservation law the gradient of the free energy

result:

(60) FA

kγ = − ∂Ω

∂Rγ
= −∂Etot({Ri})

∂Rγ
+
∂(TelS)

∂Rγ
,

where the first term gives Eq. (57) and the second term becomes:

∂(TelS)

∂Rγ
= Tel

∑

ν

∂S

∂fFD(ǫν − µ)

∂fFD(ǫν − µ)

∂(ǫν − µ)

∂(ǫν − µ)

Rγ
(61)

= −2
∑

ν

ǫν
∂fFD(ǫν − µ)

∂(ǫν − µ)

∂(ǫν − µ)

Rγ
,
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that cancels exactly the second term in Eq. (57) and the resulting force is

(62) FA

kγ = FHF

kγ .

Details about the analytical procedure are shown in AppendixB. This useful result has been

used in first-principle simulation and tight binding methods. Interesting applications concern

the effect of high temperature like the study of thermal disintegrations of carbon fullerenes

[35].

4.2. The electronic force contribution

Eventually we adopt the following expression for the electronic contribution to the net force

on the γ-th atom:

(63) FA

kγ = −2
∑

ν

∑

α′j′l′

∑

αjl

C∗
να′j′l′Cναjl

∂hα′(j′l′),α(jl)

∂Rγ

fFD(ǫν − µ) .

It is important to remark that Eq. (63) is a straightforward expression which is the one we

implement in our TB study. Indeed, once all of the entries of Eq. (50) (i.e. equilibrium two-

center integrals and their scaling rules) are given, we know how to construct a TB matrix for

any ionic configuration.

There is, however, a last conceptual issue that must be addressed. It is known that when

even the basis set functions do depend on ionic coordinates, then an extra contribution to the

forces should be included, in addition to the standard one provided by the Hellmann-Feynman

recipe. It is commonly referred to as the Pulay force contribution. In the present case, one can

prove that the above attractive force FA

kγ already includes such a Pulay contribution. Let us

formally expand the derivative appearing in Eq. (63) as

∂hα′(j′l′),α(jl)

∂Rγ
=

∂

∂Rγ
〈φα′j′l′(r)|h(r) |φαjl(r)〉(64)

= 〈φα′j′l′(r)

∂Rγ
|h(r)|φαjl(r)〉+ 〈φα′j′l′(r)|h(r)|

φαjl(r)

∂Rγ
〉+

+ 〈φα′j′l′(r)|
∂h(r)

∂Rγ
|φαjl(r)〉 .

and accordingly work out Eq. (63) as

FA

kγ = 2
∑

ν

[
∑

α′j′l′

∑

αjl

C∗
να′j′l′Cναjl〈φα′j′l′(r)|

∂h(r)

∂Rγ
|φαjl(r)〉+(65)

+
∑

α′j′l′

∑

αjl

C∗
να′j′l′Cναjl

(
〈φα′j′l′(r)

∂Rγ
|h(r)|φαjl(r)〉+

+ 〈φα′j′l′(r)|h(r)|
φαjl(r)

∂Rγ
〉
)]

fFD(ǫν − µ) .

This form, which is equivalent to Eq. (63), shows that the TB attractive force includes both

the Hellmann-Feynman [31] and Pulay [36] contributions, as the first and second term of the

right-hand side of Eq. (65). Therefore Eq. (65) represents the most explicit formal expression

for FA

kγ while Eq. (63) represents its simplest version for numerical implementation.
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The forces given in Eq. (63) display a useful symmetry when the TB scheme is developed

under the two-center approximation. In fact it holds

(66)
∂hα′(j′l′),α(jl)

∂Rγ
= F̄

γ
α′j′l′,αjl(δjlγ − δj′l′γ)

where F̄
γ
α′j′l′,αjl represents the explicit result for the derivative of the energy integrals given in

Eq. (33), obtained practically by the derivation of Eq. (34) using the functional s(r) and the

cosine directors. The index γ represent a ionic position as the index pair (jl). Since the TB

Hamiltonian matrix is real symmetric, we have

(67) F̄
γ
α′j′l′,αjl(δjlγ − δj′l′γ) = F̄

γ
αjl,α′j′l′(δj′l′γ − δjlγ) ,

which in turn implies that

(68) F̄
γ
α′j′l′,αjl = −F̄

γ
αjl,α′j′l′ .

By combining these results to Eq. (63) we easily get

FA

kγ = −2
∑

ν

∑

α′α

∑

jl

(
C∗

να′jlCναγF̄
γ
α′jl,αγ + C∗

να′γCναjlF̄
γ
αjl,α′γ

)
fFD(ǫν − µ)

= −4
∑

ν

∑

α′α

∑

jl

C∗
να′jlCναγF̄

γ
α′jl,αγfFD(ǫν − µ) ,(69)

which represents the ultimate expression for the TB forces to insert into the code. Interestingly

enough the above expression allows for the separation of the total TB force into two-body

contributions

(70) FA

k =
∑

jl

FA

kjl ,

where

(71) FA

kjl = −4
∑

ν

∑

α′α

C∗
να′jlCναγF̄

γ
α′jl,αγfFD(ǫν − µ) .

The total force is obtained by summing Eq. (70) over all k -points as in Eq. (51).





CHAPTER 5

Geometry optimization and dynamics

In this chapter we give a description of the numerical methods used in the present thesis.

The first three section are dedicated to minimization procedure, these are necessary to obtain a

relaxed structure. The equilibrium geometry of a generic carbon structure is found by executing

repeatedly our TB algorithm within a suitable iterative procedure. A simple possibility is

the use of downhill simplex method, used in Ref. [37] that only require the total energy, not

the forces. For this reason the simplex method is rather inefficient and it requires numerous

evaluation of the total energy. In this work we use it only as a comparison for the more

refined minimization procedures. Other, faster methods, which require the total energy and

the atomic forces are the conjugate gradient method and the quasi-Newton method. All of these

minimization procedures are well known and widely used. We will recall the main ideas behind

the three methods and refer to Ref. [38] for a further detailed description. Using the forces it is

also possible to explore dynamical behavior of the compound by means of molecular dynamics

(MD). For this purpose we use the Velocity-Verlet algorithm, described in the last section.

5.1. Downhill simplex

The downhill simplex method is due to Nelder and Mead [39]. A simplex is the geometrical

figure consisting, in N dimensions, of N +1 points. For example, given an arbitrary vector P0,

other N vectors could be generated by

(72) Pi = P0 + λei ,

where the ei’s are N orthonormal unit vectors and λ is an appropriate constant. In our appli-

cations, we adopt this simple initial simplex, with λ = 0.1 Å. Afterwards the downhill simplex

method now takes a sequence of steps called reflections and evaluates the energy associate with

each vector Pi. When it nears a local minimum the method contracts itself in all directions,

pulling itself in around its lowest (best) point. The algorithm ends when the energy differ-

ence of the N + 1 points is less than a certain tolerance. Eventually the vectors Pi contains

an approximation of the relaxed atomic coordinates. This method is rather slow but has the

advantage of not requiring the forces.

5.2. Conjugate gradient

To find a minimum in one dimension, recall how the bisection method finds roots of func-

tions. For finding a root you need two points, for example if the root is supposed to have

been bracketed in an interval (a, b) one then evaluates the function at an intermediate point x

and obtains a new, smaller bracketing interval. To localize a minimum, the number of points

needed is three: indeed consider three points a < b < c such that f(b) is less than both f(a)

and f(c), in this case we know that the function has a minimum in the interval (a, c). Now

we proceed choosing a new point x either between (a, b) or (b, c), suppose to make the latter
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Figure 5.1. Successive minimizations along coordinate directions
in a long, narrow “valley”.

choice. Then evaluating f(x) if f(b) < f(x) then the new bracketing triplet of points is (a, b, x).

In contrast, if f(b) > f(c) then the new bracketing triplet is (b, x, c). Iterating this process

leads to the successive bracketing of a minimum giving a more precise value at each step. It

is necessary to fix a tolerance that interrupts the iterations. This is how line minimization

works, this kind of algorithm is used both in Conjugate gradient and Quasi Newton methods.

In multi dimension if we start at point P in N -dimensional space and proceed from there in

some directions n then any function f(P) can be minimized along n using the one-dimensional

method and then choose a new direction n. Different methods differ only by how, at each

stage, they choose the next direction n to try. Before introducing the core of the method it

is important to show how line minimization works using the concept of conjugate directions.

Take the unit vectors e1, e2, . . .eN as a set of directions. Consider a function of two dimensions

whose contour map (level lines) happen to define a long, narrow valley at some angle to the

coordinate basis vectors: see Fig. 5.1. Then if we are going along the basis vectors at each stage

we need a long sequence of many tiny steps to reach the minimum. Obviously what we need

is a better set of directions than the ei’s. Even the local gradient direction could have similar

problems. In particular we are looking for directions with the special property that minimiza-

tion along one is not “spoiled”by subsequent minimization along another. These are called

“non interfering”directions or conjugate directions. Minimizing a function along a direction u

the gradient of the function is perpendicular to u at the line minimum. Taking a point P as the

origin of the coordinate system with coordinates x the function f approximated by its Taylor
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series results:

f(x) = f(P) +
∑

i

∂f

∂xi
xi +

1

2

∑

i,j

∂2f

∂xi∂xj
xixj + . . .(73)

≈ c− b · x +
1

2
x ·A · x

where

(74) c ≡ f(P) b ≡ −∇f |P [A]i,j ≡
∂2f

∂xi∂xj

∣∣∣∣
P

The matrix A whose components are the second partial derivative matrix of the function is

called the Hessian matrix of the function at P. Using Eq. (73) the gradient of f is easily

calculated as

(75) ∇f = A · x− b ,

moving along an arbitrary δ(x) direction the gradient changes in this way:

(76) δ(∇f) = A · δ(x).
After having moved along u to a minimum, now we choose to move along some new direction

v. The condition that motion along v do not spoil our minimization along u is just that the

gradient stays perpendicular to u, i.e., that the change in the gradient be perpendicular to u.

Using Eq. (76) this is just

(77) 0 = u · δ(∇f) = u ·A · v .
When Eq. (77) holds for two generic vectors u and v, they are said to be conjugate.

Now consider a system of N dimension and a N -dimensional point P. In the literature there

are a lot of methods that use conjugate directions. Some of them like Powell’s quadratically

convergent method does not use explicit calculation for the gradient. In this thesis we are

able to use methods that need, given a point P, not just the value of a function f(P) but

also its gradient ∇f(P). This is possible thanks to our implementation of forces calculation

in Sec. 4. A common beginner’s error is to assume that any reasonable way of incorporating

gradient information should be about as good as any other. This line of thought leads to the

not very good algorithms like the steepest descent method : Start at point P, move form Pi to

Pi+1 by minimizing along the line from Pi in the direction of local downhill gradient −∇f(Pi)

and iterating this procedure. The problem with the steepest descent method is similar to the

problem that was shown in Fig. 5.1. The method will perform many small steps in going down

a long, narrow valley, even if the valley is a perfect quadratic form. Introducing the conjugate

gradient method we need an arbitrary initial vector g0 and letting h0 = g0, the conjugate

gradient method constructs two sequences of vectors from the recurrence

(78) gi+1 = gi − λiA · hi hi+1 = gi+1 + γihi i = 0, 1, 2, . . .

The vectors satisfy the orthogonality and conjugacy conditions

(79) gi · gj = 0 hi ·A · hj = 0 gi · hj = 0 i 6= j
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The scalars λi and γi are given by

(80) λi =
gi · gi

hi ·A · hi
=

gi · hi

hi ·A · hi
,

(81) γi =
gi+1 · gi+1

gi · gi
.

Now suppose that we knew the Hessian matrix A in Eq. (73). Then we could use the construc-

tion in Eq. (78) to find successively conjugate directions hi along which to line-minimize. The

main problem is that we don’t know A, but to overcome that problem we can use a theorem:

Suppose we happen to have gi = −∇f(Pi), for some point Pi, where f is of the form (73).

Suppose that we proceed from Pi along a direction hi to the local minimum of f located at

some point Pi+1 and then set gi+1 = −∇f(Pi+1). Then, this gi+1 is the same vector as would

have been constructed by Eq. (78).

Proof: By Eq. (75), gi = −A ·Pi + b, and

(82) gi+1 = −A · (Pi + λhi) + b = gi − λA · hi

which λ permit to take us to the line minimum. But at the line minimum hi·∇f = −hi·gi+1 = 0.

This latter condition is easily combined with Eq. (82) to solve for λ. The result is exactly the

expression (80). But with this value of λ, (82) is the same as (78), q.e.d. At this point we have

the basis of an algorithm that requires neither knowledge of the Hessian matrix A, nor even

the storage space necessary to store such a matrix. A sequence of directions hi is constructed,

using only line minimizations and evaluations of the gradient vector. The algorithm described

so far is the original Fletcher-Reeves version of the conjugate gradient algorithm. Later, Polak

and Ribiere introduced one tiny, but sometimes significant, change. They proposed to use the

form

(83) γi =
(gi+1 − gi) · gi+1

gi · gi

instead of Eq. (81), this two equations are equal for exact quadratic forms. There is some

evidence [40] that the Polak-Ribiere formula accomplishes the transition to further iterations

more gracefully.

5.3. Quasi-Newton

Quasi Newton methods also called variable metric methods have a variable metric approach

different from the conjugate gradient in the way that it stores and updates the information

that is accumulated. Variable metric methods come in two main flavors. One is the Davidon-

Fletcher-Powell (DFP) algorithm. The other goes by the name Broyden-Fletcher-Goldfarb-

Shanno (BFGS). It has become generally recognized that, empirically, the BFGS scheme is

superior. As before, we imagine that our arbitrary function f(x) can be locally approximated

by the quadratic form of Eq. (73). The basic idea of the variable metric method is to build up,

iteratively, a good approximation to the inverse Hessian matrix A−1, that is, to construct a

sequence of matrices Hi with the property,

(84) lim
i→∞

Hi = A−1 .
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The reason that these methods are called quasi-Newton methods can now be explained. Con-

sider finding a minimum by using Newton’s method to search for a zero of the gradient of the

function. Near the current point xi, we have to second order

(85) f(x) = f(xi) + (x− xi) · ∇f(xi) +
1

2
(x− xi) ·A · (x− xi)

so

(86) ∇f(x) = ∇f(xi) +A · (x− xi)

In Newton’s method we set ∇f(x) = 0 to determine the next iteration point:

(87) x− xi = A−1 · ∇f(xi)

The left-hand side is the finite step we need take to get to the exact minimum; the right-hand

side is known once we have accumulated an accurate H ≈ A−1. The “quasi” in quasi-Newton is

because we don’t use the actual Hessian matrix of f , but instead use our current approximation

of it. This is often better than using the true Hessian. We can understand this paradoxical

result by considering the descent directions of f at xi. These are the directions p along which

f decreases: ∇f · p < 0. For the Newton direction Eq. (87) to be a descent direction, we must

have:

(88) ∇f(xi) · (x− xi) = −(x− xi) ·A · (x− xi) < 0

that is, A must be positive definite. In general, far from a minimum, we have no guarantee

that the Hessian is positive definite. The idea behind quasi-Newton methods is to start with a

positive definite, symmetric approximation to A and build up the approximating Hi’s in such

a way that the matrix Hi remains positive definite and symmetric. Far from the minimum, this

guarantees that we always move in a downhill direction. Close to the minimum, the updating

formula approaches the true Hessian and we enjoy the quadratic convergence of Newton’s

method. We do not rigorously derive the DFP algorithm for taking Hi into Hi+1; you can

consult Ref. [41] for clear derivations. We will give the following heuristic motivation of the

procedure. Subtracting Eq. (87) at xi+1 from the same equation at xi gives:

(89) xi+1 − xi = A−1 · (∇fi+1 −∇fi) ,
where ∇fj ≡ ∇f(xj). Having made the step from xi to xi+1, we might reasonably want to

require that the new approximation Hi+1 satisfy Eq. (89) as if it were actually A−1, that is:

(90) xi+1 − xi = Hi+1 · (∇fi+1 −∇fi) .
We might also imagine that the updating formula should be of the form Hi+1 = Hi+correction.

To construct the correct term are used the two vectors xi+1 −xi and ∇fi+1 −∇fi and also Hi.

There are not infinitely many natural ways of making a matrix out of these objects, especially

if Eq. (90) must hold. One such way, the DFP updating formula is:

Hi+1 = Hi +
(xi+1 − xi)⊗ (xi+1 − xi)

(xi+1 − xi) · (∇fi+1 −∇fi)
(91)

− [Hi · (∇fi+1 −∇fi)]⊗ [Hi · (∇fi+1 −∇fi)]
(∇fi+1 −∇fi) ·Hi · (∇fi+1 −∇fi)

,

where ⊗ denotes the “direct”product of two vectors, a matrix: the ij component of u ⊗ v is

uivj.
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5.4. Velocity-Verlet algorithm

Verlet integration is a numerical method used to integrate Newton’s equations of motion. It

is frequently used to calculate trajectories of particles in molecular dynamics simulations. The

Verlet integrator offers greater stability than the much simpler Euler method, as well as other

properties that are important in physical systems such as time-reversibility and area preserving

properties. Verlet integration was used by Carl Störmer to compute the trajectories of particles

moving in a magnetic field (hence it is also called Störmer’s method) and was popularized in

molecular dynamics by French physicist Loup Verlet in 1967.

In a system of N particles, taking the Newton’s equation of motion for a single particle j

for conservative physical systems:

(92) r̈j(t) = aj(t) = (1/mj)Fj(t) = −(1/m)∇V (rj(t)) ,

where a is the accelerations, m the mass, F the total force, r the position, V the scalar potential

function and t the time. In order to compute numerically the microscopic trajectory we need

to introduce a discretization of time evolution. Taking the time step δt, representing the unit

time interval it is now possible to introduce the Verlet algorithm. The basic idea is to write

two third-order Taylor expansions for the positions r(t), one forward and one backward in time.

Calling b the third derivatives of r with respect to t, one has:

rj(t+ δt) = rj(t) + vj(t)δt +
1

2
aj(t)δt

2 +
1

6
bj(t)δt

3 +O(δt4) ,(93)

rj(t− δt) = rj(t)− vj(t)δt+
1

2
aj(t)δt

2 − 1

6
bj(t)δt

3 +O(δt4) .(94)

Adding the two expressions gives

(95) rj(t+ δt) = 2rj(t)− rj(t− δt) + aj(t)δt
2 +O(δt4) .

This is the basic form of the Verlet algorithm. A problem with this version of the Verlet

algorithm is that velocities are not generated directly. While they are not needed for the time

evolution, their knowledge is sometimes necessary. Moreover, they are required to compute the

kinetic energy K, whose evaluation is necessary to test the conservation of the total energy.

One could compute the velocities from the positions by using:

(96) vj(t) =
rj(t+ δt)− rj(t− δt)

2δt
.

To overcome this difficulty, some variants of the Verlet algorithm have been developed. The

Velociry-Verlet [42] represents a better implementation of the original Verlet algorithm incor-

porating the velocity v. Velocity-Verlet is also similar to Leapfrog integration [43], except that

the velocity, position and accelerations at time t + δt are obtained from the same quantities

at time t. Knowing the acceleration of each particle as in Eq. (92) at time t, the standard

implementation scheme of this algorithm is:

(1) Calculate: vj(t+
1
2
δt) = vj(t) +

1
2
aj(t)δt

(2) Calculate: rj(t+ δt) = rj(t) + vj(t+
1
2
δt)δt

(3) Derive aj(t+ δt) from the potential using rj(t+ δt)

(4) Calculate: vj(t+ δt) = vj(t+
1
2
δt) + 1

2
aj(t+ δt)δt.

It is possible to eliminate the half-step velocity inserting the first point directly into the second.

The local error in position of the Verlet integrator is O(δt4), and the local error in velocity is
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O(δt2). The global error in position, in contrast, is O(δt2) and the global error in velocity is

O(δt2).





CHAPTER 6

Carbyne in graphene nanohole

The potential of carbon based electronics is undoubtedly enormous, in fact carbon nanos-

tructures are studied for a large variety of possible application: from bionanotechnology to

nanovolatile memories. Specifically, these structural memory effects have been explained by

the formation of carbon chains made by a few aligned sp-hybridized atoms bridging a nano-

metric gap [44]. Carbon atoms in linear structures show an sp hybridization while fullerenes,

nanotubes and graphene are examples of structures based on mainly sp2-hybridized carbon. In

this context, the production of pure-carbon nanostructured films with coexisting sp and sp2

hybridization opens the exciting possibility to tailor complex carbon based nanostructures with

linear chains made of sp-hybridized C atoms connecting graphitic nano-objects. The coexis-

tence of sp and sp2 hybridization in carbon has been demonstrated since 2002 [45], based on

Raman spectroscopy and is being studied both with experiments and simulations techniques

[46]. The present chapter deals mainly with a structural, electronic and dynamical study of

different carbon chains inserted into a hole defect in a graphene layer.
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Figure 6.1. Total energy per 4-C atoms unit cell plotted in function
of the unit vector a. The TB minimum is indicated by dashed line,
the experimental value is marked by solid line and the DFT value with
dot-dashed line.
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Figure 6.2. Perfect graphene foil with the super cell delimited by
red lines formed by 7 × 4 rectangular unit cell, a and b are the unit
vectors of the nonprimitive rectangular cell, with the well know rela-
tion |a| = |b|/

√
3. This super cell contain 112 atoms. The shaded

region represent a primitive cell.

(a) Starting positions (b) Relaxed positions

Figure 6.3. Starting and relaxed positions of the system nanohole-
carbyne: the lateral dimension of the nh is too small and the atoms
of the carbyne interact with the two armchair.
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6.1. Computational details

Starting from a perfect graphene foil, we open a nanohole in the foil by removing a suitable

set of atoms. Finally carbynes of different lengths inserted inside the nanohole. The relaxed

structures are obtained following these steps:

• Generate an initial structure

• Compute the repulsive and attractive energy using TB methods

• Compute the repulsive and attractive force at that structure

• Iterate the calculation using one of the minimization methods outlined in the previous

chapter

At first we determine the appropriate unit cell’s dimensions. Figure 6.1 reports the total energy

of a 4 atoms graphene cell computed with a 50 × 50 k -point mesh, as a function of the unit

vector a. The parameterization we use was made to fit with experimental results, and indeed

we find an energy minimum (dashed line) for |a| = 2.462 Å with the experimental value (solid

line line) |a| = 2.464 Å. The value of DFT is |a| = 2.44 Å (dot-dashed line), the difference in

energy between this value and the experimental one is 0.02 eV only thus for the calculations

of this section we choose to maintain the original DFT value of a. The graphene foil we use

is sketched in Fig. 6.2. Its initial geometry is taken from DFT calculation of Ref. [47]. It is

formed by a rectangular unit cell with |a| = 244 pm and |b| = 422 pm. The energy and force

calculation are computed with periodic boundary conditions to represent an ideally infinite

sheet. For periodically repeated calculations we need to sum over all k-points forming a mesh

in reciprocal space. For the graphene 2D structure this mesh is a bidimensional one. Studying

the graphene foil, the first difficulty is that we need a sheet sufficiently large to dig a nanohole

(nh) of the right size. The size of the nh should be such that an inserted carbyne chain fits

and binds only at the ends. In other words we want avoid the carbyne being influenced by the

nanohole boundary, as usually happens with a too small nh. Fig. 6.3 shows a 6-atoms carbyne

inserted inside a nh of small size. Note that the interaction between the sp-chain and the

armchair edges introduce substantial modifications of the chain’s initial shape. Finally, note

that our TB relaxed structure in Fig. 6.3(b) shows a significantly different structure from that

obtained with a DFT method resulting in a reconstruction.

6.2. Nanohole with Carbyne: structures

In this section we choose to reproduce with TB some of the structures investigated in

Ref. [47] using DFT. We consider a rectangular supercell composed of 112 atoms in the perfect

graphene. The nh is obtained by removing 28 atoms forming a rectangular hole as depicted in

Fig. 6.4. The hole of dimension 975 pm×985 pm and its edge shares both zig-zag and armchair

regions. The size of the nh allows us to insert carbynes of several sizes: from 5 to 8 atoms

long, using various positions relative to the hole. We compute the bonding energy defined

as Ebond = Enh+carb − (Enh + Ecarb), using fully relaxed geometries to to compute all these

ingredients in this relation.

Figure 6.5 shows the resulting relaxed. Table 6.1 summarizes the structural properties of the

configurations considered with their bonding energies compared with DFT results [47]. It is

clear that our TB approach produces systematically smaller bonding energies than DFT. The

nh-C5 side has a bonding energy greater than nh-C5 center : the first one is the most stable
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Figure 6.4. The relaxed positions of the rectangular nanohole ob-
tained removing 28 atoms from the perfect graphene foil in Fig 6.2.

Name Description Ebond Ebond DFT
[eV] [eV]

nh-C5 center C5 chain laying in the same plane of 3.28 4.2
Fig. 6.5(a) the graphene. Bond length 170 pm, 2 bonds.

nh-C5 side C5 chain laying in the same plane of 4.59 6.2
Fig. 6.5(b) the graphene, 1 bond of length 127 pm.

nh-C6 zig C6 chain laying in the same plane of 9.40 12.9
Fig. 6.5(c) the graphene. The chain is bonded to

the zig-zag edge.
nh-C6 arm C6 chain laying in the same plane of 5.31 8.2
Fig. 6.5(d) the graphene and joins opposite

armchair edges.
nh-C7 straight The straight carbyne laying in the 7.66 11.8
Fig. 6.5(e) same plane as the graphene but chain is compressed.

nh-C7 curved A C7 curved carbyne. The chain bents 8.71 12.0
out of the graphene plane.
Maximum height: 167 pm.

nh-C8 curved A C8 curved carbyne. The maximum 9.00 12.5
Fig. 6.5(f) height of the chain equals 297 pm.

Table 6.1. Summary of the different configuration considered for
the system carbyne within a nh. The total bonding energy Ebond cal-
culated by TB simulations is compared here with the DFT results.
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(a) nh-C5 center (b) nh-C5 side

(c) nh-C6 zig (d) nh-C6 arm

(e) nh-C7 straight (f) nh-C8 curved

Figure 6.5. The equilibrium configurations of the structures con-
sidered in the present chapter, top view. The nh-C7 curved is not
depicted here because it is very similar to nh-C7 straight.
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(a) nh-C7 curved relaxed positions (b) nh-C8 relaxed positions

Figure 6.6. Side view of the two curved chains in the fully relaxed
positions.

Name nh-C5 nh-C5 nh-C6 nh-C6 nh-C7 nh-C7 nh-C8

center side zig arm straight curved curved

BLA [pm] 8.38 3.95 7.70 5.68 3.21 4.07 0.2
BLA DFT [pm] 7 1 10 12 2 3 6

Table 6.2. Bond-Length Alternation (BLA) for all the configura-
tions listed in Table 6.1.

configuration while the second one represents a local minimum. The comparison of the two

nh-C6 configurations show that carbynic chains bind more strongly to zig-zag edges than to

armchair edges. This is due to the lower reactivity of the armchair edge relative to the zig-zag

one. Finally between the two considered nh-C7 geometries, the curved one is energetically

favorite because the considered nh has not enough space for a carbynic chain formed by 7

atoms so that the latter is therefore pushed out of the graphene plane to a new equilibrium

conformation assuming a curved shape. In other words the atomic bonding distances of 7 atoms

produced a chain squeezed into the hole making the flat configuration an unstable one, with an

energy difference as large as 1 eV. For this reason nh-C8 exists only in the curved conformation.

The curved geometries, displayed in Fig. 6.6, can be obtained only by starting with a nonplanar

geometry of the chain. If one starts off planar, then the gradient-based methods lead necessarily

to the planar saddle points because symmetry makes the components of the force vanish.

Another quantity useful to characterize the cabynes is the Bond-Length Alternation (BLA).

The BLA measures the degree of dimerization and, excluding terminal bonds, can be defined1

as:

(97) BLA =
1

2

[
no∑

j=1

(d2j + dn−2j)/no −
ne∑

j=1

(d2j−1 + dn−(2j−1))/ne

]

with di the distance between two neighbor atoms, n the number of atoms, ne = (n + 2)/4 and

no = n/4 (integer part).

6.2.1. Polyyne & Cumulene. We can recognize two different limiting structures of the

carbynes: a chain of alternate single and triple bonds ([−C ≡ C − C ≡ C−]) called polyyne

or α-carbyne, contrasted to an equally-spaced based on carbon-carbon double bonds ([= C =

C = C = C =]) called cumulene or β-carbyne. Typical bond lengths are 138, 129 and 123

pm for single, double and triple bonds, respectively [48]. The BLA characterizes the degree of

1We correct here the BLA definition of Ref. [46], putting the sign right
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Figure 6.7. Relaxed positions of the rectangular nanohole obtained
removing 42 atoms from the perfect graphene foil.

polyynicity of the chain: a BLA in excess if 10 pm reflects a highly polyynic character, while a

BLA < 5 pm characterizes cumulenic type chains.

Table 6.2 reports the BLA of the relax chains, compared to DFT data. Four structures are

very similar to DFT: nh-C5 center present a polyynic character while nh-C5 side, nh-C7 straight,

nh-C7 curve show a cumulenic behavior. Note that a chain compression (nh-C7 straight) induces

a more cumulenic value. One results show a little difference: in TB the nh-C6 zig that exhibits

an intermediate polyynic character while the DFT calculation yields a marked polyynic chain.

The case of nh-C6 arm is similar to nh-C6 zig but here the difference is greater. Finally with

nh-C8 curved we found totally cumulenic chain, instead in the DFT model it is quite polyynic.

6.3. C10 carbyne

The TB method using here is capable to relax the structures illustrated above in a com-

parably rapid computer time: from a couple of hours to 20 hours of a single core Intel Xeon

E5520 at 2.7 GHz, while DFT took approximatively a week on 16 cores of the same computer,

involving also much more severe memory requirements. It is now possible to take advantage of

this speedup to study a bigger graphene foil with a longer chain. The foil is constructed using

a rectangular unit cell with a = 246.4 pm and b = 426.78, values taken from the experimen-

tal measurement of crystal carbon structures [49]. The total number of atoms composing the

structure is 160, the hole is formed subtracting 42 atoms, Fig. 6.7 shows the resulting nanohole

composed of 128 atoms. The rectangular hole of size 1025 pm × 1416 pm is limited by two

edges with 3 zig-zag region and the other two edges with 3 armchair region. The minimization

procedure for this bigger sheet takes about 22− 25 hours.
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(a) nh-C10 straight relaxed structure

(b) nh-C10 curved relaxed positions

Figure 6.8. Relaxed position of the nh-C10 straight in Fig. 6.8(a).
The side view of nh-C10 curved in the relaxed positions is drawn in
Fig. 6.8(b). The energy difference is 0.00544 eV in favor of curved
geometry.

We insert a 10 atoms chain into the nh and relax it obtaining nh-C10 straight and nh-C10

curved configurations depending on the initial configuration. Figure 6.8(a) depicts the nh-C10

straight relaxed structure while Fig. 6.8(b) shows the nh-C10 curved side view. Our results are

listed in Table. 6.3. The nh-C10 straight shows a strong bonding energy, greater than all the

examples in the previous section, its BLA tell us a strong cumulenic behavior very similar to nh-

C8 curved. The nh-C10 curved is very similar to nh-C10 straight showing a similar bonding energy

and BLA. We want to remark that as for the two nh-C7 we found here a greater bonding energy

in the curved case. The difference between the curved and straight for nh-C10 is very small:

∆Ebond(C10) = 0.0054 eV while nh-C7 shows a much large difference: ∆Ebond(C7) = 1.05 eV.

This means that in nh-C10 case both relaxed structures are equally acceptable and eventually
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Name Description Ebond BLA
[eV] [pm]

nh-C10 straight C10 chain laying in the same plane of 9.530 0.5
Fig. 6.8(a) the graphene.

nh-C10 curved A C10 curved carbyne. The maximum height 9.535 0.48
of the chain equals 172 pm.

Table 6.3. The two different stationary configurations considered
for the system nh-C10 listed here with the resulting total bonding en-

ergy and the BLA.
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Figure 6.9. (a): Band structures of the simple nanohole in Fig. 6.4.
The reference energy is taken as the Fermi level (dashed red). (b):
k-point path used in the band structures calculation. This path is
followed in all the band-structure calculation of the present section.

indistinguishable for the energy resolution of our method. Figure 6.8(b) shows a side view of

the relaxed position of nh-C10, with a maximum chain height of 172 pm.

6.4. Electronic properties

As discussed in Chapter 2, the TB method provides an approximate electronic structure for

any given geometric configurations of the atoms. At the equilibrium geometry it is instructive

to investigate the electronic properties of the nanohole-carbyne system. We evaluate the band

diagrams along a path shown in Fig. 6.9(a). Starting from Γ, it moves out in the direction

perpendicular to the chain to X and then back to Γ passing from the BZ corner M ; then
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Figure 6.10. Band structures of nh-C6 zig (see Fig. 6.5(c)) and of
nh-C6 arm (see Fig. 6.5(d)).
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Figure 6.11. Band structures of nh-C7 straight (see Fig. 6.11(a)) and
of nh-C10 straight (see Fig. 6.11(b)).
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Figure 6.12. Three different evolutions starting from nh-C10 with
the same initial conditions, but with different δt. The temperature
fixing the initial velocities is set at 1000 K.

again parallel to the carbyne until Y and finally back to the corner M . We perform all band-

structure calculations using 400 k-points along this path. The computational workload for

this calculations is fairly small and we get a 400 points band structure in a maximum of 30

minutes. Figure 6.9(b) shows the band structure for the empty nh super lattice of Fig. 6.4. We

find a metallic behavior pretty much like for perfect graphene. Several flat bands representing

localized states are clearly visible.

It is interesting to compare the two nh-C6 because in principle we expect different results

from a chain bounded to the zigzag edges and a chain joining armchair edges. Figure 6.10(a)

shows that nh-C6 zig is metallic, with several bands crossing the Fermi level. For nh-C6 arm,

the calculations indicate a weakly insulating character with small gap at X, in fair agreement

with the DFT results.

In general our band structures for carbyne agree with DFT calculations, and predict a

metallic band crossing the Fermi energy ǫF for all of the carbyne-nh considered configurations.

This result is in contrast with a work of Liu et al. [50] that predicts the opening of a band gap

for nanohole with either armchair or zigzag edges. For a further example, Figure 6.11(a) reports

the band structure of nh-C7 straight confirming the metallic nature of this kind of structures.

Finally we plot the band structure for nh-C10. Fig. 6.11(b) shows the band structure for

nh-C10 straight, again we have a metallic system in the stationary geometries. We avoid to plot

nh-C10 curved because it shows bands very similar to nh-C10 straight.
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6.5. Stability and thermal dynamics

Using the Velocity-Verlet algorithm described in Sec. 5.4 we perform molecular dynamics

simulations using our TB code (TBMD). For simplicity we choose a micro canonical ensemble,

also called NVE, describing a system with a fixed number of particles (N), a fixed volume (V ),

and a fixed energy (E). The energy is the sum of two terms: E = Epot + Ekin , where Epot

is the tight-binding energy in Eq. (42) renamed now potential energy. It would in principle

be more appropriate to simulate the system at fixed temperature by having it interact with

a thermostat, but due to the large number of atoms, we expect that the NVE approximation

does not affect the results too seriously. As discussed in Sec. 4.1.1 the quantity conserved along

the trajectory is the Mermin free energy defined in Eq. (58). At each MD step the temperature

of the system is computed from the total kinetic energy, using equipartition theorem:

(98) Ekin =
1

2

N∑

j=1

MjṘ
2
j(t) =

1

2
gkbT (t) ,

where kb is the Boltzmann constant, g is the number of degrees of freedom (in our simula-

tions g = 3N), N is the total number of carbon atoms and M is the carbon mass and T is

temperature. With Eq. (98) we obtain

(99) T (t) =
1

gkB

N∑

j=1

MjṘ
2
j(t) .

Starting a NVE simulation, we fix an initial temperature Tinit and get the initial accelerations

from the forces obtained using the initial configuration set {R1,R2, . . . ,RN}. The initial

velocities are obtained from a Gaussian distribution generator of random numbers of arbitrary

value. We want null total momentum so it is necessary to correct the initial velocities in this

way: we sum all the initial velocities obtaining
∑N

j=1 Ṙj = Ṙtot and subtract to each velocity

Ṙtot/N , thus obtaining the velocity set {Ṙ1, Ṙ2, . . . , ṘN} − Ṙtot/N . Finally before starting

the algorithm according to Eq. (99) we compute the actual temperature T̃ (t) and multiply the

three components of each atom’s velocity by the scaling factor s defined by:

(100) s =

√
T̃ (t)

Tinit
.

To verify the stability of the nh-carbyne system studied in this Chapter we simulate the

nh-C7 and the nh-C10 structures. To make a meaningful simulation one needs to determine the

appropriate time step δt. Taking the nh-C10 straight we ran a few short simulations starting

from the same initial configuration, but with different δt. Figure 6.12 compares the potential

energy in these simulations. These curves indicate that with δt ≤ 1 fs the evolutions are well

converged while for δt ≥ 4 fs the trajectory tends to diverge thus producing a meaningless

potential-energy dependency. We see that reducing δt below 1 fs does not lead to significant

improvement, therefore we settle for a time step of 1 fs, which represents the best compromise.

We simulate several ps of constant-energy dynamics of the nh-C10 straight and nh-C7

straight. At first short simulation is necessary to tune the initial temperature and make it

the desired equipartition value, then it is possible to start long dynamics simulations. We set

temperatures in the range from 300 to 2000 K. Figure 6.13 shows six subsequent time steps
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(a) After 8 ps, front view (b) Side (c) After 8.1 ps, front view (d) Side

(e) After 8.2 ps, front view (f) Side (g) After 8.3 ps, front view (h) Side

(i) After 8.4 ps, front view (j) Side (k) After 8.5 ps, front view (l) Side

Figure 6.13. Time evolution of nh-C10 at T = 300 K. The figure
reports the front and side views of the 6 successive time steps separated
by 0.1 ps, recorded after 8 ps of the same evolution, and are therefore
regarded as typical.
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(a) After 8 ps, front view (b)
Side

(c) After 8.1 ps, front view (d) Side

(e) After 8.2 ps, front view (f) Side (g) After 8.3 ps, front view (h) Side

(i) After 8.4 ps, front view (j) Side (k) After 8.5 ps, front view (l) Side

Figure 6.14. Like Fig. 6.13, but at a temperature T = 2000 K.
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for nh-C10 with T = 300 K. The reported snapshots are typical and follow 8.0 ps of dynamical

evolution. The time interval between two successive frames is 0.1 ps. The vibrations are quite

visible, especially for the floppy carbyne and the out-of-plane modes of graphene. The in-plane

deformation of graphene have instead a very small amplitude.

Figure 6.14 depict a similar evolution at T = 2000 K. Figure 6.13 suggest that despite

intense deformations due to high temperature the structure does not disaggregate or recombine

to a different handing regime. The total simulation time we ran this simulation for is 100 ps,

clearly insufficient for driving definite conclusion about the carbyne stability. Moreover, the

fact that no decomposition or reaction of the carbyne with the graphene edge occurs along this

time interval is suggestive of substantial thermal stability.



CHAPTER 7

Carbon nanotubes

Carbon nanotubes are a fascinating class of materials, characterized by unique and often

desirable properties which have been arousing constantly the interest of the scientific commu-

nity since their discovery [51]. Thanks to a rich interplay between the geometric and electronic

structures, carbon nanotubes give rise indeed to a large variety of interesting new physical phe-

nomena, and can be considered one of the most challenging discoveries of the past decade. The

progress in this research field has been tremendous: nanotubes have been studied widely both

from the point of view of the pure condensed matter/materials science and that of applications

to nanotechnology. The problem of growing nanotubes with definite size and electronic proper-

ties has been solved to a large extent by sophisticated separation techniques [52, 53]. Amazing

applications to electronics are now available, for example as highly resistant interconnects, as

SQUIDs sensitive to molecular fields and as nanoscale transistors. One of the latest ideas is to

study the possibility to assemble large arrays of nanotube devices to form complex circuits. It

is also interesting the sliding friction mechanisms in nanotube with both tube-tube phononic

friction and dissipation friction [54, 55]. We use the TB method described above to study the

nanotubes band structures with special attention to the optical response [56, 57].

7.1. Basic structural properties

A real carbon nanotube (CN) is basically a roll of nanometric diameter and micro metric

length made conceptually by rolling up a graphene layer, i.e. a stripe of carbon atoms arranged

as honeycomb structure. Due to the extremely large aspect ratio (length/diameter), a CN can

be regarded as a quasi-1D crystal. From a different viewpoint, a CN can be thought of as a

single graphene sheet rolled up into a cylinder. The many different possible helical geometries

define the tube chirality and provide different microscopic structures. The nanotube obtained

in such a way is properly a single-wall carbon nanotube (SWCN), while several tubes arranged

coaxially are referred to as multi-wall nanotubes (MWCNs). In this thesis we study only

SWCNs. The unit cell of a honeycomb lattice is generated by the two primitive unit vectors a

Type θ C Shape of cross-section

zig zag (Z) 0° (n, 0) ��@@�� @@@@ ��@@�� ��@@

armchair (A) 30° (n, n) �� @@ �� @@

chiral (C) 0°< |θ| < 30° (n,m) nonperiodic

Table 7.1. The basic classification of carbon nanotubes. The shape
refers to a cross-section of the nanotube surface perpendicular to the
axis.

57
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Figure 7.1. The honeycomb structure with basis vectors a and b.
The chiral vector and translational vector describe the geometry of a
(n,m) = (4, 2) CN.

and b:

a =a

(√
3

2
,
1

2

)

b =a

(
0 , 1

)
,(101)

where the lattice spacing a = |a| = |b| for graphene equals
√
3acc = 2.46124 Å, with acc = 1.421

Å the carbon-carbon bond length. The structure of a CN can be represented efficiently by its

circumferential vector, or chiral vector, C, defined on the graphene sheet as a vector connecting

the two nearest cristallographically equivalent points which match once the sheet is rolled up.

The expression of C in terms of basis vectors is:

(102) C = na+mb .

The integers n and m denote uniquely the relative position of the pair of atoms on the graphene

strip which will be rolled onto each other. From Fig. 7.1 it is clear that by specifying the pair

(n,m) the CN structure is fully identified. Assuming that the graphene rolling up involves no

relaxation we obtain the structural parameters of a (n,m) CN summarized in Table. 7.1. The

(n, 0) tube is called zig-zag (Z-CNs) because it exhibits a zig-zag pattern when the direction C

is followed along the circumference; (n, n) are called armchair (A-CNs) for an analogous reason;

generic (n,m), with n 6= m, are chiral tubes (C-CNs). The chiral vector determines uniquely

the chiral angle θ, defined as the angle between a and C. Also the tube diameter is readily
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calculated as dt = |C|/π or using the chirality numbers as:

(103) dt =
a

π

√
(n2 + nm+m2) .

The smallest graphene lattice vector perpendicular to C, called the translational vector T,

defines the translational period along the tube axis. Expressing T in terms of the basis vectors

requires to specify a new pair of integers (t1, t2), given by satisfying the condition C · T = 0

and T can be written as

T = t1a+ t2b(104)

t1 = (2m+ n)/t̃

t1 = −(2n +m)/t̃ ,

where t̃ = gcd(2m+n, 2n+m) . The nanotube unit cell is thus formed by a cylindrical surface

with height T and diameter dt. We can also express the number q of graphene unit cells and

the number N of atoms in the nanotube unit cell as a function of the pair (n,m):

(105) q = 2(n2 + nm+m2)/t̃ .

Since the graphene unit cell contains two carbon atoms, there are

(106) N = 2q = 4(n2 + nm+m2)/t̃

carbon atoms in the unit cell of the nanotube. If we regard the tube as infinitely long we

can define a 1D reciprocal lattice in terms of the 2D reciprocal lattice of a infinite graphene

sheet. The component of the wave-vector in the direction of the axis tube (that we take

conventionally as the z -axis) kz remains continuous and corresponds to the translational period

|T| in direct space, having therefore a Brillouin-Zone extension of 2π/T. In contrast the

periodic boundary conditions along the tube circumference lead to a discrete quantization of

the orthogonal component k⊥ (which only exists in the original graphene plane as a proper

translation and represents more properly a rotation for the nanotube):

(107) p
2π

k⊥,p
= |C| = πdt k⊥,p =

2

dt
p ,

where p is an integer taking the values −q/2, . . . , 0, 1, . . . , q/2 − 1 . The BZ of the nanotube

seen in the 1D reciprocal space results therefore in a sequence of q lines parallel to the z -axis

separated by k⊥ = 2/dt and with length given by

(108) kz ∈ [−π/|T|, π/|T|] .
CN may also have additional symmetry property, involving a more detailed classification, which

we do not need in our work.

7.2. Electronic properties

The electronic properties of carbon nanotubes are related to those of graphene. Within the

so-called zone-folding approximation the band structure can in principle be directly obtained

by cutting the 2-dimensional band structure of graphene into q lines of length 2π/|T| and
distance 2/dt. This approach is widely used and represents the simplest approximation capable

to explain the metallic or semiconducting nature of the nanotubes. On the other hand, this
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Figure 7.2. Kataura plot, here S11, M11 and S22 stand for E11, E22

and E33 respectively. Data come from experimental optical measure-
ments [58].

simplified point of view neglects completely the effects related to the cylindric geometry and

the curvature of the nanotube walls, and should be handled with care.

In the zone-folding approximation the energy bands of the nanotubes are obtained by impos-

ing periodic boundary conditions along the circumference direction in terms of wave-functions:

ψ(r+C) = ψ(r), that is exp(ik ·C) = 1 . This relation results in discrete wave-vector compo-

nent k⊥, Eq. (107). As previously explained, in the direction parallel to the nanotube axis the

wave-vector remains continuous and the BZ of the nanotube results in equally spaced straight

lines with the value of kz within the zone specified by the condition −π/|T| ≤ kz ≤ π/|T|, see
Eq. (108). In the two-dimensional hexagonal Brillouin zone of graphene it occurs that near the

six corners the E−k dispersion relation is approximately linear for small energy deviations from

the Fermi level. Due to this linear (or “conical”) dispersion relation at low energies, electrons

and holes near these six points, two of which are inequivalent, behave like relativistic particles

described by the Dirac equation for spin 1/2 particles. Hence, the electrons and holes are called

Dirac fermions, and the six corners of the Brillouin zone are called the Dirac points. Call K

and K ′ the two points marking the two inequivalent conical intersections of the graphene band

structure. The resulting nanotube band structure depends dramatically on whether the K and

K ′ points are included on one of these allowed straight lines or not: in the first case the CN
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(a) Band structure of (8, 4) CN
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(b) Band structure of (12, 3) CN

Figure 7.3. Two CNs band structures. (a): a semiconductor CN
(8, 4); (b): a metallic metallic CN (12, 3). The initial structures are
generated according to Ref. [59] and later optimized within out TB
model.
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is a metal with a non-zero density of states at the Fermi level, otherwise it is a semiconductor

characterized by a finite energy gap.

Because CN are essentially 1D systems, their optical properties derive from electronic tran-

sitions within one-dimensional density of states (DOS). A typical feature of one-dimensional

crystals is that their DOS is a discontinuous function of energy, characterized by the sharp

peaks called Van Hove singularities in the correspondence of those energies where the 1D bands

are stationary. The most intense optical transitions occur in correspondence to pairs of such

singularities. These Van Hove peaks are especially prominent in the CN spectra.

Analyzing CN bands it is useful to introduce the notation Eii to indicate the different

energy gaps between Van Hove pairs of the same symmetry. Experimentally Eii marks the

generic electronic transition energies between the electronic valence and conduction bands with

the same symmetry. The subscript i = 1, 2, 3, . . . labels the successive Eii transition for a

given SWNT for increasing energy [60]. Several sets of measured Eii values are specific to

each individual (n,m) nanotube. The Eii values for all the (n,m) SWTNs plotted against the

diameter in Fig. 7.2 constitutes the so-called Kataura plot [58], which has been used widely

to interpret the optical spectra of carbon nanotubes. Within the band-folding approach it is

found that the allowed k -vectors always include the corner points for some specifics chirality,

as a result, we can summarize the two possibility:

(1) (n,m) CNs with n − m = 3j, where j ≥ 0 is an integer (including armchair (n, n)

A-CNs) −→ metallic behavior

(2) other CNs −→ semiconducting behavior.

Like as in Sec. 6.4, we perform band structure calculations based on 400 k-points, along the

1D Brillouin zone. Figure 7.3 represents the bands of an example of semiconducting nanotube,

Fig. 7.3(a), and a metallic one, Fig. 7.3(b). The semiconductor (8, 4) is formed by a repeated

cell of 112 atoms, with a diameter of 8.32 Å. It displays a band gap E11 = 0.6 eV, and the

energy of the next interband Van Hove transition is E22 = 1.4 eV. By comparing this results

with the Kataura plot Fig. 7.2 we can argue that our model underestimates both energies.

This discrepancy, characteristic of DFT band structures such as these which lie behind our TB

model, is investigated systematically in the next section. The (12, 3) CN, of diameter 10.79 Å,

with 84 atoms per cell, satisfies the condition listed above for metallic behavior (12−3 = 9). In

practice, the band structure of Fig. 7.3(b) does not show a really metallic behavior but little gap

opens. This difference is an effect of curvature which is not accounted for by the zone-folding

approximation. Even metallic tubes exhibit E11, E22 transitions as illustrated in Figure 7.3(b)

7.3. The optical spectra

In the experimental works of Zipeng et al. [61] and Bachilo et al. [62] the optical response

of CNs was acquired. By comparison we investigate the two energy gap E11 and E22 within our

TB model. Start from an ideal structure generated using a software [59] and setting the C−C

bond length as in the previous section choosing the experimental value: acc = 1.421 Å. To

obtain a relaxed structure, as for graphene in Sec. 6.2, we must set up a mesh of k-points. We

choose again 5 k-points that in 1D reciprocal space and with the k -weight method illustrated in

Sec. 6.1 become 3 k-points. We investigate 17 NCs. In Table. 7.2 all these NCs are summarized

with their chirality, number of atoms, radius and the two energy gaps obtained from band

analysis. Four examples of different tubes are drawn in Fig. 7.4 and Fig. 7.5, it is interesting to
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(a) CN with chirality (9, 2), cell length 43.30 Å

(b) CN with chirality (12, 1), cell length 53.45 Å

Figure 7.4. Two examples of semiconducting NCs of different chi-
rality. Both are relaxed and listed in Table. 7.2.
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(a) CN with chirality (8, 6), cell length 25.94 Å

(b) CN with chirality (5, 4), cell length 33.31 Å

Figure 7.5. Two more examples of relaxed CNs with different chi-
rality.
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Chirality Radius [Å] Cell length [Å] Carbon atoms ETeor
11 [eV] ETeor

22 [eV]

(5,4) 3.07841 33.32 244 0.85 1.80
(6,4) 3.43166 18.59 152 0.90 1.45
(9,1) 3.74966 40.71 364 0.90 1.13
(6,5) 3.75229 40.68 364 0.70 1.50
(8,3) 3.87172 42.02 388 0.82 1.20
(9,2) 3.9881 43.30 412 0.53 1.40
(7,5) 4.10369 44.52 436 0.73 1.20
(8,4) 4.15885 11.28 112 0.60 1.43
(10,2) 4.37337 23.75 248 0.75 1.05
(7,6) 4.42758 48.06 508 0.63 1.28
(9,4) 4.52951 49.19 532 0.67 1.10
(12,1) 4.91797 53.45 628 0.65 0.94
(8,6) 4.77753 25.94 296 0.63 1.10
(9,5) 4.8251 52.40 604 0.53 1.23
(10,3) 4.62945 50.29 556 0.50 1.20
(10,5) 5.19256 11.28 140 0.59 0.99
(11,1) 4.52813 49.20 532 0.48 1.20

Table 7.2. List of CNs relaxed with their main properties.

(a) (8, 6) CN

(b) (5, 4) CN

Figure 7.6. Side view of the same CNs examples of Fig. 7.5.
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Figure 7.7. Comparison of the TB theoretical and experimental [61,
62]. (a) E11 and (b) E22 energies. Linear fits are indicated for both
excitation energies.
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observe how different chirality produces different structures. The CN depicted in Fig. 7.4(b) is

the biggest CN relaxed in this thesis as it involves over 600 atoms per cell. A side view of the

two examples of Fig. 7.5 is depicted in Fig. 7.6.

The resulting bands gaps obtained from relaxed structures are compared to experiments

in Fig. 7.7. In Fig. 7.7(a) the linear regression indicates that for E11 the theoretical results are

different from experiments substantially by a constant factor. Observing the values this constant

factor amounts to approximatively the 45% of the experimental value. For E22, Fig. 7.7(b) we

observe a constant factor and angular coefficient slightly larger than the previous values. The

linear regressions illustrated above are useful because they give us a trend for both energy

gaps. We expect that for future investigations of new structures, from a gap value obtained

by simulation, we can estimate the expected experimental value using this fit. Another usage

could be to assign the right gap to each CN in case of mixtures. Indeed it is difficult to observe

a pure type of (n,m) CN isolated from other possible (n′, m′)’s and in most experiment the

sample is formed by many CNs structures with different chirality mixed together. Following

these conclusion further structures which promise interesting optical response are NCs with

bends. Clearly, such CNs are composed of a large number of atoms compared to the nh-carbyne

structures of Cap. 6.

Even for the ideal tubes of the present thesis to relax these structures formed by 350-400

atoms we need approximately 50 hours on a single core Intel Xeon E5520 at 2.7 GHz, 135 hours

for the biggest (12, 1) CN. A simple parallelization of the matrix diagonalization routines, which

take up the bulk of the computer time could easily speed up these bulky calculations.





CHAPTER 8

Discussion and Conclusion

For the present thesis we did substantial coding and testing work, to implement the cal-

culation of forces, the gradient-band minimization, and the Verlet dynamics in the in-house

TB code initially developed in Ref. [54, 37]. We applied the resulting computer code to a

novel and interesting system: the carbynes. In particular we studied their conformations and

thermal stability, finding reliable indications of substantial stability and scarce tendency to

disaggregate and react even at a comparably high temperature of 2000 K. We also studied

the optical properties of nanotubes of intermediate diameter in the 1nm region. We find that

the simple electron-hole gaps give substantial but systematic underestimated of the actual ob-

served excitation energy at the Van Hove points. Precisely this systematic behavior suggests

that our model could be used to describe systems of aligned or disordered nanotubes such as

are currently being addressed experimentally [63, 64].

Obvious limitations of the present simple TB model [28] and of our implementation thereof

include:

• the short range of the cutoff (2.6 Å), which implies a complete neglect, e.g. of the

Van Der Waals interaction between neighboring graphitic planes in graphite or a solid

fullerenes or multiwall nanotubes;

• the implementation of the TB parameters for a non-carbon only atoms, involving in

particular H and O, is still missing;

• parallel implementation of the diagonalization procedure (and possibly of the k -points

summation) would make the code suitable of addressing significantly bigger system, in

the order of thousands or even tens of thousands of atoms;

• simple or more sophisticated methods to compute approximate absorption spectra

including line intensities, based on the TB wave functions are still missing in the

present implementation.

Future work is needed to address all issues discussed above.
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APPENDIX A

The Löwdin method

The Hamiltonian matrix element and the overlap integral are defined respectively in Eq. (8)

and Eq. (9). We rewrite the one-electron Schrödinger equation (12) in matrix notation as (21)

(109) h Bν(k) = ǫνkSBν(k) ,

where Bν(k) is the column vector of eigencoefficients given by Eq. ,(18). We introduce a new

set of coefficients for the LCAO expansion according to

(110) Bν(k) = S−1/2Cν(k) ,

and substitute this form in Eq. (109) we obtain a matrix form for the Schrödinger equation that

reads as:

(111) hL Cν(k) = ǫνkCν(k) ,

where L refers to the Löwdin transformation

(112) hL = S1/2 h S−1/2 .

With this transformation the crystalline wave-function in Eq. (19) is now given by

ψν(k, r) =
1√
Nc

∑

αjl

exp(ik ·Rl)Bνα(jl)ϕα(r−Rl − dj)(113)

=
1√
Nc

∑

αjl

∑

α′j′l′

S
−1/2
α(jl),α′(j′l′)Cνα′(j′l′)(k)ϕα(r−Rl − dj)

=
1√
Nc

∑

α′j′l′

Cνα′(j′l′)(k)φα′(r−Rl′ − dj′) ,

where the Löwdin orbitals φ’s have been introduced

(114) φα′j′l′(r) = φα′(r−Rl′ − dj′) =
∑

αjl

S
−1/2
α(jl),α′(j′l′)ϕα(r−Rl − dj) .

It is important to stress that referring to the crystal’s symmetry group the new Löwdin orbitals

have the same symmetry properties of the original non-orthogonal atomic wave functions from

which they are derived. In other words, a Löwdin p-like orbital has precisely the p-character

of an atomic wave-function and so on. This feature is of great advantage in order to keep a

simple and rather direct chemical intuition on the resulting picture.

71



72 A. THE LÖWDIN METHOD

We conclude with the proof of orthogonality of the Löwdin basis functions:

〈φα′j′l′(r)|φαjl(r)〉 =(115)

=
∑

β′m′k′

∑

βmk

S
−1/2
β′(m′k′),α′(j′l′) 〈ϕβ′m′k′(r) |ϕβmk(r)〉S−1/2

β(mk),α(jl)

=
∑

β′m′k′

∑

βmk

S
−1/2
β′(m′k′),α′(j′l′)Sβ′(m′k′),β(mk)S

−1/2
β(mk),α(jl)

= δα′αδ(j′l′)(jl)



APPENDIX B

The electronic entropic term

Using the Mermin free energy of Eq. (58) the derivation of the third term, involving entropy,

in Eq. (59) is:

(116)
∂(TelS)

∂Rγ
= −2kBTel

∑

ν

∂[fν ln fν + (1− fν) ln(1− fν)]

∂fν

∂fν
∂(ǫν − µ)

∂(ǫν − µ)

∂Rγ
,

with:

∂[fν ln fν + (1− fν) ln(1− fν)]

∂fν
= ln fν + 1− ln(1− fν) + (1− fν)

−1

(1− fν)

= ln fν − ln(1− fν) .(117)

Now using the definition of fν in Eq. (38):

(118) fν =
1

exp
(
ǫν−µ
kBT

)
+ 1

,

it is possible to rewrite the second term in Eq. (117) as

(119) 1− fν =
exp

(
ǫν−µ
kBT

)

exp
(
ǫν−µ
kBT

)
+ 1

and obtain an useful form for Eq. (117):

ln fν − ln(1− fν) = ln

(
fν

1− fν

)
= ln

(
exp

[
−
(ǫν − µ

kBT

)])

= − ln

(
exp

(ǫν − µ

kBT

))
= −

(ǫν − µ

kBT

)
.(120)

Substituting Eq. (120) into Eq. (116) the entropic term becomes:

∂(TelS)

∂Rγ

= −2kBTel
∑

ν

(
−
(ǫν − µ

kBT

)) ∂fν
∂(ǫν − µ)

∂(ǫν − µ)

∂Rγ

= 2
∑

ν

(ǫν − µ)
∂fν

∂(ǫν − µ)

∂(ǫν − µ)

∂Rγ

.(121)

It is possible to divide this sum into two terms:

2
∑

ν

(ǫν − µ)
∂fν

∂(ǫν − µ)

∂(ǫν − µ)

∂Rγ

=(122)

= 2
∑

ν

ǫν
∂fν

∂(ǫν − µ)

∂(ǫν − µ)

∂Rγ

− 2µ
∑

ν

∂fν
∂(ǫν − µ)

∂(ǫν − µ)

∂Rγ

.
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The second term on the right side vanished because of the relation:

(123) 2µ
∑

ν

∂fν
∂(ǫν − µ)

∂(ǫν − µ)

∂Rγ
= 2µ

∂

∂Rγ

∑

ν

fν = µ
∂

∂Rγ
Nel = 0 ,

because the number of electrons is fixed, Eq. (37). Using this result, we obtain the final expres-

sion:

(124)
∂(TelS)

∂Rγ
= 2

∑

ν

ǫν
∂fν

∂(ǫν − µ)

∂(ǫν − µ)

∂Rγ
,

that cancels the opposite term in Eq. (57), as it should.
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http://www.fisica.uniud.it/~ercolessi/md/md/node21.html.

[43] A. MacKinnon, Computational Physics website:

http://www.cmth.ph.ic.ac.uk/people/a.mackinnon/Lectures/compphys/node10.html.

[44] B. Standley et al., Nano Lett. 8, 3345 (2008).

[45] L. Ravagnan, F. Siviero, C. Lenardi, P. Piseri, E. Barborini, and P. Milani, Phys. Rev. Lett. 89, 285506

(2002).

[46] L. Ravagnan et al., Phys. Rev. Lett. 102, 245502 (2009).

[47] I. Castelli, Structural and Magnetic Properties of sp-Hybridized Carbon, Magister thesis, Università d. S.
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