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Abstract

In this thesis we explore an application of peridynamics for the modeling of macroscopic friction

between interacting surfaces in relative motion. In particular, we focus on the sliding of an acrylic

glass sphere over a plate specimen of Zr-based bulk metallic glass. We investigate the main features

of the system, how it responds to different loads and sliding velocities, and discuss how peridynam-

ics could be refined in order to better model sliding friction. The most badly needed improvement

of the model is the replacement of the traditional purely repulsive forces of broken peridynamic

bonds with more refined interactions accounting for rebonding and contact aging.
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Introduction

Tribology is the branch of physics which deals with interacting surfaces in relative motion [1].

This subject - widely studied for both its theoretical and pratical significance - has elicited a great

interest over the centuries; the research, however, is still considered at an early stage, as many

fundamental questions remain still open.

From a practical perspective, the study of sliding friction represents a problem of the uttermost

importance, and thus - unsurprisingly - this task has been undertaken since the last decade of the

15th century. Specifically, it was Leonardo da Vinci who first realized that the frictional resistance

was proportional to the load applied to the sliding body. Almost two centuries after him, Guillaume

Amontons (1699) rediscovered and Charles-Augustin de Coulomb (1781) proved Leonardo’s

forgotten friction laws, presenting them in the formulation which is still known today [2].

Since the beginning, two different phenomena have been distinguished: static friction - some-

times called stiction - and dynamic (or kinetic) friction. The two phenomena are usually gathered

under the general category of dry friction, whose peculiarity is represented by the fact that no

lubricant is placed between the sliding bodies.

The term static friction typically refers to the frictional force fs occurring in the absence of

movement, namely the maximum lateral force that can be applied before the sliding motion initiates

starting from rest. Static friction originates from the roughness of the surfaces at different length-

scales: as the profiles of the bodies in contact are not smooth, but rather present asperities all along,

forces are exerted between them. At a microscopic scale, interatomic interactions (electrostatic,

Van der Waals...) can contribute to the adhesion and become non negligible; at the macroscale,

plasticity effects sometimes need to be taken into account. Generally speaking, different features

might be relevant according to the pair of materials chosen and to the scale observed. The force

that allows a car wheel to spin properly is an example of static friction.

The term dynamic friction, on the other hand, refers to the dynamic frictional force fd, required

to keep the two bodies sliding at constant speed once they have already started moving. As for

the static case, a plethora of different phenomena, ranging from chemical bonding to interlocking

asperities, can influence dynamic friction across different length-scales. A typical consequence

of dynamic friction is represented by the conversion of translational motion energy into heat: a

common application is thus represented by vehicle brakes, which slow a vehicle down by dynamic

friction, i.e. by converting its energy into heat and then dispersing it.

Generally speaking, the applications of friction are ubiquitous. In different contexts, a huge
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or negligible friction value may be requested: a high static friction force is often fundamental to

keep mechanical constructions together and to maintain a reliable tire-road contact, while a large

kinetic friction would be heavily detrimental between moving parts of machines in industry. In this

regard, an estimation of the economical impact of friction has determined that about 5% of the

gross product of developed countries is lost due to friction, wear and related effects [3].

Although tribology has been studied for centuries, great developments have been reached during

the last decades, as new techniques that allowed to study contacts at a microscopic level became

available for both experiments and simulations. Among experimental techniques, the atomic-force

microscope [4] and the friction-force microscope [5] played a great role. Among computational

techniques, molecular dynamics made simulations of atomic processes feasible [6]. In both cases, it

became possible to investigate friction at a smaller scale, and consequently understand more about

its fundamental principles.

Today, molecular dynamics is routinely used to model the microscopic mechanisms of friction:

it is considered a well-established approach which led to numerous interesting results [7, 8].

Moreover, it describes naturally wear and rupture of the bodies, important effects often present in

experiments. Nevertheless, a great limitation fundamentally hinders molecular dynamics: given our

current computational resources, we cannot use it to model macroscopic bodies, as they require

an unmanageably high number of particles. This is exactly the reason why bridging the gap

between microscopic and macroscopic models of friction is considered a fundamental issue to

address [9]: for this purpose, other approaches - as the earthquake model [10] and the consequent

master-equation approach [11] - have been developed, but a general ‘standard’ model is still not

available.

In the present study, we explore an innovative approach: peridynamics, a theoretical model

usually reserved for the study of collisions, crack propagation and for the prediction of structural

integrity of mechanical structures. From what we know, this attempt has been made just once

before [12].

In particular, peridynamics is naturally suited to model macroscopic phenomena, as it was

originally conceived for macroscopic problems, yet it includes wear and tear of the bodies consid-

ered. Moreover, among its peculiarities lies nonlocality, a further evolution of classical continuum

models which have been used for a long time to describe elastic effects. These and other of its

features make the use of peridynamics within the frame of tribology worth investigating.

The main conclusion of our study is that, while current peridynamic models are certainly

valuable tools to describe a macroscopic elastic response, including the possibility of damage and

wear, they must be implemented with some better recipe to handle the interaction between two

sliding bodies and account for phenomena such as contact aging and friction stiffening.
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Chapter 1

Shortcomings of a Classical Local
Theory

Figure 1.1: From Classical Continuum Mechanics (CCM) to Molecular Dynamics (MD).

Peridynamics - originally proposed in year 2000 by Dr. Stewart Silling [13] - is a reformulation

of classical continuum mechanics. The main strengths of peridynamics are to be found in its

nonlocality and in the fact that it is well suited to handle discontinuities such as cracks. As

illustrated by Fig. 1.1, peridynamics can be seen as a sort of contact point between continuum

mechanics and atomistic molecular dynamics; in this regard, it has been unofficially dubbed ‘the

continuum version of molecular dynamics’ or ‘the upscaling of molecular dynamics’ [14].

Given the many links between these models and the coincidence of the elastic continuum

equations they are founded upon, we start by reviewing the main concepts of the classical local

theory.
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2 Shortcomings of a Classical Local Theory

1.1 Classical Continuum Mechanics

Classical continuum mechanics (CCM) is a well-established branch of physics which deals with

the kinematics and the mechanical behavior of macroscopic materials and structures [15]; from an

historical perspective, it can be seen as a broader evolution of classical elasticity. The foundations

of this theory were laid in the 1820s by Augustin-Louis Cauchy and Claude-Louis Navier, the first

scientists to introduce the concepts of stress and strain [16, 17]; it was only in the 1950s, on the

other hand, that the general discipline of continuum mechanics was developed, mainly due to the

work of Clifford Truesdell and Walter Noll [18, 19].

In parallel with the emergence of CCM, the advent of computers led scientists and engineers

to seek new methods to solve problems in the frame of structural mechanics: the finite-element

method - which was introduced in those same years - allowed to successfully address many of the

challenges related to the integrity of structures and buildings.

As the name itself states, in CCM bodies are modeled as a continuum which fills completely

the space it occupies; what really is a system of discrete objects (atoms, molecules) is now regarded

as a single, continuous block identified by its smooth mass density. As a direct consequence of this

choice, the atomic nature of matter is completely neglected: we consciously leave out of this model

any information we might have had about the constituent particles. Nevertheless, provided that the

length scales involved are sufficiently large, this model proves accurate.

The transformation of the original set of discrete particles into a continuous medium makes

it suitable for the methods of real analysis. The body is referred to as consisting of ‘continuum

particles’: prior to deformation these particles occupy their initial reference positions, but after

some load is applied they move as a smooth mapping to their new positions. To describe the body

change in shape, concepts as that of deformation gradient F, strain tensor ε, and stress tensor σ are

introduced.

With this new terminology, we are able to write the fundamental equation governing CCM,

which must hold true at every point x within body B:

ρ(x) ü(x, t) = ∇ · σ + b(x, t), (1.1)

where t is time, ρ is the mass density, u is the displacement field, u̇ is the displacement velocity and

ü is the acceleration, σ is the aforementioned stress tensor, and b is the field of externally applied

load per unit volume. The stress is typically assumed to be known, as we have a constitutive law

relating strain - which is related to the displacement field by εi j = 1
2

(
∂ui
∂x j

+
∂u j
∂xi

)
- to the stress itself;

thus Eq. (1.1) can be used to obtain the acceleration of each of the infinite amount of ‘continuum

particles’ within B.

Analytical solutions of Eq. (1.1) are available only for a small set of special configurations. For

most conditions, a discretization is needed to approach this continuum problem numerically.
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1.2 Finite-Element Method

The finite-element method (FEM) [20] is the prevalent numerical approach to problems ranging

from mathematical physics to structural engineering: since its creation, which took place from

the 1950s to the 1970s, its use has become widespread because of its good performance. From

a practical perspective, in the FEM frame the body B is subdivided into smaller parts and their

response to external stress is tracked. The analytical solid model is thus turned to a discrete model,

with a finite number of grid points; the differential equations of CCM, on the other hand, are

converted into a system of algebraic equations, easier to handle from a computational perspective.

The hypotheses under which this technique works are those of a continuous body under a

smooth deformation, exactly as for CCM. Although the results obtained with the FEM are only

approximate solutions of the original problem, they proved to be of invaluable importance in many

branches of engineering.

Figure 1.2 shows an example of a mesh used to subdivide the original body into smaller parts,

the ‘elements’ from which the name of the method comes; each of these subvolumes can be referred

to as a ‘material point’.

Figure 1.2: Mesh discretization of a continuous domain into a finite number of elements.

1.3 Drawbacks of Local Theories and Proposed Remedies

One of the most important assumptions of the classical theory is its locality: each material point

that the body is divided into interacts with its nearest neighbors alone. This is a consequence of

the locality of Eq. (1.1), and is precisely the reason why the theory is defined local. As depicted in

Fig. 1.3, the number of first neighbors is the same as that of the faces of the subvolume; for a cubic

volume - the simplest solid we can think of - the number of nearest neighbors is obviously 6. In

this regard, from this moment on unless otherwise stated we will just assume that the bodies are

subdivided in small cubic volumes, each one representing a material point.

Since interactions are governed by balance laws, a material point only exchanges momentum

and energy with the aforementioned neighbors; as a consequence, the state of a point is related to

the deformation at that point only. This assumption - while valid across a wide range of materials -

does not always hold true at all the length scales; even at the macroscale there are examples of small
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Figure 1.3: A material point interacting only with its nearest neighbors (local theory).

localized features influencing the whole structure. The most critical limit hindering the classical

local theory, however, is represented by its flaws in the modeling of cracks. Despite great efforts in

the last decades, no efficient remedy for the shortcomings of FEM in failure prediction has been

found, and thus the modeling of crack initiation and evolution in the frame of a classical local

theory represents a major challenge up to this day [21, 22].

The origin of this challenge is linked to the fact that the underlying mathematical formulation

of CCM requires a body which remains continuous under any deformation. This assumption

allows the classical theory to rely on spatial partial-differential equations, but these expressions are

undefined at discontinuities: this implies that the governing equations that both the CCM and the

FEM refer to lose their meaning as a crack appears.

A completely new branch of physics - named fracture mechanics - has been specifically

developed to deal with the singularities emerging at the cracks [23]; however, while useful in itself

to address various engineering problems, fracture mechanics is a discipline separate from elasticity

theory, and a coherent blend of the two is still under development [24, 25].

In this regard, among the different approaches proposed to combine the fracture and CCM

theories, the discrete crack model [26] has obtained a moderate success. The underlying idea was

to predict where a crack would propagate by means of fracture mechanics and to adjust the mesh

accordingly so to accommodate the incremental rupture: at each step the crack was fundamentally

redefined as a boundary. However, the difficulty of a coherent operation of remeshing combined

with some simplistic assumptions about the propagation of the fracture has prevented a widespread

use of this method: while it is still employed by researchers, it has proven not to have the robustness

required by engineers to routinely apply it to structural analysis.

A different approach, originally addressing the problem of locality, yet then adopted for

simulating fractures as well, stems from molecular dynamics (MD) [27]. MD itself is probably the

most accurate approach for predicting ruptures, as their initiation and growth is modeled through
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Figure 1.4: A material point interacting with all its neighbors within a finite horizon (nonlocal
theory).

inter-atomic forces; moreover, the fact that a particle interacts with each and every other particle

within an in principle endless horizon allows one to take into account those long-range effects

otherwise neglected in the local models and that can play an important role in fracture propagation.

However, MD is affected by a huge flaw: the computational resources available at the moment do

not make it feasible to model macroscopic bodies, since these would require a cumbersome number

of particles. Even large-scale MD simulations realized over the last few years - and thus taking

advantage of the most recent developments of computer architectures - reached at best sizes of ∼1

µm, by far tiny according to engineering usual structures. For this reason, instead of being used for

the solution of practical problems, MD is typically restricted to the investigation of fundamental

principles of mechanics and to nanomechanics [28–33].

As a consequence, other nonlocal theories have then been developed to bridge the gap between

classical continuum mechanics and molecular dynamics. The peculiarity of these approaches,

which led to the so-called nonlocal continuum models, is that a material point is influenced not only

by its firsts neighbors, but by all the other points located inside a region of finite radius, usually

called horizon; a visualization is provided by Fig. 1.4. If the horizon is reduced so to coincide with

the interparticle spacing, CCM is recovered.

One of these nonlocal theories [34] proved superior in the fact that it predicted a finite, physically

meaningful stress at the crack tip, whereas the local theory used to predict infinite, nonphysical

values. In spite of this, the continuum equations governing all these nonlocal models still lose their

meaning in the presence of discontinuities, which must therefore be treated appropriately.
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Chapter 2

Peridynamics

Figure 2.1: A length parameter, the horizon, determines with which material points a particle can
interact (green) or cannot (dark gray)

2.1 Fundamental Attributes

Given the limitations of the existing theories, Peridynamics (PD) was developed in order to

effectively handle the modeling of bodies with discontinuities such as cracks and fractures. Starting

from the original model [13], numerous variations have been proposed throughout the years, each

created to better capture the details of various materials [35–39]; here, we will focus on the most
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8 Peridynamics

relevant formulation, namely the so-called bond-based peridynamics.

PD is a nonlocal theory with an intrinsic length scale, the horizon radius, yet it has been

shown that it converges to CCM as that length approaches zero [40]: this - in addition to its ability

to reproduce established experimental results - is a strong proof of the robustness of the theory.

While preexisting theories used to deal with cracks in a cumbersome, artificial way, PD relies on

spatial integral equations that can be applied to discontinuities. The governing laws are defined

over fractures without any need for a special treatment: this fundamental attribute allows crack

initiation and growth along an arbitrary path to be naturally incorporated into the model. This is

made possible by the fact that the body is divided into material points, which interact with each

other through a proper response function, containing all the information pertaining the materials.

A length parameter, the aforementioned horizon, is included into this function, and it tunes the

locality of the interactions. When these interactions among material points cease, cracks initiate

and subsequently grow, provided that the governing equations are still valid. Figure 2.1 illustrates

how the horizon parameter sets the depth of the interactions around a given particle.

2.2 Basics

Within a body B, each and every point can be considered as the location of a material point

(or material particle), and this infinite amount of particles constitutes the continuum. Considering

an undeformed state, a material point is identified by its position x; this theory is not a priori

restricted to any specific space dimensionality, but in practice a three-dimensional real space is

from this moment on implied, i.e. x ∈ R3. In addition to its coordinates, the particle is assigned a

volume element, dVx, and a mass density, ρ (x); notice that the density is in general a function of

the position, i.e. the body need not be homogeneous. From this moment on x will be used both to

indicate the original position of a particle and the particle itself.

A condition immediately arising is: ∫
B

dVx = V,

where V is the total volume of the body B. A similar condition holds for the density as well:∫
B
ρ (x) dVx = M,

where M is the total mass of B.

The body can be subjected to an external load field b (x, t), with dimensions of a force per

unit volume, resulting in a deformation: as a consequence, the material particle initially at x
experiences a displacement u = u (x, t), and its new position in the deformed configuration is

y = y (x, t) = x + u (x, t). The total force acting on the body is therefore
∫

B b (x, t) dVx at any time.

The motion of the body is studied by considering the interactions between a point, x, and all its

neighbors, x′: in principle the amount of particles within B is infinite, and thus an infinite number of
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Figure 2.2: Kinematics of PD points x and x′: during a smooth deformation they evolve to points y
and y′.

interactions should be taken into account. We assume that the influence of the interactions vanishes

beyond a local region, which - as in the aforementioned nonlocal theories - is identified by a finite

radius, named horizon radius or δ. The totality of the particles within the horizon of x - and thus

able to interact with it - is denoted by Hx and is usually referred to as family. Every other particle

x′ within B has its own family Hx′ as well. Figure 2.2 proposes a visualization of the system.

The interactions among the particles are described by a micropotential function of the defor-

mations and defined in such a way that the constitutive properties of the materials involved are

satisfied. The nonlocality, on the other hand, depends on the horizon value: the smaller the horizon,

the more local the interactions.
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2.3 Deformation

As discussed above, material point x interacts with its family Hx, namely it is influenced by the

collective deformation of this group of particles. Notice that the particle x′ belongs to the family

Hx according to a condition referring to the original, undeformed state; to put it explicitly:

Hx =
{

x′ ∈ B :
∥∥∥x − x′

∥∥∥ ≤ δ }
. (2.1)

All the particles within Hx are said to have a bond with x: this term refers to the fact that their

potential - which can be visualized as a bond or a spring connecting each particle x′ to x - will act

upon x from this moment on unless a breakage occurs.

When a deformation occurs, particles x and x′ experience displacements u and u′ respectively,

and their new positions become y = x + u and y′ = x′ + u′. A quantity, called stretch (between x
and x′) and defined as:

s =
‖y′ − y‖ − ‖x′ − x‖

‖x′ − x‖
(2.2)

measures the percent elongation or shortening of the x′ − x bond. A shorthand notation makes use

of the vectors ξ = x′ − x for the relative position in the original configuration and η = u′ − u for

the relative displacement; as a consequence, y′ − y = ξ + η is the relative position in the deformed

configuration. The expression Eq. (2.2) for a given pair of particles thus becomes:

s
(
ξ, η, t

)
=

∥∥∥ξ + η
∥∥∥ − ‖ξ‖
‖ξ‖

. (2.3)

The vector ξ is often referred to as reference bond; the vector ξ + η, on the other hand, is named

deformed bond. The geometrical meaning of these vector quantities is illustrated in Fig. 2.3.

2.4 Equations of Motion

The equations of motion for the deformation field u (x, t) can be written as the Lagrange

equation:
d
dt

(
∂L
∂u̇

)
−
∂L
∂u

= 0, (2.4)

where the Lagrangian L is defined as L = T − U. The total kinetic energy of the body, T , is:

T =

∫
B

1
2
ρ (x) u̇ (x, t) · u̇ (x, t) dVx. (2.5)

The total potential energy, U, is related to the interactions among the material points. Specifically,

because of the interactions between x and x′, micropotentials w and w′ develop: in general, each one

of them depends on the constituent properties of the material as well as on the relative position of x
and all the particles x′ within its family. For this exact reason, in general w , w′: w is dependent

on the position of points belonging to Hx, whereas w′ is dependent on the position of the infinite
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Figure 2.3: Kinematics of nearby particles x and x′.

set of points belonging to Hx′ . These energy terms can thus be schematically written as

w = w
[
y(x) − y′(x′)

]
, ∀x′ ∈ Hx (2.6)

and likewise

w′ = w′
[
y′(x′) − y(x)

]
, ∀x ∈ Hx′ . (2.7)

It will be shown, however, that special cases where some extra relation between w and w′ exists

provide much easier calculations, while still being accurate enough to model realistic materials.

These micropotentials w and w′ have dimensions of energy per unit volume squared. The total

energy density W of x is thus given by the joint effect of the micropotentials originating from the

interactions of x with all the particles x′ within its horizon:

W (x, t) =

∫
Hx

1
2

(
w + w′

)
dVx′ , (2.8)

where dVx′ is the volume element referred to particle x′.

As a consequence, the total potential energy U is given by:

U =

∫
B

W (x, t) dVx −

∫
B

b (x, t) · u (x, t) dVx. (2.9)

The first term represents the deformation energy, and the second one is the total work done by the

external load. Note that the integrations in Eq. (2.8) and Eq. (2.9) refer to different domains: the
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integral in Eq. (2.8) is performed inside a horizon Hx, whereas the one in Eq. (2.9) is performed

over the whole body B.

It can be shown [41, 42] that the substitution of these expressions into Eq. (2.4) leads to the

Lagrange equation of motion for u (x):

ρ (x) ü (x, t) =

∫
Hx

[
τ
(
u′ − u, x′ − x, t

)
− τ′

(
u − u′, x − x′, t

) ]
dVx′ + b (x, t) , t ≥ 0, (2.10)

where

τ
(
u′ − u, x′ − x, t

)
=

1
2

∂w
∂ (y′ − y)

(2.11)

and

τ′
(
u − u′, x − x′, t

)
=

1
2

∂w′

∂ (y − y′)
. (2.12)

From dimensional analysis, it can be seen that
∫

B ∂w/∂ (y′ − y) dVx′ has the dimensions of a force

per unit volume and thus represents the force density that the point x′ applies on x; on the other

hand,
∫

B ∂w′/∂ (y − y′) dVx′ is the force density the point x applies on x′. In light of this fact,

Eq. (2.10) can be seen as analogous to Newton’s second equation, where mass has been replaced

by mass density and thus force densities have taken the place of forces. In this regard, note that in

Eq. (2.10) the integration is performed over Hx, i.e. only the interactions with points within the

horizon of x can influence the dynamics of x itself.

If vectors ξ and η are used, the expression becomes:

ρ (x) ü (x, t) =

∫
Hx

(
τ
(
η, ξ, t

)
− τ′

(
−η,−ξ, t

) )
dVx′ + b (x, t) , t ≥ 0. (2.13)

From this moment on, Eq. (2.10) and Eq. (2.13) will be the general 3D peridynamic equations of

motion we will refer to.

2.5 Ordinary Bond-Based Peridynamics

2.5.1 Balance Laws and Restrictions on τ and τ′

In addition to the expressions presented up to this moment, the PD equation of motion must

satisfy the balance of energy, linear momentum and angular momentum. The total linear momentum

P of a set of particles is given by

P (t) =

∫
B
ρ (x) u̇ (x, t) dVx, (2.14)

and the total angular momentum about the coordinate origin, L0, is:

L0 (t) =

∫
B
ρ (x) y (x, t) × u̇ (x, t) dVx. (2.15)
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The energy is given by the sum of the total kinetic energy T plus the total potential energy U

namely:

E =

∫
B

1
2
ρ (x) u̇ (x, t) · u̇ (x, t) dVx +

∫
B

W (x, t) dVx −

∫
B

b (x, t) · u (x, t) dVx (2.16)

As a consequence, the functions τ (u′ − u, x′ − x, t) = τ
(
η, ξ, t

)
and τ′ (u − u′, x − x′, t) = τ′

(
−η,−ξ, t

)
in Eq. (2.13) need to be specified so to satisfy the conservation of E, and the appropriate rate of

change of P and L0 due to the external force b (x, t). In particular, P must satisfy the condition:

dP
dt

=

∫
B

b (x, t) dVx, (2.17)

i.e. the rate of change of the total momentum must equal the sum of the external forces acting on

the body. Analogously, L0 must satisfy:

dL0

dt
=

∫
B

y (x, t) × b (x, t) dVx, (2.18)

i.e. the rate of change of the total angular momentum must equal the sum of the torques of the

external forces acting on the body.

As various choices are feasible, various peridynamic models are introduced. Among all, we

restrict ourselves to the simplest scenario:

τ
(
η, ξ, t

)
=

1
2

g
(
η, ξ, t

) ξ + η∥∥∥ξ + η
∥∥∥ =

1
2

f
(
η, ξ, t

)
(2.19)

and

τ′
(
−η,−ξ, t

)
= −

1
2

g
(
η, ξ, t

) ξ + η∥∥∥ξ + η
∥∥∥ = −

1
2

f
(
η, ξ, t

)
, (2.20)

where g
(
η, ξ, t

)
is a suitably defined term depending on the properties of the material, on the relative

positions of the particles x and x′ and on the horizon; the function f
(
η, ξ, t

)
is referred to as the

pairwise force function. This particular choice of τ and τ′ is the starting point of the bond-based

peridynamics, alternatively called prototype microelastic brittle (PMB).

2.5.2 The Pairwise Force Function f

In light of Eq. (2.19) and Eq. (2.20), the bond-based PD equation of motion can be written as:

ρ (x) ü (x, t) =

∫
Hx

f
(
η, ξ, t

)
dVx′ + b (x, t) . (2.21)

The pairwise force function f
(
η, ξ, t

)
contains all the constitutive information for an homogeneous

material, and - from a practical perspective - it defines the specimen considered. It represents the

force per unit volume squared exerted by point x′ on x. The integral in Eq. (2.21) is restricted to Hx

as all the points interacting with x reside there.
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Figure 2.4: In the ordinary bond-based formulation of Peridynamics the forces between two
particles are equal, opposite and collinear with the deformed bond ξ + η at any time.

We state explicitly that, as a direct consequence of the previous choices of τ
(
η, ξ, t

)
, the function

f
(
η, ξ, t

)
satisfies Newton’s third law:

f
(
−η,−ξ, t

)
= −f

(
η, ξ, t

)
∀η, ξ, (2.22)

i.e. the forces arising from the interaction of x on x′ are equal in magnitude. On the other hand, the

conservation of angular momentum is guaranteed by:

(
η + ξ

)
× f

(
η, ξ, t

)
= 0 ∀η, ξ, (2.23)

i.e. the force between two particles is aligned with the deformed bond ξ + η in every moment, as in

a central-force model. Simply put, the forces are parallel to the instantaneous relative position of

the points, as shown in Fig. 2.4.

The function f
(
η, ξ, t

)
may depend on some history-dependent variables, hence the model can

describe a material with memory. On the other hand, it depends on the reference, undeformed

configuration through the variable ξ, so the system described is that of a material with a structure.

As the response of f
(
η, ξ, t

)
does not usually depend on the orientation of the body with respect

to a given coordinate system, the material described is isotropic - although some anisotropy will

creep in when a discretized version of this model is adopted. Some or all of these conditions can be

changed so to adapt to all kinds of materials.

The property of the uttermost importance, however, is that the forces between each pair of
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points depend only on the reference bond ξ and the deformed bond ξ + η: this is the reason why

the model is called bond-based. Moreover, the two are equal in magnitude, opposite and aligned

with the deformed bond: the model is thus defined ordinary. All these properties together define

the ordinary bond-based peridynamics we will extensively refer to.

The most general form of the pairwise force function is thus

f
(
η, ξ, t

)
= g

(
η, ξ, t

) ξ + η∥∥∥ξ + η
∥∥∥ . (2.24)

For a microelastic material [35] the term g
(
η, ξ, t

)
is given by:

g
(
η, ξ, t

)
=

cs
(
ξ, η, t

)
, if ‖ξ‖ ≤ δ,

0, if ‖ξ‖ > δ,
(2.25)

with the stretch s
(
ξ, η, t

)
defined in Eq. (2.3) as:

s
(
ξ, η, t

)
=

∥∥∥ξ + η
∥∥∥ − ‖ξ‖
‖ξ‖

representing the fractional bond elongation (or shortening) relative to the reference configuration.

The bond constant c, whose dimensions are the same as those of f
(
η, ξ, t

)
and g

(
η, ξ, t

)
, namely

a force per unit squared volume, is found [42] to be:

c =
18K
πδ4 (2.26)

with K the bulk modulus of the material. It is worth noting that c depends strongly on the choice

of the horizon δ. Each one of these interactions, which act between x and each of the particles

belonging to Hx, can be pictured as a linear elastic spring connecting x and x′; the stiffness of each

spring reflects the hardness of the material considered. The nonlocality of PD is given by the fact

that these springs connect particle x with all its neighbors within a spherical region of radius δ.

An important case is represented by the configuration where two or more blocks of different

materials are in contact. The material points within the body of each block are surrounded by

particles of their same kind, and thus their interaction has a magnitude fundamentally determined

by Eq. (2.26). On the other hand, some of the material points near the interface not only will

experience the interaction with particles of their same type, but of the other type as well; see Fig. 2.5.

As a consequence, a pairwise function needs to be defined for the interface in addition to the ones

for the individual materials [41]. Numerical experiments showed that if for all the particles the

number of mixed interactions across the interface is tiny compared to the number of those of the

same type, the kinematics of the system is not really affected by the choice of the mixed term. If

the numbers of the two interactions are comparable, however, using the smaller of the two terms c

obtained from Eq. (2.26) for the two materials - i.e. using the c associated with the material with

the smaller bulk modulus K - represents the best choice. Therefore the mixed interactions across an
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Figure 2.5: Two blocks of different materials in contact. Some of the particles within each body
only interact with neighbors of their same type; near the interface, however, the particles can have
points of a different type within their horizon. These mixed interactions are in general different
from the ones acting within each block.

interface are modeled with a pairwise force function f
(
η, ξ, t

)
analogous to that of the region with

the smaller bulk modulus.

2.5.3 Fracture Process

The fundamental idea behind crack initiation and growth in PD is that a limit for the stretch of

a couple exists: when two interacting particles become too far apart, the material damage starts

to occur [43]. From a practical perspective, this is reflected by the elimination of the pairwise

force function for the corresponding couple in the equation of motion. As a consequence, some

adjustments of the other forces occur, leading to the autonomous growth of a progressive material

damage.

In order to describe the tendency of each material to break, a critical stretch (sometimes called

critical strain) sc is introduced: it represents the threshold value of the stretch beyond which

the interaction between x and x′ is eliminated. In particular sc, which obviously depends on the

material, is found to be [35]:

sc =

√
5Gc

9Kδ
, (2.27)

where Gc is the strain energy release rate and K is the bulk modulus of the material. It is worth

noting that sc is a function of the horizon.

In general, a certain value of the critical stretch is associated with each material through

Eq. (2.27); in addition to that, however, this parameter can be adapted to reflect the peculiarities of

the considered system. If for any reason a crack is more likely to appear in a certain region (preex-
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Figure 2.6: The pairwise force function f as a function of the bond stretch s. The presence of a
critical stretch sc provides the model with a threshold beyond which the elastic behavior of the
interaction is interrupted. Once a bond is broken, the elastic force cannot be reestablished.

isting damage, geometrical configuration . . . ), the value of sc there will be changed accordingly.

At the interface of two blocks of matter, a larger critical stretch can be chosen to model adhesion

effects or a weld, while a smaller value can represent the fact that the blocks are juxtaposed and

likely to be separated.

From a mathematical point of view, cracks are added to the equation of motion through a

history-dependent, scalar-valued function µ, which is inserted multiplicatively in the pairwise force

function:

f
(
η, ξ, t

)
= g

(
η, ξ, t

)
µ
(
η, ξ, t

) ξ + η∥∥∥ξ + η
∥∥∥ . (2.28)

Specifically, µ
(
η, ξ, t

)
is defined as:

µ
(
η, ξ, t

)
=

1, if s
(
ξ, η, t′

)
< sc, 0 ≤ t′ ≤ t,

0, otherwise.
(2.29)

This expression implies that the stretch s between any pair of points x and x′ is continually

monitored, and if - at any point in time - the threshold sc is exceeded, failure occurs: the history-

dependent function µ
(
η, ξ, t

)
becomes zero, making the corresponding pairwise force null from

this moment on. The fact that bonds cannot be reformed once they have been broken is a conscious

choice and does not reflect any intrinsic limitation of the peridynamic model. It would be possible

to construct a modified PD model where bonds can re-form, although we are not aware of any such



18 Peridynamics

attempt so far.

After the insertion of µ
(
η, ξ, t

)
, the interaction among a pair of material points can still be

pictured as an elastic spring, but now a sudden and irreversible loss of force occurs if the critical

stretch is surpassed, as displayed in Fig. 2.6. This breaking of a spring and the consequent

interruption of the interaction is the origin of the aforementioned crack propagation.

Another quantity introduced to monitor the state of the system is the local damage, which for a

particle x is defined as:

φ (x, t) = 1 −

∫
Hx
µ
(
η, ξ, t

)
dVx′∫

Hx
dVx′

, (2.30)

namely as the ratio of the number of broken interactions to the number of initial interactions of x.

The value of φ (x, t) ranges from 0 (all interactions intact for that point x) to 1 (all the interactions

destroyed): as a consequence, this figure of merit proves useful in describing the formation of

cracks within a body. The fact that PD allows rupture initiation and self propagation without the

need for any ad-hoc condition is the main reason why this model has been widely adopted in

the frame of fracture and collision studies [44–46]. For all these applications, φ (x, t) provides an

immediate visualization of the damage diffusion (see Fig. 2.7).

(a) (b)

(c) (d)

Figure 2.7: Four subsequent snapshots illustrating the collision between a hard bullet and a brittle
slab. The color of each material point reflects the instant value of its local damage, ranging from
blue = 0 (all bonds intact) to red = 1 (all bonds broken). The damage that the two bodies are
subject to is different as it depends on the constitutive properties of the two materials. (a) Before
the collision, both the bullet and the target are intact (no bonds broken). (b) As the collision begins,
damage begins to occur at the point of contact. (c) Damage propagates; the first particles with all
broken bonds (red) appear. (d) A crack develops at the point of contact as some loose particles are
separated from the slab.
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2.6 Discretization of Peridynamics

In general, analytical solutions of the PD equations are impossible to reach but for a very limited

number of well-behaved, non-realistic problems [47–49]. As a consequence, an approximation of

the equation of motion, suitable for a computer implementation, is needed.

The details of the various discretization schemes proposed throughout the years can be found

in Appendix A. Our choice is to adopt the simplest model, where B is subdivided into identical

cubes, each with a particle at its center. Whichever the discretization, however, an outcome of the

utmost importance is guaranteed: the number of particles constituting the body eventually becomes

a finite, discrete amount. An implementation of the PD model on a computer is now feasible. After

a proper discretization with a cubic grid, the approximation of the general equation of motion is:

ρ
(
x(k)

)
ü
(
x(k), t

)
=

Hx(k)∑
j=1

[
τ(k)( j)

(
u( j) − u(k), x( j) − x(k), t

)
− τ( j)(k)

(
u(k) − u( j), x(k) − x( j), t

) ]
V( j) + b

(
x(k), t

)
,

(2.31)

where the discrete material particles x(k) and x( j) are used in place of x and x′ respectively. Notice

that the summation extends over all of the subdomains (and thus of the particles) within x(k) horizon

Hx(k) . Fig. 2.8 shows how the discretization affected the description of the body originally displayed

in Fig. 2.2.

Given the fact that we restricted ourselves to the ordinary bond-based peridynamics, we are

especially interested in the approximated form of Eq. (2.21), i.e.

ρ
(
x(k)

)
ü
(
x(k), t

)
=

Hx(k)∑
j=1

f(k)( j)
(
u( j) − u(k), x( j) − x(k), t

)
V( j) + b

(
x(k), t

)
. (2.32)

These expressions could obviously be written in terms of η(k)( j) and ξ(k)( j) as well.

After the discretization, a new inter-particle force density is added to the model. Up to this

moment, particles only interact through bonds; once all its bonds are broken, however, a particle

becomes free and it is not subject to bond forces anymore. In order to avoid particle overlaps, a

short-range repulsive force is introduced into the model. A variety of interactions might in principle

be added to the model (e.g. the repulsive part of the Lennard-Jones potential), but the typical

choice [50] is to add the force:

fS
(
u( j) − u(k), x( j) − x(k), t

)
= min

{
0,

15c
δ

(∥∥∥y( j) − y(k)
∥∥∥ − dS

)} ξ + η∥∥∥ξ + η
∥∥∥ (2.33)

to that of Eq. (2.32), where

dS = min
{
0.9

∥∥∥x( j) − x(k)
∥∥∥ , 1.35

(
rS + r′S

)}
(2.34)

and rS is the node radius, which in our discretized model is simply chosen to be half of the cubic
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Figure 2.8: Kinematics of PD points x(k) and x( j) during a deformation (discrete model).

lattice constant. Note that this interaction is only repulsive. Besides the aforementioned family

Hx(k) defined by Eq. (2.1), a new family HS
x(k)

for the particle x(k) is introduced as a consequence of

the addition of this term; in particular:

HS
x(k)

=
{

x( j) ∈ B :
∥∥∥y(k) − y( j)

∥∥∥ ≤ dS
}
. (2.35)

Notice that family Hx(k) in Eq. (2.1) is defined by a condition related to the undeformed configuration,

while HS
x(k)

in Eq. (2.35) is referred to the deformed configuration; this implies that, while the

original families Hx( j) can be computed once and for all at the beginning of the calculations, the new
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HS
x( j)

families must be updated at all simulation steps. With this new term, Eq. (2.32) becomes:

ρ
(
x(k)

)
ü
(
x(k), t

)
=

Hx(k)∑
j=1

f(k)( j)
(
u( j) − u(k), x( j) − x(k), t

)
V( j)

+

HS
x(k)∑

j=1

fS (k)( j)
(
u( j) − u(k), x( j) − x(k), t

)
V( j) + b

(
x(k), t

)
,

(2.36)

where the new summation is referred to the family HS
x(k)

.

Another correction term ν
(∥∥∥x(k) − x( j)

∥∥∥) is added to Eq. (2.36) to account for the fact that some

of the particles within Hx(k) are close to the boundary of the spherical horizon. In particular, the

volume V( j) of the particle x( j) within Hx(k) can happen to be only partially inside the spherical

horizon of x(k) (see Fig. 2.9(a)): as a consequence, the effect of its interaction with x(k) in the

first summation of Eq. (2.36) must be reduced. For this reason, the linear dimensionless volume-

correcting function is introduced:

ν
(∥∥∥x(k) − x( j)

∥∥∥) =


1, if

∥∥∥x(k) − x( j)
∥∥∥ ≤ δ − rS ,

− 1
2rS

∥∥∥x(k) − x( j)
∥∥∥ +

(
δ

2rS
+ 1

2

)
, if δ − rS ≤

∥∥∥x(k) − x( j)
∥∥∥ ≤ δ

0, otherwise.

(2.37)

Fig. 2.9(b) shows the behavior of the function ν
(∥∥∥x(k) − x( j)

∥∥∥). From a practical perspective,

ν
(∥∥∥x(k) − x( j)

∥∥∥) is an approximate volume correction factor for all the particles within a range of

rS from the boundary of the horizon δ in the undeformed configuration. Notice, however, that

ν
(∥∥∥x(k) − x( j)

∥∥∥) presents a sudden discontinuity at
∥∥∥x(k) − x( j)

∥∥∥ = δ. This discontinuity reflects a

complete neglect of the interaction between a particle at x(k) and these particles whose volumes

V( j)’s lie mostly but not entirely outside Hx(k) . Our proposals for a correction of this and other issues

of the adopted PD implementation can be found in Appendix B.

With this new term, Eq. (2.32) becomes:

ρ
(
x(k)

)
ü
(
x(k), t

)
=

Hx(k)∑
j=1

f(k)( j)
(
u( j) − u(k), x( j) − x(k), t

)
ν
(∥∥∥x(k) − x( j)

∥∥∥) V( j)

+

HS
x(k)∑

j=1

fS (k)( j)
(
u( j) − u(k), x( j) − x(k), t

)
V( j) + b

(
x(k), t

)
.

(2.38)

Notice that of course the scaling of the volume is only applied to the particles belonging to Hx(k) ,

i.e. this ν
(∥∥∥x(k) − x( j)

∥∥∥) term is not applied to the repulsive interactions.

Finally, since Eq. (2.38) still has the dimensions of a force per unit volume, the whole expression

can be optimally expressed in terms of actual forces as in the standard Newton equation. In particular,
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Eq. (2.38) becomes:

ρ
(
x(k)V(k)

)
ü
(
x(k), t

)
=

Hx(k)∑
j=1

f(k)( j)
(
u( j) − u(k), x( j) − x(k), t

)
ν
(∥∥∥x(k) − x( j)

∥∥∥) V( j)V(k)

+

HS
x(k)∑

j=1

fS (k)( j)
(
u( j) − u(k), x( j) − x(k), t

)
V( j)V(k) + b

(
x(k), t

)
V(k).

(2.39)

This final formulation offers an advantage of paramount importance: it provides an effective force

acting on particle x(k), and so it allows to use standard integrators (e.g. Verlet [51]) to update the

particle positions and velocities. The product ρ
(
x(k)

)
V(k) represents the particle mass. Moreover,

the forces acting between material points in discretized PD are analogous to inter-atomic potentials

normally used in MD: with few adjustments, PD can be implemented in the frame of a molecular

dynamics code.

(a) (b)

Figure 2.9: The scaling factor ν
(∥∥∥x(k) − x( j)

∥∥∥) is introduced to address the issue of material points
whose volume does not fall entirely within the horizon of x(k). (a) Geometrical explanation of the
volume correction factor ν

(∥∥∥x(k) − x( j)
∥∥∥). The forces exerted on x(k) (red point) by the particles

which are located within δ − rS (green line) and the horizon of x(k) (dashed red line) in the
undeformed configuration are subject to the correction provided by ν. (b) The cutoff function ν as
a function of the distance. From a practical perspective, the correction is applied to the particles
within a range of rS of the horizon δ in the undeformed configuration.



Chapter 3

The Model

The present study focuses on the modeling - by means of peridynamics - of the static and

dynamic friction arising when sliding an acrylic glass sphere over a plate specimen of Zr-based bulk

metallic glass. This configuration addressed the experimental setting used by P. Tian et al. [52]; the

main features of that work and of the simulation scheme that we adopt are summarized here.

3.1 The Experiment

The experiment considered was realized on the Universal MicrotriboTester (UMT-2, Center for

Tribology, Inc.). The setup is shown in Fig. 3.1. It allows one to investigate the characteristics of a

combination of two materials during dry sliding regime [53]. In particular, a sensor mounted on it

keeps the friction force and the load force the upper specimen is subjected to constantly monitored.

In the setup considered, a flat specimen is fixed onto a linear stage, which is connected to a

motor and can thus slide with a speed v. The geometric dimensions of the plate are 40 mm x 40 mm

x 5 mm. The plate specimen was made of Zr52.5Ti5Cu17.9Ni14.6Al10 bulk metallic glass (BMG).

A ball specimen of 6.35 mm in diameter is placed on the suspension mount above the plate;

different loads Fn can be applied to it. In the experiment several materials have been used for the

ball specimen: among them, we focused our attention on polymethylmethacrylate (PMMA), widely

known as acrylic glass.

Acrylic glass is a synthetic polymer typically used as a lightweight substitute for glass; in its

unmodified form it shows a brittle behavior and a poor impact toughness [54]. Bulk metallic glasses

represent a special class of alloy metals which - under a high cooling rate - form a glassy structure

and consequently exhibit distinctive mechanical, chemical and physical properties [55–58]. In

particular, BMG is usually characterized by a high ultimate tensile stress and a high hardness: these

properties suggest that it could represent a better alternative to conventional solutions in various

engineering applications.

In addition to the conventional measurements of the friction force, a method named acoustic

emission (AE) detection was used. AE is the direct consequence of the production of elastic waves

at the contact regions of materials because of quick elastic/plastic energy release [59]. Indeed,

23
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Figure 3.1: Schematic of the system used in the experiment.

AE naturally arises when two materials slide against each other due to the asperities of the rough

surfaces and their deformation and fracture. The details of AE and how it is correlated with friction

interaction and different types of wear have been studied [60–62]. Moreover, theoretical models

have been developed in order to calculate the AE power emitted due to friction sliding [63, 64].

To measure the acoustic emission signal during the experiment, an AE sensor (CETR AE-5;

Center for Tribology, Inc.) was attached to the upper specimen with petroleum jelly. A signal

amplifier located inside the UMT carriage was connected through a sensor cable to the AE sensor:

the acoustic signals were thus amplified and their root mean square (AE RMS) subsequently

recorded.

All the experiments were performed at room temperature (28°C) and relative humidity of about

40%. The specimens were ultrasonically cleaned with acetone and alcohol for 10 min prior to each

test.

Two kinds of tests were performed: tests at a fixed load and tests at a fixed speed. During the

experiments with a fixed load, a value Fn = 5 N was set and the speed was sequentially increased

from 2 mm/s to 32 mm/s; during the experiments with a fixed speed, a speed v = 13.3 mm/s was set

and the load was increased from 1 N to 12 N.
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3.2 The Simulation

The experimental setup discussed above is modeled in the present work. All the simulations

were realized with the package PERI [65] within LAMMPS [66].

The shape and dimensions of the simulation model considered are shown in Fig. 3.2: notice that

some dimension has been adapted to reduce the overall time of the computation. In particular, the

size of the BMG plate has been reduced to 12 mm x 12 mm x 4 mm. Our model for the PMMA tip

is a semi-sphere of 6.5 mm in diameter fixed to a 3 mm long cylindrical support. Periodic boundary

conditions were used along all the axes, although the boundary condition in the z direction is

applied at such a large distance (12 mm) that it has no effect.

For the lattice spacing we selected ∆ = 0.25 mm for both specimens: as a consequence, all

bodies are subdivided into material particles with a cubic volume of ∆3 = 0.015625 mm3 each. This

value of ∆ choice is discussed below in Sect. 3.2.2; it has already been used in the PD modeling of

PMMA [67]. Given these dimensions and the chosen spacing, the whole simulation box comprised

52014 particles. In particular, 40817 constituted the lower BMG specimen and 11197 the upper

PMMA specimen. The mechanical properties needed to model these materials in PD are collected

in the table below. The horizon was set to δ = 3∆ = 0.75 mm for both materials: this is somehow

considered a standard choice in peridynamics, as it provides the optimal point of contact between

non-locality and computational demand [47].

Material Density [kg/m3] K [GPa] Gc [J/m2] sc

BMG 6860 105 16900 0.035

PMMA 1180 3.9 890 0.013

Contrary to the original experiment, where the BMG plate was mounted on a moving stage and

the PMMA ball was still, in our simulations the PMMA tip moves and the BMG slab is motionless.

However, the physics of the problem described is obviously the same. As a constraint condition,

two strata of particles at the bottom of the BMG slab (thus ranging from 0 to 0.5 mm on the vertical

axis) are kept fixed: during each step of the time integration, the total force acting on them is kept

null independently of the real interactions. This is done to prevent the BMG specimen from moving

under the effect of the interaction with the tip.

Given the fact that there are two different types of particles in the system, three kinds of

interactions act among them. Specifically, BMG particles interact with BMG particles and PMMA

particles interact with PMMA particles within their respective horizons through bonds with a

stiffness given by Eq. (2.26). The mixed interaction (PMMA particles with BMG particles and

BMG particles with PMMA particles) - fundamental to describe friction - is assumed to be identical

to the PMMA-PMMA one, as discussed in Chap. 2.

The critical stretches sc for the PMMA-PMMA and BMG-BMG interactions were determined

according to Eq. (2.27) and are reported in the table above. The critical stretch for the PMMA-

PMMA interaction was set to scPMMA = 0.013, in accordance with previous PD studies on PMMA

[67]. The critical stretch for BMG-BMG interactions was set to scBMG = 0.035. Notice that in the
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(a) (b)

(c) (d)

Figure 3.2: Sketch of the simulation setup from different points of view. (a) From along the x axis.
(b) From along the y axis. (c) From along the z axis. (d) Tridimensional schematic.

initial undeformed configuration, when the PMMA tip and the underlying BMG slab are in contact

before any force is applied, spring-like bonds connect them too. This interaction can in general be

eliminated so to treat the bodies as completely separated, but we decided to include this ‘welded

contact’ to model the effects of static friction; in general, this connection can be thought of as a

welding linking the tip to the plate at the beginning of the simulation. The critical stretch for this

mixed interaction was assumed to be scmixed = 0.5 × scPMMA = 0.0065; this choice makes it easier

for the fracture to form along the interface separating the two materials. A more precise value for

this parameter, however, could be determined experimentally - e.g. by means of a double cantilever

beam test involving these materials [68].

The PD discretization of bodies into a lattice gives a fictitious regularity to our simulation - due

to the adopted model implementation and not to the real nature of the problem. To mitigate this

artificial regularity, we decided to add a small initial random displacement around the regular lattice

positions to the particles of the BMG plate. In particular, each of the material points constituting

the lower specimen is displaced in each direction by a random quantity, uniformly sampled from
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Figure 3.3: Damping regions of the system: each color represents a value of the damping time
γ−1. In particular, red represents the zone where the damping effect is maximum (γ−1 = 0.00001 s),
orange represents a smaller value (γ−1 = 0.0001 s), and yellow the minimum (γ−1 = 0.001 s).
Notice that the black region is the part of the system fixed as a constraint condition; the gray one,
on the other hand, is the part of the tip to which the vertical load Fn is constantly applied and which
is moved horizontally at a constant velocity v.

a value between -0.0025 mm and 0.0025 mm, i.e. 1% of the lattice spacing. The new positions

obtained after this operation are taken as the equilibrium configuration for the undeformed system.

In this way, even if obviously not completely eliminated, the idealities introduced by our model are

somehow limited.

To replicate the load Fn applied to the sphere through the suspension mount in the experiment,

a vertical force is applied to the top of the tip. In particular, the target value of the load is reached

through a linear ramp starting from zero, in order to prevent dramatic perturbations given from the

sudden application of a large force. The ramps lasts for 0.001 s. Once the desired load is reached, it

is maintained constant and the bodies are given 0.001 s to relax.

From a practical perspective, since material particles are considered, the total load is equally

divided among all the particles constituting the two upper strata of the PMMA tip (i.e. all the

particles within a range of 0.5 mm from the top of the tip). After the relaxation, these same upper

strata are translated horizontally at a constant velocity v; the vertical load Fn is applied throughout

the whole sliding. The x component of the forces that the particles are subjected to during this

process are measured and summed to obtain the instantaneous value of the friction force.

During the simulation, external forces do work on the system. If dynamics was conservative,
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this would lead to energy accumulation, thus overheating, and eventually evaporation of the sample.

To prevent this, a damping term is applied to the system. The viscous damping rate is described

by γ. Its inverse γ−1 - sometimes called damping proper time - describes how rapidly the kinetic

energy is relaxed. The term γ can be thought of as the viscosity of a solvent the bodies have a

friction interaction with. The smaller the parameter γ−1, the higher the viscosity; alternatively, the

smaller the parameter γ−1, the faster the kinetic energy is relaxed.

From the moment the vertical load ramp begins to the end of the relaxation of the system, a

uniform damping described by the parameter γ−1 = 0.0001 s is applied to the entire system. When

the tip starts moving horizontally, this term is eliminated and different dampings are applied to

different regions of the simulation setup, as shown in Fig. 3.3. As a general rule, close to the contact

point of the tip and the plate the damping time γ−1 is kept large to minimize the perturbing effect of

these terms on the actual frictional dynamics, whereas γ−1 decreases as the distance grows.

3.2.1 Convergence over the Time Step ∆t

The time step ∆t for the simulation is chosen with a convergence study (see Fig. 3.4). In

particular, different time steps spanning two orders of magnitude are used to measure the static

friction force fs of the system just presented when a load Fn = 5 N and a driving velocity v = 50

mm/s are applied. The moment the tip starts moving, the total force exerted on the two upper strata

of the tip is measured, and the peak force thus obtained is retained as the static friction force. The

details of this technique will be discussed in the next chapter.

It can be seen from the plot that fs converges to a stable value when the time step ∆t decreases.

In particular, given our accuracy and computational needs, the optimal value seems ∆t = 50 ns. A

shorter time step would imply longer computations without a significant accuracy improvement;

a longer time step would mean shorter calculations, yet at the cost of a serious accuracy loss.

Consequently, throughout all the simulations considered from this moment on, the value adopted

for the time step will be ∆t = 5.0 ·10−8 = 50 ns.

3.2.2 Convergence over the Lattice Spacing ∆

The appropriate lattice spacing ∆ for the simulation is chosen with a convergence study (see

Fig. 3.5). As we did for the choice of the time step ∆t, the static friction force fs is measured in

simulations differing only for the values of ∆. In all these simulations, we apply a load Fn = 5 N

and a velocity v = 50 mm/s; the time step is set to the standard value, i.e. ∆t = 50 ns.

Like when we changed the time-step value, fs converges to an ‘exact’ result when the lattice

spacing ∆ decreases to 0. Notice that - as ∆ is a length parameter, and thus it determines the volume

∆3 of each material particle - if ∆ is halved, the number of particles in the simulation increases

by a factor 8. As a consequence, even small decreases in the value of ∆ imply a costly rise in the

computation time.

As shown in Fig. 3.5, the optimal value for the lattice spacing is ∆ = 0.25 mm, since a further

reduction would be unwieldy from a computational perspective, without providing a significant
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increase in accuracy. Consequently, from now on we will set the lattice spacing to ∆ = 0.25 mm for

all simulations.
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Figure 3.4: Static friction force fs as a function of the time step ∆t. As the time step decreases, the
measured value of the friction force converges to the ‘exact’ result. The optimal choice for the time
step is ∆t = 50 ns.
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Figure 3.5: Static friction force fs as a function of the lattice spacing ∆. As the lattice spacing
decreases, the measured value of the friction force converges to the ‘exact’ result. The optimal
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Chapter 4

Results

Figure 4.1: Friction coefficients measurement in a paper-on-paper experiment. A slider is in contact
with an underlying track; a load Fn is applied. At time t1 the pulling force fpull starts to increase
from zero at a constant rate. At a time t2, fpull = fs = µsFn and the tip starts to move. After a
transient, steady sliding is achieved, and fpull = fd = µdFn.

The simulations performed can be subdivided into two main categories: static friction simula-

tions and dynamic friction simulations. With the former, the static friction force fs is evaluated;

with the latter, dynamic friction force fd is determined.

31
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4.1 Static Friction

4.1.1 Force Approach vs Velocity Approach

The static friction force fs is defined as the minimal force one needs to apply to make two still

bodies in contact start to move with respect to each other. In experiments, fs between two materials

is found by applying a pulling horizontal force fpull to the top of the sliding body; typically, fpull

starts at time t1 from 0 N and rises at a constant rate. At a time t2, fpull = fs and the tip starts sliding.

After a transient, the steady sliding regime is reached: the friction force there is fpull = fd.

Typically, since the friction force has been found to depend on the load applied to the slider, the

static friction coefficient µs and the dynamic friction coefficient µd are introduced. In particular:

fs = µsFn and fd = µdFn, where Fn is the applied load. As the Amontons-Coulomb’s laws state,

usually µd < µs. Even though in reality the linear dependence is an approximation, the friction

coefficients, and not the friction forces themselves, are often studied for pairs of materials. Fig. 4.1

shows the output of a paper-on-paper friction experiment, illustrating some of the points discussed

above.

To determine fs we first adopt a so-called force approach, namely a method following the one

normally used in experiments: an increasing horizontal force fpull is applied to the upper layer of

the tip, up to the moment when it starts to slide. In particular, fpull is a linear ramp starting from

zero. During this process, fpull is constantly monitored and - in the moment when sliding begins -

fpull is recorded and the static friction force obtained by fs = fpull. Notice that fpull is the external

driving force applied to the tip: it is normally considered positive.

Alternatively we adopt a so-called velocity approach, as described in Chap. 3: a constant

velocity v is imposed upon the upper layer of the tip, which immediately starts to deform elastically.

During the whole simulation, the x component fx of the friction force to which the upper layer

is subjected because of sliding is constantly monitored. Notice that with this approach, since the

velocity v imposed upon the tip is oriented along the x axis and is positive, the friction force fx

exerted on the upper layer is negative. As a consequence, for convenience and coherence with the

force approach, − fx will be considered in the frame of the velocity approach. As the tip starts to

slide, − fx ramps up, like in Fig. 4.1 from t1 to t2. As a consequence, the static friction force fs with

this method is found as the highest peak reached by − fx at the end of this ramping up interval.

The value fs found with the force approach depends only weakly on the rate of increase of

fpull. In contrast, the value fs found with the velocity approach depends heavily on v. Fig. 4.2

and Fig. 4.3 show the results for a simulation with Fn = 5 N and a simulation with Fn = 50 N

respectively. In both cases, as the velocity of the slider decreases, the value of fs found with the

velocity approach converges to the one obtained with the force approach. As a consequence, a

preliminary range for v has been found: the approach proposed in our simulation in principle gives

results close to those obtained with the force approach as long as the slider velocity is v < 0.1 m/s.
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Figure 4.2: Static friction force fs as a function of the slider velocity v (red line) compared to the
static friction force fs obtained by applying an increasing horizontal pulling force fpull (dashed
blue line). In both cases Fn = 5 N. The application of fpull is the method normally used in the
experiments and its results do not explicitly depend on any velocity: a well-defined unique value
for fs is found. The results obtained with a constant velocity imposed upon the slider converge to
the same fs as the sliding velocity of the tip is reduced.

4.1.2 The Role of the Critical Stretch

A parameter of the uttermost importance for the static friction force PD modeling is the critical

stretch scmixed for the PMMA-BMG interaction, as discussed in Chap. 3. Since the PMMA tip is

originally connected to the BMG plate by peridynamic bonds, the mixed critical stretch determines

the fundamental threshold one needs to overcome in order for sliding to initiate. As shown in

Fig. 4.4, the larger the value of scmixed, the larger the static friction force fs.

As a consequence, we can generalize the Amontons-Coulomb’s law fs = µsFn in order to

include a welding term F0 depending on scmixed. Explicitly, fs = F0 (scmixed) + µsFn. The term F0

can be found simply through a simulation with Fn = 0; it can then be subtracted to the fs obtained

with different loads so to address the ‘real’ µs. Alternatively, a linear fit of fs as a function of Fn

can be performed: the zero-load intercept is the term F0. The results obtained with the two methods

are expected to agree.

However, as mentioned in Chap. 3, in general the tip and the plate need not be considered

as connected, which can be obtained by setting the mixed critical stretch to null, i.e. scmixed = 0.

However, we decided to include this feature in our simulation, to better model the fact that typically

µd ≤ µs, and consequently the friction force is larger during the first moments of the sliding process.

In our model, a larger force is needed to initiate sliding, the one needed to break all the bonds

connecting the tip to the plate (see Fig. 4.5).



34 Results

 80

 100

 120

 140

 160

 180

 200

 220

 240

 0.01  0.1  1

S
ta

ti
c
 F

ri
c
ti
o
n
 F

o
rc

e
 f

s
 [
N

]

Slider Velocity v [m/s]

Velocity Approach

Force Approach

Figure 4.3: Same as in Fig. 4.2, but with an applied load Fn = 50 N.

4.1.3 Static Friction Force fs as a Function of the Load Fn

After the choice of the mixed critical stretch scmixed = 0.5 × scPMMA = 0.0065, the static friction

force fs can be studied when different loads Fn are applied to the slider. Intuitively, we expect fs to

increase as Fn increases, because the load shortens the bonds between the PMMA and the substrate,

thus delaying their breaking. A phenomenological law could be something similar to:

fs = F0 (scmixed) + µsFn. (4.1)

Anyway, notice that this represents a simplification of the problem, which may hold only within a

range of loads.

Fig. 4.6 shows a plot of fs as a function of Fn when v = 0.014 m/s. As just discussed, a linear

fit of fs as a function of Fn provides both the static coefficient of friction (i.e. the slope) and the

zero-load contribution to the static friction force F0 (i.e. the offset). Specifically, we found µs =

1.19 ± 0.03 and F0 = 15.4 ± 1.3 N. Note however that the linear equation Eq. (4.1) is clearly a poor

approximation.

4.2 Dynamic Friction

Once the static-friction threshold has been exceeded, the slider begins to move. Given the fact

that the upper layer of the tip is driven at a horizontal x-velocity v, the sum of the forces acting on

it vanishes. This means that the total x-component of all internal forces changed in sign equals the

pulling force needed to maintain the constant-speed motion. By averaging this quantity in time one

obtains the dynamic friction force fd =< − fx >. The time average < · > must be carried out after
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Figure 4.4: Friction force − fx to which the upper layer is subjected during the initial moments
of sliding as a function of time t. Three different values of the critical stretch scmixed for the
PMMA-BMG interaction are compared: scmixed = 0.2 × scPMMA = 0.0026 (red solid line), scmixed =

0.5 × scPMMA = 0.0065 (blue dashed line) and scmixed = 0.9 × scPMMA = 0.0117 (black dotted line).
The load is Fn = 5 N and the slider velocity is v = 0.05 m/s in all three cases. The static friction
force fs increases with the mixed critical stretch, as scmixed determines the strength of the welding
initially linking the PMMA tip to the BMG plate. All the plots show the same initial behavior as
soon as − fx begins to rise, but the different scmixed values determine different points of rupture.
Notice that with a low scmixed (i.e. scmixed = 0.2 × scPMMA), a clear-cut maximum of − fx does not
emerge.

the end of the initial transient, once the steady sliding state has been reached.

Even in the dynamic case a zero-load offset in the dynamic friction force fd may be present.

Accordingly, we will analyze our result in terms of an extended Amontons-Coulomb’s law for

dynamic friction:

fd = F0 + µdFn. (4.2)

The term F0 could in principle be found by means of a simulation where Fn = 0. However, in

the present model, an external load is fundamental for the sliding process: since the interactions

among particles which are not connected by bonds are repulsive-only, once the welding between

the PMMA tip and the BMG plate has been broken the tip will immediately start to ‘fly’ upwards.

It is just the presence of the external load (together with the damping) to allow the tip to come

back in contact with the plate and then achieve a steady sliding condition. As a consequence, a

simulation with Fn = 0 cannot be realized in practice. The term F0 can, on the other hand, be found

as an offset when a linear fit is realized upon fd = F0 + µdFn.
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(a) (b)

Figure 4.5: If the PMMA tip and the BMG plate are initially bonded, a higher static friction force
fs is measured, since all the bonds connecting them must be destroyed first. In this figure, the
color of each material point reflects the value of its local damage, ranging from blue = 0 (all bonds
intact) to red = 1 (all bonds broken). (a) Before the sliding process begins, the PMMA tip and the
BMG plate are welded: no bond is broken yet. The strength of the welding is determined by the
the critical stretch scmixed for the PMMA-BMG interaction. (b) As the bottom tip layer starts its
sliding, all bonds connecting the PMMA tip and the BMG plate break. Notice that the damage of
the involved particles is approximately 0.3, so these particles turn yellow, not red, indicating that
the bonds connecting them to the rest of their specimen are still intact.

4.2.1 The Sliding

Once the static friction has been overcome, the tip layer in contact with the substrate begins

sliding. As shown in Fig. 4.4 and 4.7, the first moments of motion are characterized by a transient,

after which a steady state of sliding is reached.

In particular, several quantities are worth monitoring. First of all, the instantaneous friction

force − fx exerted upon the upper layer increases progressively and reaches a peak due to the

contribution of the welding: this is the phenomenon of static friction discussed above. The upper

layer of the tip is moved with a constant velocity v but the bottom is bonded to the underlying plate:

the force exerted upon the upper layer thus grows while the tip deforms until the critical stretch

scmixed is overcome and all the links are broken. At this time the top of the tip suddenly starts to

move, so the force − fx swings back to negative, because of the internal restoring elastic forces

bringing the center of mass of the tip forward, even ahead of the upper layer.

After a brief transient in which the whole tip restores its z and y alignment, a steady state

of sliding is reached. As shown in Fig. 4.7, some sort of ‘reverse stick-slip’ is achieved. This

phenomenon is strictly linked to the nature of the repulsive forces of peridynamics. As prescribed

by Eq. (2.33) and (2.34), the repulsive forces acting among the particles have a proper range, i.e.

1.35 ·∆ for all the particles but the ones which originally were nearest neighbors. For this reasons,

all the particles of the tip periodically enter and leave the range of the repulsive forces of the

underlying fixed particles. When a tip particle lies at the middle of four particles of the slab, there

lies a maximum of − fx and a minimum of z; when a tip particle is exactly above a slab particle or at
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Figure 4.6: Static friction force fs as a function of the load Fn applied to the slider. The measure-
ments are realized with a velocity v = 0.014 m/s. As expected, fs grows larger as the load increases.
A result obtained when Fn = 0 is included as well. The linear fit yields the results µs = 1.19 ± 0.03
and F0 = 15.4 ± 1.3 N.

the saddle point in between two of them, it is not affected anymore by the horizontal components of

the repulsive forces from the other particles and thus the friction force has a minimum. Notice that

the periodicity of the ramps in − fx are determined by the lattice spacing ∆ and by the slider velocity

v: the periodicity is simply given by tramp = ∆
v , i.e. it reflects the discretization of the bodies.

This interpretation of the sliding phenomenon is confirmed by the coordinate zCM of the center

of mass of the tip. When the welding breaks, zCM jumps because of the repulsive forces suddenly

not balanced by the bonds. The load pushes the tip back down; it does not bounce back because of

the damping.

In the steady sliding state the tip fluctuates up and down with the minima of zCM, namely

the moments in which each bottom tip layer particle finds itself at the middle of four other plate

particles, corresponding to the maxima of the friction force − fx, as just discussed.

Also the velocity along the x axis vxCMbl of the center of mass of the bottom tip layer shows an

agreeing behavior: after an initial transient, spikes of negative velocity appear in correspondence to

the maxima of the friction force − fx. Notice that the first spike at t = 2 ms is linked to the fact that

the bottom layer, originally still, suddenly moves with a finite velocity.

The coordinate yCM of the center of mass of the tip is also instructive. A quick swing occurs

at the end of the transient; after this moment, yCM can be practically considered as a constant.

Specifically, the amplitude of this swing is half lattice spacing −∆
2 = −0.125 mm. Figure 4.8 shows

an explanation of this swing; for clarity a single representative PMMA particle is shown as a white

square. Due to the material rigidity, the other PMMA particles of the same bottom layer move
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Figure 4.7: Comparison of different physical quantities in the evolution from a transient to the
steady state of sliding. The load applied is Fn = 5 N; at t = 2 ms the slider starts to move with a
velocity v = 0.014 m/s. From top to bottom: (a) friction force − fx to which the upper layer of the
slider is subjected; (b) position along the z axis zCM of the center of mass of the tip; (c) velocity
along the x axis vxCMbl of the center of mass of the bottom tip layer; (d) position along the y axis
yCM of the center of mass of the tip.
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(a)

(b)

Figure 4.8: Sliding friction mechanism for a single representative PMMA material point (white
square). The density plot represents the z profile of the upper level of the repulsive interactions
above the BMG surface (black dots). This vertical corrugation is an artifact of the discreteness of
PD. (a) One representative PMMA material point starts its motion right above its nearest neighbor
BMG particle. (b) Once the external driving breaks the PMMA-BMG bonds, the PMMA particle
starts to advance. After a while, the PMMA slider translates by −∆

2 along the y axis, reaching the
“valley” through the minima (above the middle of 4 BMG particles) and saddle points (above the
middle point of two BMG particles) of the repulsive profile. From this moment on, the PMMA
particle will continue its horizontal motion without further swings along the y axis. The height zCM

follows the periodical profile [Fig. 4.7(b)].
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almost as a rigid array commensurate to the BMG substrate lattice (black dots). The lateral y

displacement corresponds to the PMMA particles moving to the valley through the minima and the

saddle points of the vertical corrugation profile from the ridge through the maxima that it initially

occupies. The vertical minima, such as the configuration shown in Fig. 4.8(b), correspond to the

sharp minima of the bottom layer velocity, Fig. 4.7(b), and to the maxima of the friction force − fx,

Fig. 4.7(a). When the tip particles cross a saddle point, zCM is maximum and the friction force

vanishes, i.e. − fx = 0 N.

Notice that this effect is an artifact of the discrete nature of PD model. The random displace-

ments of the BMG particles, described in Sect. 3.2, mitigate it only slightly. The vibration in

Fig. 4.7(c) is an example of the acoustic emission (AE) of the present frictional dynamics over a

flat surface. Clearly, this AE is also an artifact of the discretization, but if a physically meaningful

surface corrugation was included in the model, then we could record the corresponding AE.

4.2.2 Dynamic Friction Force fd as a Function of the Load Fn and of the Velocity v

Once the mechanisms of sliding friction have been explained, the dynamic friction force fd can

be investigated. First of all, fd can be studied as a function of the external load Fn. As discussed

above, the relation linking fd and Fn is approximately Eq. (4.2). In all the upcoming results, fd has

been obtained as the temporal average of − fx in the steady state over 24 periods.

Unlike the static case, where the tip is fundamentally at rest, the effects introduced by the

overall damping cannot be neglected while the tip is moving: in fact, the different damping rates

γ’s characterizing the system (shown in Fig. 3.3) collectively determine an effective damping rate

γe f f to which the tip is subjected while sliding. The term γe f f can be thought of as a weighted

average of the different γ’s chosen, specifically reflecting the number of particles in each damping

region. The term γe f f determines a viscous force:

Fdamp = −mγe f f v, (4.3)

where m is the mass of the PMMA tip and v its velocity. The minus sign describes the fact that this

force has a direction always opposite to that of motion. The fact that Fdamp is proportional to v is

the reason why we ignored it during our study of fs.

Since Fdamp describes an arbitrary viscous force we introduced in the system to prevent

overheating, we should not include it in the evaluation of fd. Therefore, we subtract this term from

the numerical results obtained for fx before calculating fd. In order to determine Fdamp, we run a

simulation where the PMMA tip hovers above the BMG plate, 1 mm far from it, and no load is

applied (i.e. Fn = 0 N). Since the distance separating the PMMA from the BMG is larger than 3δ,

i.e. the horizon for the bond interactions, no bonds connect the tip to the plate in the first place;

moreover, since no external load is applied, the tip never comes close to the plate below, and so the

repulsive forces do not play a role either. If a velocity v is imposed upon the upper layer, the force

fx acting on the upper layer itself once the terminal velocity has been reached is exactly the viscous

force, i.e. fx = Fdamp.
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Figure 4.9: Damping force Fdamp as a function of the velocity v of the slider. The numerical
simulations are realized with an external load Fn = 0, since the tip does not interact at all with the
underlying plate. The slope of the linear fit line yields a value mγe f f = 15.547984 ± 6 · 10−6 kg

s .
The corresponding effective damping proper time is γ−1

e f f = 13.3 µs.

Fig. 4.9 shows −Fdamp as a function of v. When the value of Fdamp for each velocity has

been found, and consequently subtracted from the term fx, the dynamic friction force fd can be

calculated. In particular, the slope of the linear fit line yields a value mγe f f = 15.547984 ± 6 · 10−6

kg
s . As a consequence, γ−1

e f f = 13.3 µs, i.e. the greatest contribution to the effective damping acting

on the tip is provided by the region where the damping is maximum (red in Fig. 3.3).

Fig. 4.10 reports fd as a function of Fn; as for the static case, two different velocities are

considered (v = 0.014 m/s and v = 0.100 m/s). It can be seen that, while the slope of the two lines,

i.e. the coefficient of dynamic friction µd, is almost the same, fd has a significant offset for v =

0.100 m/s.

Specifically, with a linear fit we found µd = 0.00815 ± 3 · 10−5 and F0 = 0.081 ± 0.001 N for v

= 0.100 m/s; µd = 0.008017 ± 6 · 10−6 and F0 = 0.0119 ± 0.0002 N for v = 0.014 m/s. From these

results, a significant dependence of the term F0 on v emerges, but other simulations with different

velocities would be necessary to investigate this trend in greater detail.

Fig. 4.11 shows a plot of fd as a function of v: the applied load is Fn = 5 N. In general, we do

not expect a clear dependence of fd on the slider velocity v; however, in our model the dynamic

friction force increases as the applied load increases. In order to understand more about this relation,

different loads could be used; in this way, even fd for Fn = 0 N, i.e. F0 could be extrapolated.
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Figure 4.10: Dynamic friction force fd as a function of the load Fn applied to the tip. The numerical
simulations are realized with two different slider velocities: v = 0.100 m/s (dashed blue line) and
v = 0.014 m/s (red line). The slope and the offset of the fit lines respectively yield the dynamic
friction coefficients µd = 0.00815 ± 3 · 10−5 and the zero-load term F0 = 0.081 ± 0.001 N for v =

0.100 m/s; µd = 0.008017 ± 6 · 10−6 and F0 = 0.0119 ± 0.0002 N for v = 0.014 m/s.
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Figure 4.11: Dynamic friction force fd as a function of the velocity v of the slider. The numerical
simulations are realized with an applied load Fn = 5 N. We find a generally increasing friction as
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instead.



Conclusion and Outlook

In this thesis, we address the problem of modeling friction arising from the contact interface

of two macroscopic bodies in relative sliding motion. The formalism we choose is peridynamics,

a reformulation of classical continuum mechanics normally adopted in structural engineering

problems.

We review at first the main features of classical continuum mechanics and discuss the drawbacks

of a local model. Given the limitations of the existing theories, we then present peridynamics, a

nonlocal theory relying on spatial integral equations that can be applied to discontinuities. The

equations of motion, the fracture mechanisms, and the discretization process characterizing this

model are discussed.

We then introduce the model configuration used for all simulations. Specifically, an acrylic

glass sphere sliding over a flat specimen of Zr-based bulk metallic glass is considered. We discuss

the setup shape, the discretization of all the bodies, and how the formalism was adapted to fit our

system.

Finally, both static friction simulations and dynamic friction simulations results are presented.

We discuss the different approaches to obtain the static friction force and the roles the critical stretch

and the applied load play in its study. We then address the behavior of the tip during the sliding

friction steady state and discussed the dependence of the dynamic friction force on the load and on

the slider velocity.

While some frictional features are captured correctly, a few difficulties are evident, in particular

the increase (rather than decrease) of dynamic friction with sliding speed. We attribute this difficulty

to a purely repulsive interaction between the two bodies.

Among the possible refinements of peridynamics, some are worth mentioning in the frame of

tribology. In particular, some adjustments in the way bonds and interactions are treated could result

in a great overall improvement of the model.

As hinted in Chap. 2, a mechanism to implement some sort of healing of the broken bonds

could in principle be added to the present formulation of peridynamics. This would represent

a massive improvement in the modeling of friction specifically. In particular, once the original

welding connecting the tip to the plate has been broken and the tip has started to move, in the new

formulation bonds linking the two specimens could reform, introducing a new interaction beside

the sheer repulsive forces we considered in this study. The hardest part - obviously - is finding a

proper recipe to describe the creation of these new bonds as the slider moves: ideally, we would like
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the newly-created bonds to be randomly distributed, yet to be in a number linked to the load applied

and to the roughness of the bottom surface. The critical stretch and the horizon characterizing these

new springs could be a function of the contact time, thus accounting for aging. All these features

would describe effects arising from plasticity, deformation and interlocking asperities phenomena

which take place as the slider moves. The addition of these effects would somehow transfer to

peridynamics some of the ideas of Ref. [69], and hopefully bring also stick-slip dynamics within

the present model.

Depending on the material considered, a tip with a load applied could plastically deform with

time, thus expanding its effective contact surface with the underlying specimen and, according to

Amontons-Coulomb’s laws, increasing the friction force it is subjected to. Moreover, other relaxing

effects could strengthen (or possibly even weaken) the friction interactions between two bodies as

the time goes by. These effects could in principle be added - together with the healing of the bonds

just discussed - by the addition, within the newly-created bonds, of a time-dependent term which

increases or decreases their critical stretch in time.

In general, several improvements of the bare-bones model of friction presented here are possible.

Depending on the exact tribological features which need to be addressed, one or more of the previous

extensions could be added to peridynamics.
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Appendix A

Particle Lattice Model for Macroscopic
Solid Bodies

The PD theory is based upon a continuous material space, where a body B is made of infinitely

small particles in the exact continuum limit; the amount of these particles is infinite. Expressions as

Eq. (2.10) and Eq. (2.21) become exact in this continuum limit, as the integration is intended to

be performed over the infinite number of particles belonging to Hx. It is clear that some sort of

discretization is needed in order to implement PD on a digital computer.

The assumption that bodies are continuous has been well-established in the engineering lit-

erature since Navier’s and Cauchy’s times, when continuity in modeling solids and fluids was

convenient, even necessary given the fact that computers did not exist and the only viable modeling

of matter was through continuum equations solved analytically. Nowadays, however, - in light of the

discoveries of the atomic theory - the continuous nature of matter is perceived as an approximation

which works with better or worse accuracy depending on the material conditions that are addressed.

As just stated, as a first step PD considers the bodies as made of an infinite amount of particles.

However, even if the problems ingrained in CCM have been avoided, our body still consists of an

infinite number of elements. For a practical implementation, a further approximation is needed.

In this regard, the model that proved to be the easiest from both a computational and a conceptual

perspective is the particle lattice approach, which replaces the infinite number of continuum points

with a regularly-spaced lattice of interacting material particles. This procedure relies on the fact

that, although we recognize that matter is complex at a small-enough scale, some form of regularity

at the macroscale is useful: a lattice similar to those of crystals is regarded as a good compromise.

Among the great advantages of this model over any other presented so far, there is, for example,

the fact that going from the body mass density to particle masses is immediate because of the

lattice structure and symmetry: each particle occupies the same volume, and so each mass (and

consequently their responses to the force functions) can be readily computed. This would not be

the case if e.g. a random distribution of particles was used. Moreover, with continuum models and

an infinite number of infinitesimally small particles, the conservation of mass must be explicitly

satisfied with an appropriate differential equation; on the other hand, with a finite amount of
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Figure A.1: The body (1) is divided into cubical subdomains (2) and then a material particle is
placed at each of their centers (3).

finite-mass particles, mass is conserved by virtue of the trivial assumptions that particle mass is

an immutable attribute and the total number of particles remains the same throughout the whole

simulation.

From a practical perspective, the starting point is a discretization of the body into subdomains

with the use of hexahedrons, tetrahedrons, and wedges. After this operation, material points are

assigned to each subdomain: in principle, numerous points could be collocated in each subdomain,

with the only prescription of correcting the subsequent interactions with an appropriate weight

function w̃ [42]. Within the frame of this approximation, the volume of the k-th subdomain

represents the V(k) of the theory. Under this assumptions, Eq. (2.10) becomes:

ρ
(
x(k)

)
ü
(
x(k), t

)
=

N∑
l=1

Nl∑
j=1

w̃( j)

[
τ(k)( j)

(
u( j) − u(k), x( j) − x(k), t

)
− τ( j)(k)

(
u(k) − u( j), x(k) − x( j), t

) ]
V( j) + b

(
x(k), t

)
,

(A.1)

where N is the amount of subdomains within the horizon of x(k) and Nl is the number of material

points in the l-th subvdomain. In the same fashion, Eq. (2.21) becomes:

ρ
(
x(k)

)
ü
(
x(k), t

)
=

N∑
l=1

Nl∑
j=1

w̃( j)

[
f(k)( j)

(
u( j) − u(k), x( j) − x(k), t

) ]
V( j) + b

(
x(k), t

)
. (A.2)

Among all of them, the simplest configuration we can think of is a uniform grid constituted of

identical cubical subvolumes, each with a single particle at the center. From this moment on, this

will be the discretization used for all practical purposes; Fig. A.1 illustrates the conceptual steps.

Given the fact that we adopt this configuration, for which w̃ = 1 and Nl = 1, Eq. (A.1) immediately
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becomes:

ρ
(
x(k)

)
ü
(
x(k), t

)
=

Hx(k)∑
j=1

[
τ(k)( j)

(
u( j) − u(k), x( j) − x(k), t

)
− τ( j)(k)

(
u(k) − u( j), x(k) − x( j), t

) ]
V( j) + b

(
x(k), t

)
;

(A.3)

notice that N has been dropped in favor of Hx(k) , which more intuitively indicates that the summation

involves only the particles belonging to the family Hx(k) .

Identically, Eq. (A.2) becomes:

ρ
(
x(k)

)
ü
(
x(k), t

)
=

Hx(k)∑
j=1

f(k)( j)
(
u( j) − u(k), x( j) − x(k), t

)
V( j) + b

(
x(k), t

)
. (A.4)

These are the expressions we are typically referring to when considering the numerical methods to

solve PD equations.

Whichever discretization we choose to apply, a length scale is indirectly introduced by the

particle spacing (also called lattice constant). A hypothesis of the uttermost importance is that

the particle spacing is way smaller than the smallest dimension of the material body to model: as

a direct consequence, at least thousands of particles are required for realistic simulations. As a

general rule of thumb to model a body of given dimension, the larger the amount of material points

(or, equivalently, the smaller the lattice constant), the more accurate the simulation. Moreover, once

the spacing has been established, the level of detail of the simulation has been specified: features

whose size is smaller than the particle spacing cannot be properly reproduced. On the other hand,

real materials do have intrinsic atomic length scales, so it obviously makes no sense (and is not

computation-wise) to try to model them with a lattice constant smaller than atomic scales.

While only discretization based on regular grids has been explicitly considered here, it is

worth mentioning that even the opposite - i.e. the modeling of matter as a collection of random

particles - has been researched [70, 71]. In this study, a mixed approach is adopted: a regular-grid

discretization is used at first, yet each particle is displaced in each direction by a random quantity,

uniformly sampled from a value in a range equal to some percentage points of the lattice spacing.

This choice allows one to take advantage of the simplicity of a regular discretization, but at the

same time to limit the unphysical idealities it introduces.
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Appendix B

The PERI package in LAMMPS

Since 2008, peridynamics has been available within the LAMMPS environment through the

package PERI [65]; together with Peridigm [72], this represents the most popular open-source

computational PD code. The main strength of this package lies in the fact that it takes advantage of

a well-established and highly parallel MD code and further extends it where needed. Nevertheless,

we have found several flaws within the implementation of peridynamics in LAMMPS during this

study, so we report them here and - when possible - we propose some remedies.

First of all, certain features of the class of particles used in PD simulations - the so-called

atom_style peri - could be optimized so to foster ease of use. Specifically, each of these particles

is characterized by a mass and a volume; moreover, a command set density can be used on the

considered bodies. Unfortunately, this last command does not really work as intended for PD

particles, as they lack a shape attribute; consequently trying to set the density would result in

the highly misleading fact that ‘mass is set to the density value directly’ - as reported in the user

manual [73]. Not even using the related command set volume is of any help: as stated in the manual,

‘this command does not adjust the particle mass’.

Even though the set density command available is presented in some of the examples provided

by LAMMPS developers, at the current development stage we would thus recommend not to use

it, as we found it pointless. The user should currently just calculate the mass of the k-th particle

explicitly with mk = ρVk and then assign this value to all the particles of that kind in the input

script. This tedious process should conveniently be carried out by LAMMPS itself; it is therefore

recommendable that LAMMPS or the PERI-LAMMPS implementation are adjusted in order to

make them able to correctly calculate the mass of each particle given the density of the material

considered and the volume of the particles themselves.

Another command which does not completely work within the PD environment is displace_atoms.

This command allows to move atoms around their original positions before the simulation begins, in

order to randomize particles originally belonging to a regular lattice. Unfortunately, displace_atoms

fails to work properly with a displacement chosen as 0.1% or less of the lattice spacing. The reasons

for this failure are probably to be found in the implementation of the command itself.

A far more serious failure of this implementation is represented by the fact that write_restart
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does not really support the peridynamic model. In general, LAMMPS uses the write_restart

command to write a binary file which describes the current state of the simulation and which

can be later taken as an input to restart the simulation from that point on. However, in the PERI

implementation write_restart does not save the initial undeformed configuration of the system

(the x(k) list of Eq. (2.36)): as a consequence the peridynamic model - which heavily relies on the

undeformed configuration - obviously fails when one attempts to restart.

An even more serious flaw is represented by the implementation of the term s̃c
(
η, ξ, t

)
originally

described by Silling [35]. In particular, it has been introduced following the observation that for

some materials (e.g. glass) it cannot be assumed that the critical stretch sc has a fixed value,

independent of the conditions of all other bonds. To address this issue, a new critical stretch

s̃c
(
η, ξ, t

)
- dependent on smin(t), the current minimum stretch among all bonds within a material

point family - is introduced. Specifically:

s̃c
(
η, ξ, t

)
= sc − αsmin(t), (B.1)

where sc is the same parameter of Eq. (2.27) and

smin(t) = min
η∈Hx

{
s
(
ξ, η, t

) }
; (B.2)

α is a material-dependent constant, typically on the order of 1/4. Notice that a compression (i.e.

negative stretch) increases the threshold s̃c
(
η, ξ, t

)
for failure.

Even if s̃c
(
η, ξ, t

)
looks like a property of the particle x, bond breaking is a symmetrical

operation: to decide whether the bond between x and x′ breaks, the same test must be applied to

both interacting particles. In principle any method that handles x and x′ symmetrically can be used:

within the LAMMPS implementation [65], rather than a straightforward application of Eq. (B.2),

a maximization of the quantity s̃c
(
η, ξ, t

)
= sc − αsmin(t) for both particles has been chosen. In

particular, in order for the bond between x and x′ to remain intact at time t, it is requested that:

s
(
η, ξ, t′

)
< min

{
s̃c

(
ξ, η, t′

)
, s̃c

(
η′, ξ′, t′

) }
∀t′, 0 ≤ t′ ≤ t, (B.3)

i.e. the minimum of the two thresholds (i.e. the most compelling condition) is considered. Notice

that this expression must hold true ∀t′, 0 ≤ t′ ≤ t: namely, if the bond had been broken at any

previous time, it cannot heal. As discussed before, this is not an intrinsic limitation of peridynamics,

but a hypothesis of the implementation considered.

Due to α > 0 and to the minus sign in the definition of s̃c
(
ξ, η, t

)
, the maximization is apparently

equivalent to Eq. (B.1) and (B.2). The problem with the implementation of the routine to compute

bond damage in LAMMPS is linked to the fact that, in general, the terms α and sc in Eq. (B.1) can

be different for different materials. As already mentioned, a lower sc value could be chosen at a

weak interface between two different bodies so to determine an area where a crack is more likely to

originate. Unfortunately, within LAMMPS the maximization of s̃c
(
η, ξ, t

)
= sc − αsmin(t) is not

equivalent to the separate minimization of Eq. (B.2) when different α’s and sc’s are involved.
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(a) (b)

Figure B.1: The scaling factor ν̄
(∥∥∥x(k) − x( j)

∥∥∥) is introduced to address the issue of material points
whose volume does not fall entirely within the horizon of x(k). (a) Geometrical explanation of the
volume correction factor ν̄

(∥∥∥x(k) − x( j)
∥∥∥). The forces exerted on x(k) (red point) by the particles

which are located within δ − rS (green line) and δ + rS (blue line) in the undeformed configuration
are subject to the correction provided by ν̄. This range of ±rS is related to the horizon of x(k) (dashed
red line). (b) The cutoff function ν̄ as a function of the distance. From a practical perspective,
the correction is applied to the particles within a range of ±rS of the horizon δ in the undeformed
configuration.

As a result, this implementation happens to work when all the terms α and sc are the same,

but e.g. fails to make the crack easier when a smaller sc is adopted at the interface (because the

maximization will not select that smaller value). This depends on the fact that when different α’s

and sc’s (depending on the particles type) appear within the horizon of x, the maximization over

the total quantity s̃c
(
η, ξ, t

)
is in general different from a combination of the appropriate sc for that

bond with the minimum over the stretch for that particle.

In general, this routine should be rewritten implementing the actual minimization of Eq. (B.2).

This way the case of different α’s and different sc’s, which naturally arises when considering two or

more materials at contact, could be treated correctly.

Finally, we propose a correction for the term ν
(∥∥∥x(k) − x( j)

∥∥∥) originally introduced in Eq. (2.37).

As already mentioned in Chap. 2, this scaling factor shows a discontinuity when
∥∥∥x(k) − x( j)

∥∥∥ = δ,

i.e. as soon as x′ goes out of the horizon of x the correction term jumps from 1/2 to 0. To avoid this

sudden change and obtain a smoother transition, two different solutions can be envisaged.

First of all, instead of the canonical ν
(∥∥∥x(k) − x( j)

∥∥∥) a better cutoffing function:

ν̄
(∥∥∥x(k) − x( j)

∥∥∥) =


1, if

∥∥∥x(k) − x( j)
∥∥∥ ≤ δ − rS ,

− 1
2rS

∥∥∥x(k) − x( j)
∥∥∥ +

(
δ

2rS
+ 1

2

)
, if δ − rS ≤

∥∥∥x(k) − x( j)
∥∥∥ ≤ δ + rS

0, otherwise

(B.4)

should be used; this new function is shown in Fig. B.1 (to be compared with Fig. 2.9). The main

difference with the current ν
(∥∥∥x(k) − x( j)

∥∥∥) is represented by the fact that now there is a range of
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(a) (b)

Figure B.2: Same as Fig. B.1, but with ν̃
(∥∥∥x(k) − x( j)

∥∥∥). (a) Only the forces exerted by the particles
located within δ − rS (green line) and the horizon of x(k) (dashed red line) in the undeformed
configuration are corrected with the factor ν̃. Fewer particles than in Fig. B.1(a) are thus affected
by the correction, since the skin depth is smaller. (b) The cutoff function is steeper than the one in
Fig. B.1(b).

±rS around the horizon. On the other hand, this solution requires an adjustment of the definition of

each family Hx (see Eq. (2.1)), since otherwise the interaction of the particles with δ ≤ ‖ξ‖ ≤ δ+ rS

would be null anyway. In particular, Eq. (2.1) becomes:

Hx =
{

x′ ∈ B :
∥∥∥x − x′

∥∥∥ ≤ δ + rS
}
. (B.5)

This obviously implies marginally longer computation times.

Alternatively, a different function ν̃
(∥∥∥x(k) − x( j)

∥∥∥) - shown in Fig. B.2 - can be used. Its

definition is:

ν̃
(∥∥∥x(k) − x( j)

∥∥∥) =


1, if

∥∥∥x(k) − x( j)
∥∥∥ ≤ δ − rS ,

− 1
rS

∥∥∥x(k) − x( j)
∥∥∥ + δ

rS
, if δ − rS ≤

∥∥∥x(k) − x( j)
∥∥∥ ≤ δ

0, otherwise

(B.6)

and it goes from 1 to 0 with continuity. The advantage of choosing ν̃ over ν̄ is represented by the

fact that here no correction for the definition of Hx is needed.
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