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Abstract

Driven colloidal layers have been introduced as an innovative method

to investigate dynamical mechanisms that are often difficult to access at an

atomistic level. In this work we use molecular-dynamics simulations to shed

new light on the effect of the rotational misalignment of a triangular lattice

rotation relative to an optical potential, also characterized by a triangular

crystalline symmetry but with a different spacing. In detail, when the

amplitude of this potential oscillates periodically in time, we study the

possibility that colloids move forward in synchronization. This possibility

is associated with the so-called Shapiro steps, which can arise in the average

advancement velocity of the colloids as a function of the external applied

dragging force. We do detect Shapiro steps, but only under very specific

physical conditions, which makes them quite evanescent and difficult to

detect in future experiments.
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1 Introduction

At first sight, the knowledge of the historical development of friction might lead us

to believe we are dealing with an outdated issue. Nevertheless, although progress

over the centuries, from Leonardo da Vinci’s experiments, and Amonton’s and

Coulomb’s formulations, led us to trustworthy phenomenological laws of tribology,

several key aspects and mechanisms of microscopic friction still lack fundamental

understanding [1]. A recent experimental research conducted by T. Bohlein et

al. [2] shows that charged colloidal particles trapped in optical and periodic laser

fields can shed new light on elementary frictional processes in ideally controlled

sliding systems [3]. Since it is possible to follow the motion of every single particle

with time during sliding, driven colloidal friction provides an unprecedented real-

time insight into the basic dynamical mechanisms at play.

In this scenario, we study the motion of a two-dimensional array of colloidal

particles being dragged by an external force over a time-oscillating potential. In

particular, we address the phenomenon of synchronization, whose signature goes

under the name of “Shapiro steps”. Shapiro steps represent dynamical conditions

characterized by null system response to (limited) changes in external parameters.

So far, a detection of the steps has been made by Shapiro [4] in a Josephson junc-

tion and they have been interpreted as mode-locking phenomena of the junction.

In general, step-like structures appear in several systems with two competing

frequencies. In our case, we have a time oscillating external perturbation acting

on the colloids. Then, the interplay of the frequency of this oscillation and the

“washboard” frequency of the sliding motion over the periodic substrate potential

can originate Shapiro steps. In the past, this phenomenon was investigated in the

simple lattice-matched case and in lattice-mismatched cases with parallel lattice

alignment. Here, we study them in the event of mutually rotated mismatched

lattices by means of classical molecular-dynamics simulations. We identify and

characterize the steps in terms of the motion of solitons and antisolitons. The lat-

ter play a great role, since they physically correspond to localized compressions

and expansions in the particle density which are more mobile than in-registry

atoms. For this reason, in a sliding-friction context at our scales, the real mobile

sliding objects are not the single particles, but solitons and antisolitons.
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2 The model

We describe charged colloidal particles as classical point-like objects. Their dy-

namics is affected by the action of external forces, the mutual repulsion, and the

interaction with the viscous solution in which they are immersed. The equation

of motion for the j -th particle is

m~̈rj(t) + η(~̇rj − vdx̂) = −∇~rj(U2 + Uext), (1)

where m is the colloid mass; ~rj is a 2D position vector of the j -th colloid; η = 28

is the friction coefficient, due to the effective viscosity of the fluid in which the

colloids are immersed and leading to overdamped motion; vd is the fluid drift

velocity. It originates the Stokes driving force F = ηvd which acts on all colloidal

particles. U2 is the two-body interparticle potential. It is defined as

U2 =
N
∑

j<j′

V (|~rj − ~rj′ |), (2)

where N is the total number of particles and V is the screened Coulomb repulsion

given by

V (r) =
Q

r
· e−

r
λD . (3)

This expression is a Yukawa-type potential and only holds for r larger than the

diameter of a colloidal particle. This diameter is of the order of 3.9 µm. Besides,

λD is the Debye length and typical nearest-neighbour separations are of the order

of 30λD [2]. For implementation details see Ref. [5, 6, 7]. Uext is the position-

and-time-dependent external potential. We study how our system behaves when

Uext oscillates periodically in both time and space.

As to the 1-body potential energy

Uext =
N
∑

j

Vext(~rj), (4)

it is induced by the interaction of the colloidal particles with a laser field. We

adopt the following spatial dependence:

Vext(~r) = Ac[1−G(~r)] + V0 ·G(~r)W (~r), (5)

where

G(~r) = e−
|~r|2

2σ2 (6)

is an unnormalized and σ-wide Gaussian. It accounts for the overall intensity

envelope of the laser beam. The spatially-periodic dependence is given by

W (~r) = −1

9

[

3 + 2 cos

(

4πry√
3alas

)

+ 4 cos

(

2πry√
3alas

)

cos

(

2πrx
alas

)]

. (7)

6



y/a
las

2

1.5

1

0.5

01
0.5

0

x/a
las

-0.5
-1

-0.5

-1

0

W
(x

,y
)

Figure 1: The triangular-symmetry corrugated potential energy pro-

file W (x, y) as a function of position, then to be multiplied by the

amplitude V0. Note the minima at energy −1, the saddle points at −1

9

and the maxima at energy 0. As a result, the lowest-energy barrier in

the x̂ direction equals 8

9
.

This is a periodic potential of 3-fold symmetry. In experiments, it is produced by

the interference of three laser beams, which represent the substrate corrugation.

Figure 1 displays the profile of W (~r).

Let us now fix ry so that a path along the rx direction crosses the saddle

points perpendicularly. Then, this path goes through the minima as well and

yields the 1D path such that the barrier from one minimum to the next is lowest.

For instance, at fixed ry = 0 we get

W (rx, 0) = −1

9

[

5 + 4 cos

(

2πrx
alas

)]

, (8)

which is plotted in Fig. 2.

The positive amplitude Ac sets the intensity of the overall potential confining

the colloids near the simulation-cell centre. Besides, V0 sets the intensity of the

corrugated, spatially oscillating term. Both of them are controlled by the same

overall Gaussian intensity modulation, Eq. (5), consistently with experiments [2].

In our simulation we take a Gaussian of huge width σ = 1022, so that G(~r) ≡ 1 in

all the studied regimes. We carry out simulations in dimensionless units, defined

in terms of the physical quantities detailed in Table 1. From now on we will adopt

these units.
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Figure 2: The 1D function of x obtained by setting y = 0 in W (x, y).

Physical quantity Model expression Typical value (SI units)

Length acoll 5.7 µm

Force F0 18 fN

Viscosity coefficient η 6.3 · 10−8 kg/s

Energy F0 · acoll 1.0 · 10−19 J

Time η · a2coll/V0 20 s

Mass η · a2coll/F0 1.3 · 10−6 kg

Velocity F0/η 0.284 µm/s

Power F 2

0
/η 5.1 · 10−21 W

Table 1: Basic units for the physical quantities in the model. The

typical values are appropriate for the experimental setup by Bohlein

et al. [2].

The energy difference between a minimum and a saddle point is 8

9
V0. With

this result, it is straightforward to determine the static friction force Fs1 for an

isolated colloid. That is, the minimum force that a single colloid needs to slide

in this 1D potential. In particular, this force is

Fs1 =
8V0

9alas
=

8

9
F0. (9)

Shapiro steps are investigated by modulating the periodic potential ampli-

tude sinusoidally in time. Specifically, Eq. (5) is modified to

Vext(r, t) = [V0 +∆0 sin(ωt)]W (r), (10)

where ∆0 is the potential oscillation amplitude and ν = ω/2π is the oscillation

8



frequency of the potential. This modulation may give rise to Shapiro-step struc-

tures in the force-dependence of the average velocity. As we are dealing with an

overdamped system, we need to choose a suitably low frequency: we use ν = 0.02.

We simulate the colloidal system in a periodically-repeated parallelogram-shaped

box generated by two primitive vectors as explained in the next section. This

box will be properly determined by accounting for rotations matching the opti-

mal Novaco-McTague angle [8]. In this box, periodic boundary conditions (PBC)

are implemented for interparticle interactions.

2.1 Construction of the periodic supercell

To begin with, call ~b1, ~b2 the primitive vectors of the colloid monolayer. Their

modulus is acoll. Moreover, call ~a1, ~a2 the primitive vectors of the laser optical

potential, of length alas. For triangular lattices, both angles between ~a1, ~a2 and
~b1, ~b2 have a π/3-radian amplitude. Indicate with θ = arccos

(

~b1·~a1
alasacoll

)

. The 2D

vector Cartesian components are:































~a1 = alas(1, 0)

~a2 = alas

(

1

2
,
√
3

2

)

~b1 = acoll(cos θ, sin θ)

~b2 = acoll

(

cos
(

θ + π
3

)

, sin
(

θ + π
3

)

)

, (11)

or, equivalently,

~b2 = acoll

(

1

2

(

cos θ −
√
3 sin θ

)

,
1

2

(

sin θ +
√
3 cos θ

)

)

. (12)

To evaluate a proper periodic supercell, we need to determine four integer num-

bers n1, n2, m1, m2 such that the following relation holds:

n1~a1 + n2~a2 = m1
~b1 +m2

~b2. (13)

Taking advantage of this equation, the resulting supercell vectors ~L1, ~L2 can be

expressed as
~L1 = n1~a1 + n2~a2 = m1

~b1 +m2
~b2 (14)

and, following a π/3 rotation,

~L2 = n1~a2 + n2(~a2 − ~a1) = m1
~b2 +m2(~b2 −~b1). (15)

In Cartesian components:

~L1 = alas

(

n1 +
n2

2
,
n2

2

√
3

)

, (16)
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~L2 = alas

(

n1 − n2

2
,

√
3

2
(n1 + n2)

)

. (17)

Now using Eq. (11), we transform Eq. (13) into a linear system of equations for

the variables x := cos θ and y := sin θ:

{

(2m1 +m2)x−m2

√
3y = (2n1 + n2)ρ

m2

√
3x+ (2m1 +m2)y = n2

√
3ρ

, (18)

where we define the mismatch ratio

ρ :=
alas
acoll

. (19)

By solving for x and y, we have

x =
m1(2n1 + n2) +m2(n1 + 2n2)

m2

1
+m1m2 +m2

2

· ρ
2
, (20)

y =
√
3 · m1n2 −m2n1

m2

1
+m1m2 +m2

2

· ρ
2
. (21)

The condition x2 + y2 = 1 determines the relation

ρ =

√

m2

1
+m1m2 +m2

2

n2

1
+ n1n2 + n2

2

(22)

for the length ratio. Likewise, by considering tan θ = y/x, we obtain the corre-

sponding values of the mutual rotation angle

θ = arctan

(

√
3 · m1n2 −m2n1

m1(2n1 + n2) +m2(n1 + 2n2)

)

. (23)

Eqs. (22) and (23) take a simpler form in the special case n1 = n2 = n:

ρ =
1

n

√

m2

1
+m1m2 +m2

2

3
, (24)

θ = arctan

(√
3

6
· m1 −m2

m1 +m2

)

. (25)

In this special case we can rewrite ~L1, ~L2 as follows:

~L1 = nalas

(

3

2
,

√
3

2

)

=
√

m2

1
+m1m2 +m2

2
· acoll

(√
3

2
,
1

2

)

, (26)

~L2 = nalas

(

0,
√
3
)

=
√

m2

1
+m1m2 +m2

2
· acoll

(

0, 1
)

. (27)
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n1 n2 m1 m2 ρ θ [rad] θ [◦] θNM [◦] ∆θ [◦] N

22 22 22 19 0.933 0.0422 2.4190 2.3849 0.0341 1263

23 23 23 20 0.936 0.0403 2.3066 2.2835 0.0231 1389

24 24 24 21 0.938 0.0385 2.2042 2.1902 0.0140 1521

25 25 25 22 0.941 0.0368 2.1105 2.1043 0.0062 1659

26 26 26 23 0.943 0.0353 2.0244 2.0249 0.0005 1803

27 27 27 24 0.945 0.0341 1.9451 1.9512 0.0061 1879

Table 2: The parameters for several possible “high-quality” supercells

with ρ ≃ 0.94 and θ ≃ θNM .

By substituting integer values in Eqs. (22), (23) or their counterparts Eqs. (24),

(25), we build possible supercells which could be adopted for simulations. We

adopt two main criteria for accepting a given set of numbers. Firstly, we need

to limit the total number N of colloidal particles per cell. To keep the simu-

lation time under control, N should not be much greater than approximately

1000. Secondly, we check the resulting values of ρ and θ. As to ρ, we search

for a value between 0.92 and 0.95 in order to investigate a representative dilute

antisoliton regime, whereas θ is expected to be between 2◦ and 4◦. The reason

for this angle range is that Novaco and McTague [8] showed the following: for a

harmonic monolayer subject to an incommensurate periodic potential, the misfit

compressional stress may be partly converted to an energetically cheaper shear

stress. This is energetically optimal for a “spontaneous” rotation angle

θNM = arccos

(

1 + ρ2(1 + 2δ)

ρ[2 + δ(1 + ρ2)]

)

, (28)

where δ is a parameter which contains information about the sound-velocity ratio

and whose value from a phonon calculation is 2.261636. For ρ near unity, Eq. (28)

yields θNM precisely in the 2◦ − 4◦ range. In order to use the simpler formulae

in the previous section, we start with n1 = n2. For each n1,m1,m2 we evaluate

ρ, θNM and θ and evaluate the mismatch between θ and θNM . Of the many

configurations considered, we retain especially convenient ones, listed in Table 2.

As all of them have a quite small angular deviation ∆θ := |θ − θNM |, we can

adopt any of these sets of parameters. The first one listed involves the smallest

number of particles among all, thus the shortest computational time. Therefore,

we concentrate on this one. The resulting cell parameters are listed in Table 3.

A sketch of one periodically-repeated cell is shown in Fig. 3.

Since we always have ρ 6= 1, a preliminary relaxation of the structure is
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Figure 3: The simulation supercell adopted, with the N = 1263

particles in their initial periodically-spaced configuration. As n1 = n2,

the cell is rhombus-shaped and it is the union of two equilater triangles.

Primitive vectors, Eqs. (26), (27), are also indicated.
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Physical quantity Value Numerical value

N 1263

L1,x
3

2
·
√
421 30.7774267930247866

L1,y
1

2
·
√
1263 17.7693556439168609

L2,x 0

L2,y

√
1263 35.5387112878337219

Table 3: Supercell parameters adopted in the simulations, in units of

acoll, generated by the integers given in the first row of Table 2.

required. Before starting any of our simulations, we need to find a suitable

initial configuration. We adopt the following procedure: starting from V0 = 0

we increase the potential amplitude to V0 = 1 in steps of ∆V0 = 0.005. Each

simulation is static (F = 0 and ∆0 = 0) and is allowed 1000 time units to fully

relax. We checked that the results do not depend on this smooth relaxation. As

a matter of fact, the results do not change significantly if we set V0 to its final

values in one single relaxation starting from periodically spaced particles as in

Fig. 3.

3 Results

We report the outcome of simulations. We have investigated a limited set of

different values of the external potential amplitude V0 and oscillation amplitude

∆0. We stick to a single frequency ν = 0.02 and an additional dragging force

F = ηvd along the x̂ direction. We search for Shapiro steps in the centre-of-mass

velocity, increased in small steps ∆F = 0.001. When necessary, we increase the

force in even smaller steps ∆F = 0.0001.

3.1 The depinning transition

The simplest model which describes the dynamics of particles interacting with

the nearest neighbours in the presence of an external periodic potential was in-

troduced by Frenkel and Kontorova [9]. In that model (FK in the following),

particles are connected by Hookian springs of strength K, which tends to keep

them a distance acoll away. Besides, a sinusoidal substrate periodic potential

tends to keep particles a distance alas away. At fixed amplitude V0 of the sinusoid

and for incommensurate ρ = alas
acoll

the FK model undergoes the so-called Aubry

13
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Figure 4: Rescaled vcm,x as a function of the external applied force.

The depinning at Fs ≃ 0.25 marks the value of the static friction force

for this value of V0.

transition at a value Kc of the interparticle interaction strength. Moreover, this

transition strongly depends on ρ and is a “frictional transition” describing the

transition of the system from a superlubric, freely sliding phase characterizing

the rigid chain K > Kc, to a soft-chain pinned phase characterized by nonzero

static friction. Being pinned (finite static friction) is a necessary condition for

the occurrence of Shapiro steps.

In order to find where approximately depinning takes place in our model, we

perform a preliminary calculation in this way: we scan V0 in steps of ∆V0 = 0.05

from V0 = 0 to V0 = 0.5. For each of these values, we fully relax the layer. Then,

we make the external force F act, increasing it from F = 0 to F = 0.5 in steps

of ∆F = 0.001. Clearly, we set ∆0 = 0 since we want to test depinning in the

absence of time oscillations. The aim is to estimate a value Vc above which a

pinned state is clearly present. Figure 4 shows the centre-of-mass velocity as a

function of the external applied force for two values of V0 before and after the

Aubry transition, to highlight the difference. Figure 5 shows the threshold force

Fs as a function of V0. The pinning transition occurs at 0.2 ≤ Vc ≤ 0.25.

3.2 V0 = 1; ∆0 = 0.7

In order to investigate the synchronization dynamics we select V0 = 1 and

∆0 = 0.7, which means ∆0 = 70%V0. With these parameters, even the smallest

corrugation V0 −∆0 = 0.3 exceeds the critical Vc, thus remaining in the pinned

14
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Figure 5: Depinning force as a function of the potential amplitude

V0, with ∆0 = 0. The system slides freely up to V0 ≃ 0.2.

phase throughout the oscillation period. Starting from the fully relaxed config-

uration, we run a new simulation with increasing F . For a Shapiro step to be

present, it is necessary that a fixed number of colloids advances by one lattice

spacing every oscillation period, independently of F (within a range). Firstly,

we carry out a raw calculation to determine a range where the velocity starts

being non-null: we scan from F = 0 to F = 0.5 with ∆F = 0.001. Each of these

single-force calculations is carried out for a time τ = 1000, including a dropped

transient τd = 300.

Next, we try to zoom on the intervals in which the centre-of-mass velocity

proves to be either constant or at least a slowly-changing function of the external

force. Meanwhile, we also examine the graphs of the centre-of-mass velocity vcm
along x̂ as a function of time to detect any sign of periodicity. When this function

is periodic, it points us out that a fixed number of colloids advances regularly by

one lattice spacing, and there is a chance that this periodic advancement remains

stable over a range of forces F . By choosing ∆F = 0.0001 and increasing the

simulation time to τ = 2000, we detect the two steps highlighted in Fig. 6. For the

first step, we discover that the periodicity of vcm is 850 time units, corresponding

to 17 times the period of oscillation ν−1 = 50, see Fig. 7a. The second step has

a period of 800 time units, i.e. 16 ν−1, see Fig. 9a. The former step extends over

forces from F = 0.3339 to F = 0.3409, the latter involves the forces F = 0.3410,

F = 0.3411 and, most likely, all these in between.

To characterize the motion of the particles where these steps occur, we also
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Figure 6: Rescaled vcm,x as a function of the external applied force.

Inset (a) highlights the detected Shapiro steps explored with a 10-time

smaller force step.

plot the average velocity along the ŷ direction. As shown in Fig. 7b, this velocity

is quite small, and null on time average: no net motion along ŷ takes place. The

centre-of-mass position advances in regular steps in the x̂ direction, see Fig. 8a.

Figure 10 reports the velocity components for F = 0.342, outside the Shapiro

steps. The motion is quite different, with no periodic regularity and a systematic

ŷ-drift. This analysis allows us to conclude that Shapiro steps are characterized

by (i) a periodic vcm,x and (ii) a null 〈vcm,y〉.
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Figure 7: Longitudinal (x̂) and transverse (ŷ) centre-of-mass velocity

components in the first Shapiro step of Fig. 6 (F = 0.3405) as a

function of time. Note the periodicity, highlighted by an arrow in

panel (a). Note also the much smaller scale of the transverse velocity

of panel (b).
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Figure 8: Centre-of-mass x̂ and ŷ positions in the same trajectory as

in Fig. 7.
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Figure 9: Centre-of-mass velocity components in the second step

of Fig. 6 (F = 0.3411) as a function of time. Note the different

periodicity compared to Fig. 7.
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Figure 10: Longitudinal centre-of-mass velocity component and trans-

verse centre-of-mass position for F = 0.342, not belonging to a Shapiro

step. The irregular oscillations are induced by the pulsating potential.

The overall motion is nonperiodic, with a net ŷ drift component. This

trajectory tracks a chaotic attractor.
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Figure 11: Successive snapshots of the Shapiro-step state at F =

0.3405 (see Figs. 6, 7, 8). The snapshots are separated by ex-

actly one oscillation period ν−1, and describe the time instants t =

1086, 1136, 1186. The highlighted particles have just jumped right-

ward by at least 0.53 · acoll in the previous time interval.

To characterize the observed Shapiro steps even better, we highlight the ad-

vancement pattern of the colloids, adopting a “stroboscopic” approach similar to

that of Ref. [6]. Figures 11, 12, 13, 14, 15, 16 show 18 snapshots of the colloidal

configuration in the supercell, at a delay interval of one oscillation period ν−1.

For better visibility, the snapshots are selected at the times when the corrugation

amplitude nears its maximum V0+∆0. To ease the identification of the advance-

ment pattern, we highlight those particles which advance by more than a certain

threshold δx = 0.53·acoll. These highlighted particles represent the colloids which

cross the antisolitonic boundary between in-registry islands during the last oscil-

lation period. Note that the shape of these islands keeps changing in time. Quite

remarkably, this evolution is periodic, and eventually, after 17 oscillation periods

leads back (right snapshot of Fig. 16) to the same initial pattern (left snapshot

of Fig. 11), only shifted by one potential lattice spacing to the left.

We find that the value of δx is rather critical, and that no choice of δx leads

to a precise identification of the moving particles, because at some oscillation

period they move more and at some other move less, but the pattern is clear: in

the sequence of 17 periods, a complex but periodic evolution of the boundaries

takes place, and repeats itself regularly. This complicated pattern of repetition

accounts for the quite small and delicate Shapiro step associated with it.
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Figure 12: Successive snapshots of the Shapiro-step state at F =

0.3405 (see Figs. 6, 7, 8). The snapshots are separated by ex-

actly one oscillation period ν−1, and describe the time instants t =

1236, 1286, 1336. The highlighted particles have just jumped right-

ward by at least 0.53 · acoll in the previous time interval.

Figure 13: Successive snapshots of the Shapiro-step state at F =

0.3405 (see Figs. 6, 7, 8). The snapshots are separated by ex-

actly one oscillation period ν−1, and describe the time instants t =

1386, 1436, 1486. The highlighted particles have just jumped right-

ward by at least 0.53 · acoll in the previous time interval.
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Figure 14: Successive snapshots of the Shapiro-step state at F =

0.3405 (see Figs. 6, 7, 8). The snapshots are separated by ex-

actly one oscillation period ν−1, and describe the time instants t =

1536, 1586, 1636. The highlighted particles have just jumped right-

ward by at least 0.53 · acoll in the previous time interval.

Figure 15: Successive snapshots of the Shapiro-step state at F =

0.3405 (see Figs. 6, 7, 8). The snapshots are separated by ex-

actly one oscillation period ν−1, and describe the time instants t =

1686, 1736, 1786. The highlighted particles have just jumped right-

ward by at least 0.53 · acoll in the previous time interval.
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Figure 16: Successive snapshots of the Shapiro-step state at F =

0.3405 (see Figs. 6, 7, 8). The snapshots are separated by ex-

actly one oscillation period ν−1, and describe the time instants t =

1836, 1886, 1936. The highlighted particles have just jumped right-

ward by at least 0.53 · acoll in the previous time interval. Note that

the last snapshot reproduces the first snapshot of Fig. 11 (occurred

17ν−1 = 850 time units before), but with the grain-boundary pattern

displaced by one lattice spacing alas to the left.

3.3 V0 = 0.5; ∆0 = 0.25

We also investigated the smaller amplitude V0 = 0.5 and ∆0 = 0.25. Starting

from the relaxed configuration with these listed parameters, we now run new

simulations with applied external force on and corrugation potential oscillating

in time. With a similar protocol, we run 10000 time units calculations, which

means 200 oscillation periods. Even in these long runs, we cannot detect any

periodicity in the centre-of-mass velocity along x̂ as a function of time. Also, the

centre of mass has a nonzero ŷ-component as well, very much like in the sliding

configurations at F = 0.342 of Fig. 10. In summary, we could not identify any

Shapiro steps for this smaller amplitude corrugation.
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4 Discussion and Conclusions

The present study complements our understanding of Shapiro steps in driven

colloidal monolayers. The main outcome of simulations is that rotated configu-

rations tend to have a narrow range of regular synchronized dynamics. In real

experiments the resulting tiny steps are most likely quite hard to detect due to

being rounded by thermal fluctuations. Surely, further investigation is needed to

determine how much these results depend on the detailed choice of parameters

and, in particular, on the selected supercell.

23



References

[1] A. Vanossi, N. Manini, M. Urbakh, S. Zapperi, and E. Tosatti, Rev. Mod.

Phys. 85, 529 (2013).

[2] T. Bohlein, J. Mikhael, and C. Bechinger, Nature Mater. 11, 126 (2012).

[3] A. Vanossi and E. Tosatti, Nature Mater. 11, 97 (2012).

[4] S. Shapiro, Phys. Rev. Lett. 11, 80 (1963).

[5] A. Vanossi, N. Manini, and E. Tosatti, P. Natl. Acad. Sci. USA 109, 16429

(2012).

[6] S. Paronuzzi, Colloids and pulsing force fields: effects of spac-

ing mismatch, Bachelor Thesis (Università d. S. di Milano, 2013).
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