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Abstract

A recent experimental research carried out by Bohlein and collaborators

shows how colloidal particle crystals trapped in laser interference fields

can cast new light on elementary frictional processes in ideally controlled

sliding systems. Driven colloidal friction provides an unprecedented real-

time insight into the elementary microscopic dynamical mechanisms at

play.

In the present work we simulate numerically the motion of a monolayer

of charged colloidal particles in interaction with a lattice-mismatched pe-

riodical potential, in the spirit of Bohlein’s experiment. We address two

related features: (i) the competition of a variety of mechanically stable

structural configurations arising as local minima of the total energy, as a

function of the relative strength of the interparticle repulsion and the peri-

odic potential; (ii) the depinning transition under the effect of an applied

external force, suggestive of static friction measurements, and the effect of

the competing configurations on the critical depinning force.

Advisor: Prof. Nicola Manini

Co-Advisor: Prof. Andrea Vanossi
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1 Introduction

Since the birth of modern science friction has been a thorny issue. Conveniently

Galileo had the good sense of building his inclined plane in such a way to make

friction effects negligible: without wisely avoiding friction he would have not

discovered what he did.

We must distinguish between macroscopic friction, that follows the well

known Amontons’ law Ffric = µN (thanks to the fact that the surfaces touch

only on local asperities), and microscopic friction, where the atomic surfaces are

completely in touch. Although progress over the centuries has led to the for-

mulation of reliable phenomenological laws of tribology, many key aspects and

mechanisms of the multifaceted nature of microscopic friction still lack fundamen-

tal understanding [1]. Perhaps the main restriction found in experiments about

friction, is that we can observe only time-averaged values of collective physi-

cal quantities, since the atomistic dissipative nonlinear phenomena usually hide

within an inaccessible interface between the sliding surfaces. A recent research

carried out by Bohlein and collaborators [2] shows how colloidal particle crystals

trapped in laser interference fields can cast new light on elementary frictional

processes in ideally controlled sliding systems [3]. Driven colloidal friction pro-

vides an unprecedented real-time insight into the basic dynamical mechanisms

at play, since it is possible to follow the motion of every individual particle with

time during sliding.

In the present work, extending the investigation of Ref. [4], we simulate the

motion of colloidal particles as in Bohlein’s experiment, under varied conditions.

We consider a 2D colloidal monolayer with periodic boundary conditions, dragged

by a constant external force along a periodic potential with a three-fold symmetry.

We take into account different underdense and overdense mismatch ratios between

the particles average distance and the corrugation periodicity. In this scenario

become essential for the context of friction solitons and antisolitons (also known as

kinks and antikinks in 1D), which physically correspond to localized compressions

and expansions in the particle array density. They constitute the real mobile

sliding objects as opposed to the single particles, that have reduced motion, being

more strongly pinned to the periodic potential minima.

In particular we deal with the dependency of the critical depinning force,

representative of static friction, on the corrugation amplitude, and with the pres-

ence of competing locally stable static configurations in the overdense case. We

also focus on the sequence of new sliding regimes which arise as the driving force

is increased more and more above the depinning threshold.
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2 The model

We describe the charged colloidal particles of the experimental setup as classical

point-like objects moving under the action of the applied laser field, the mu-

tual repulsion, and the interaction with the viscous solution in which they are

immersed. The equation of motion for the j-th particle is:

mr̈j + η(ṙj − vdx̂) = −∇
rj
(U2 + Ulas), (1)

where rj is a 2-dimensional displacement vector relative to the center of the cell,

and vd is the drift velocity, giving rise to the Stokes driving force Fext = ηvd,

experienced by all the colloidal particles.

For the slow motion (vd ≃ 1 µms−1) of a colloidal particle in the liquid the

inertial term can be neglected, and a largely overdamped diffusive motion can

safely be assumed, with an appropriate choice of η (we use η = 2.8 expressed

in model units). Our work focuses on zero temperature simulations, but where

we want to take into account thermal motions, this is implemented by suitable

Gaussian random forces in a Langevin approach.

The 2-body interaction energy is

U2 =

N
∑

j<j′

V (|rj − r′j |) (2)

and the screened Coulomb repulsion varies with interparticle distance as a Yukawa-

type potential

V (r) =
Q

r
exp(−r/λD) . (3)

The above expression holds only for separation r larger than the diameter ≃
3.9 µm of a colloidal particle, before which an additional hard-core repulsion

sets in. Typical nearest-neighbor experimental colloid separations are ≃ 5.7 nm

≃ 30λD [2]. Colloids rarely approach very closely, for the violent increase of

Coulomb repulsion in V (r) keeps them apart well before the hard-core repulsion

sets in. Explicit inclusion of the hard-core term is thus unnecessary as it would

cause no change in the colloid trajectories. Given the moderate volume fraction

occupied by the colloidal particles in the solution and the adiabatically slow

motions under study, it is also appropriate to neglect hydrodynamic forces, that

would become relevant only at much denser/faster regimes.

The 1-body external potential energy

Ulas =
N
∑

j

W (rj) (4)
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Figure 1: The triangular-symmetry corrugated potential energy pro-

file W (x, y) as a function of position. The minima at energy −V0, the

saddle points at energy −V0/9, and the maxima at energy 0 are visi-

ble. The resulting lowest-energy barrier in the x̂ direction thus equals
8

9
V0, as shown in (b) with a plane intersecting the potential at that

height.

is introduced by a laser field, and can be shaped with substantial freedom. As in

experiment, we consider a triangular lattice potential:

W (~r) = −2

9
V0

[

3

2
+ 2 cos

2πrx
alas

cos
2πry√
3alas

+ cos
4πry√
3alas

]

(5)

which is depicted in Fig. 1. The corrugation profile along x̂, where the barrier is

the lowest is

W (x, 0) = −V0

(

5

9
+

4

9
cos

2πx

alas

)

, (6)

with a full barrier amplitude 8

9
V0. Accordingly, the static friction force for an

isolated colloid, i.e. the minimum force that a single colloid requires in order to

slide in this one dimensional potential, is

Fs1 =
2π

alas
· 4
9
V0 =

8π

9
F0. (7)

We measure the depinning force per colloid in realistic many-colloid calculations

by comparison with this elementary barrier.

We implement a fixed average colloid density by imposing periodic bound-

ary conditions (PBC) over a triangular-lattice supercell. We start off with a

triangular lattice of spacing acoll, thus density 2/(
√
3a2

coll
) [particles/m2]. The

periodically repeated supercell is generated by the vectors B1 = (12acoll, 0) and
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physical quantity model expression typical value

length acoll 5.7 µm

force F0 = 9Fs1/(8π) 18 fN

viscosity coefficient η 6.3× 10−8 kg/s

energy - temperature F0 acoll 1.0× 10−19 J

time ηa2
coll

/V0 20 s

mass η2acoll/F0 1.3× 10−6 kg

velocity F0/η 0.284 µm/s

power F 2

0
/η 5.1× 10−21 W

Table 1: Basic units for various quantities in our model, with typical

values appropriate for the setup by Bohlein et al. [2].

B2 = (6acoll, 6
√
3acoll) The supercell size is chosen carefully to produce an over-

all periodic geometry, both relative to the colloid pattern and to the periodic

modulation potential, in order to simulate an essentially infinite system.

The supercell is filled with a compact monolayer, therefore it contains N =

12 × 12 = 144 particles. It is convenient to define an appropriate length ratio

ρ = alas/acoll between the average particle spacing and the periodic laser potential

spacing alas, such that when ρ = 1 a fully matched configuration is realized. By

choosing appropriate ratios ρ, one can realize a variety of static superstructures,

each with its soliton array and pattern. With the given periodic condition, and

not considering relative rotations, the allowed values for ρ are rational fractions

with numerator equaling 12.

The whole simulation is carried out in dimensionless units, defined in terms

of the physical quantities of Table 1.

2.1 Simulation protocols

2.1.1 Depinning transition

The initial default configuration is obtained by simply superposing the alas peri-

odic potential to the acoll regularly spaced colloids (see Fig. 2). Given a fixed cor-

rugation amplitude V0, a simulation is first run with zero external force Fext = 0

starting from this default configuration. The external force is kept constant for

a finite time, long enough to allow the colloids to reach a steady state, and then

the process is repeated with an increased force magnitude Fext +∆Fext.

For every force step, we drop the initial transient to the steady state and

average the x component of the center-mass velocity to obtain graph as the one

in Fig. 3. All the simulations are conducted at zero temperature, T = 0.
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Figure 2: The initial default configuration of the simulated supercell

(dashed box) for different values of the mismatch ratio ρ = alas/acoll.

Particles are darker where the potential is above its average value

−V0/2. Notice that in this unrelaxed configuration, corresponding

solitonic and antisolitonic mismatch ratios give the same pattern. (a)

ρ = 12

13
(1 antisoliton line) or ρ = 12

11
(1 soliton line), (b) ρ = 12

14

(2 antisoliton lines) or ρ = 12

10
(2 soliton lines), and (c) ρ = 12

15
(3

antisoliton lines) or ρ = 12

9
(3 soliton lines).

2.1.2 Structural transition

In order to locate new mechanically stable configurations we use two approaches:

1. apply an external force Fext 6= 0 (as in the previously described simulation

protocol), which can give rise to different rearrangements of the colloids,

especially for strong corrugation amplitude V0;

2. run simulations with Fext = 0 at finite temperature T 6= 0 (typically 0.01 <

T < 0.5), and select configurations characterized by a low total energy

U = U2 + Ulas.

Then, starting from each one of these configurations, we run a simulation (using

the same potential amplitude V0) at Fext = 0 and T = 0, until the system

relaxes to a stable static configuration. Apparently different configurations can

be identified as symmetry-equivalent static configurations, if they have identical

values of the total internal energy U = U2 + Ulas.

To obtain stability phase diagram, such as the one of Fig. 15 below, we carry

out linked simulations at null force Fext = 0 and T = 0, and vary the corrugation

amplitude V0 in steps ∆V0 = ±0.01 (i.e. upward and downward), until the end

of the stability range of each phase, marked by the spontaneous transition to a

different phase. Occasionally new mechanically stable configurations can arise

through this kind of spontaneous transitions.
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Figure 3: The depinning transition, illustrated by the colloids mobility

as a function of the driving force, for ρ = ρ1 (1 antisoliton), V0 = 0.45.

The mobility is normalized so that for free sliding 〈vcm x〉η/Fext = 1.

The arrow indicates the value of the depinning force Fd, as obtained

by the current sequence of simulations.

3 Results for the underdense case (antisolitons)

3.1 The depinning critical force

In the simulations of underdense soliton patterns (fewer colloid particles than

minima of the corrugation potential), we consider three different mismatch ratios

ρ = alas/acoll: ρ1 = 12

13
, ρ2 = 12

14
, and ρ3 = 12

15
which give rise respectively to 1, 2

and 3 antisoliton lines in the hexagonal supercell containing N = 12×12 particles

(see Fig. 2).

Using the simulation protocol described in Sect. 2.1.1 we look for the depin-

ning force at different values of the potential V0. In order to locate the depinning

critical force Fd, we plot the normalized particles mobility 〈vcm x〉η/Fext vs the

external driving force Fext, see Fig. 3. This kind of graphs show clearly the depin-

ning transition: for Fext < Fd the particles are stuck at their equilibrium position,

whereas when Fext > Fd they begin to move (〈vcm x〉 6= 0). The depinning force

is found with an uncertainty normally given by half the amplitude of the force

step.

The Aubry transition [5, 6] occurs, in the thermodynamic limit, only for

irrational values of the mismatch ratio ρ (see Ref. [5]). In such cases one could find
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Figure 4: The critical depinning force Fd as a function of the corru-

gation amplitude V0, for three different mismatch ratios ρ. The inset

is a zoom over the small V0 region with logarithmic scale on the Fd

axis. Each point here is obtained from graphs similar to the one in

Fig. 3.

a critical value of the potential corrugation amplitude V0 below which the particles

are in a completely unpinned configuration, regardless of the value of Fext. This

means that any value of the external force would produce a displacement of the

colloids. This particular situation of zero static friction is called superlubricity.

The length ratios ρ studied here are not fully incommensurate (there is no

way of realizing a perfect incommensuration in any finite simulation). Therefore,

as Fig. 4 shows, for any value of V0, given a sufficiently small force (and a long

enough simulation time), we could observe a pinned state. As expected (see

Ref. [6]), the depinning force Fd decreases exponentially for small V0, while it

approaches a linear trend for large V0.

It is interesting to notice the different behavior of the three curves for dif-

ferent ratios ρ. As the density of antisolitons increases, a smaller and smaller

force is needed to make the colloids move. This trend is not present at small V0,

where the “degree”of incommensurability seems more relevant: this explains why
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Figure 5: Velocity of the center of mass vs simulation time, for fixed

ρ = ρ1 and Fext = 10−6 < Fd. The initial transient becomes longer

and longer as V0 decreases. Note that these are all pinned states: in

each one eventually the vcm x stabilizes to zero.

ρ3 = 4/5 (which is the simplest rational commensuration) presents the largest

depinning force at small V0.

A characteristic feature observed is the so-called critical slowing down asso-

ciated to a phase transition. As the system approaches the critical depinning force

Fd, longer and longer time is needed to obtain a relaxed statically pinned state

(see Fig. 5). We notice also that this phenomenon becomes the most relevant

when the corrugation amplitude V0 is small. This effect makes it very difficult to

evaluate precisely the depinning force for small V0.

3.2 How depinning takes place

When the critical force is reached, the colloids start moving in a characteristically

intermittent way. Immediately above the depinning transition the center of mass

velocity (Fig. 6) shows periodic impulses, with a period that gets shorter as the

external driving force increases further. Every velocity pulse corresponds to a

fixed advancement step, that depends only on the density of antisolitons and on

the potential periodicity alas. This characteristic behavior, is typical of the motion

of solitons and antisolitons, as they depin. It consists in a whole solitonic line

advancing by one lattice spacing across the Peierls-Nabarro barrier, which would

tend to keep it pinned. Consider the case of a single antisoliton line (ρ = ρ1) to

fix the ideas: a hole line (nline = 12 particles out of N = 144) moves along the

x̂ direction by a single lattice spacing alas = 12/13. Accordingly the center-mass

displacement is ∆xcm = alasnline/N = 1/13.
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Figure 6: The time dependency of center-mass velocity of the colloids,

for three values of the force immediately above the critical depinning

force Fd = (1.475 ± 0.025)× 10−4. ρ = ρ1 (1 antisoliton), V0 = 0.45,

the same value as in Fig. 3. The intermittent advancement is evident.

Figure 7 illustrates the detail of the observed stepwise advancement. There

are two different alternative ways in which the colloids begin to slide. For small

corrugation amplitudes (V0 < 0.475 in the single antisoliton ρ1 case) the center of

mass of the sample moves essentially straight along the x̂ direction; in contrast

for greater values of V0 there is a visible displacement also along ŷ. In this zig-

zagging advancement pattern, the step advancement amplitude ∆xcm is halved,

compared to the former case. This zig-zagging motion is favored because, for

Fext right above Fd, the colloids are inclined to avoid the potential maxima, a

trend even more evident for larger V0, see Fig. 8. The development of this new

zig-zagging advancement mode apparently marks a slower increase in friction, as

is seen by the abrupt change in slope of the log curve in the inset of Fig. 4. In

this sense, avoiding the potential maxima seems beneficial to the lubricating role

of solitons. We find similar straight or zig-zagging stepwise depinning also for the

other considered mismatch ratios. Intermittent depinning is observed also in one

dimension (1D), where the Aubry transition has been widely studied within the

Frenkel-Kontorova model [5]. The zig-zagging advancement steps are however

a novel feature of 2D, which we predict and suggest that could be investigated

experimentally. It would be interesting to verify if in 2D depinning could take
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Figure 7: The x (dot-dashed) and y (dashed) components of the

center of mass, for ρ = ρ1, different values of V0, and Fext right above

the depinning transition. In panel (b) the particles center of mass

advances in zig-zagging steps, with alternating movements in the ŷ

direction. In these conditions the step x component is one half of the

displacement of the straight motion of panel (a). See Fig. 8 for the

individual trajectories.

place with a similar mechanism in the irrational case right above the Aubry

transition.

3.3 The depinned regimes

It is interesting to investigate also what happens when the external force is larger

or much larger than the depinning force, until the normalized mobility of the

colloids reaches unity, i.e. the same value it would assume in a free sliding case.

We present in detail the situation at V0 = 2, a quite strong corrugation amplitude

for the underdense ratio ρ1. We find qualitatively similar regimes also for other
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Figure 8: The colloids trajectories for three different values of the

corrugation potential and corresponding values of Fext immediately

above Fd, as in Fig. 7: (a) V0 = 0.45, Fext = 1.55×10−4, (b) V0 = 0.5,

Fext = 2.26 × 10−3 and (c) V0 = 0.6, Fext = 3.2 × 10−2. The figure

is obtained by folding the considered supercell into a primitive cell of

the periodic potential, and drawing all the time frames together. The

figure is then translated, in order to visualize 3 × 3 primitive cells.

Particles are colored in a darker shade whenever they reach a point

where the local potential exceeds the saddle point value −1

9
V0 (see

Fig. 1(b)).

values of V0 and ρ.

Figure 9, showing the mobility of the sample 〈vcm x〉η/Fext as a function of the

external force Fext, reveals the presence of different regimes of sliding. Depinning

occurs at Fd = 2.4975 ± 0.0025, and there is an evident jump discontinuity at

Fext = 4.62, but, beside this, looking at the particle motion it is possible to

distinguish 6 different dynamical regimes. These sliding regimes are characterized

in Fig. 10, which shows for each one the instantaneous center-mass velocity and

the trajectory of the individual particles folded back into one primitive cell of the

corrugation potential (all the simulation time frames are superposed).

The first depinned state, called regular sliding, is periodic but quite disor-

dered. The successive smooth sliding regime has lines of particles moving in a

highly ordered way along the potential valleys: this motion produces far smaller

oscillations of vcm x. For slightly stronger forces this second regime turns unstable,

and a chaotic flowing succeeds. Next, as Fext further increases, the center-mass

of the sample goes back to a periodic motion, and all the colloids move almost

straight along the lines going through potential minima (hydrodynamic stream-

ing). All the sliding regimes shown are indefinitely stable over time. Even when

we start from different initial conditions one usually retrieves the regime of mo-

tion corresponding to the applied value of Fext. Occasionally, different kinds of

flow may occur for the same values of Fext. Nevertheless, little hysteresis is ob-

served: when we decrease Fext, starting from the final configuration and using a

negative force step ∆Fext, we reproduce Fig. 9 almost exactly, retracing the same

15
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Figure 9: The colloids mobility as a function of the driving force.

ρ = ρ1 (1 antisoliton), for V0 = 2, a quite strong corrugation. Vertical

dashed lines separate different dynamical regimes, illustrated individ-

ually in Fig. 10.

dynamical regimes.

A clearer insight of what is happening during this dynamical transitions is

provided by Fig. 11, showing the trajectories of the particles within one simula-

tion supercell (not folded in a corrugation potential primitive cell as before), with

reference to the 13 horizontal lines of adjacent potential minima, found between

the dashed lines. The differences in the vcm x motions we report are due to the

different way in which the 144 colloidal particles fill these horizontal lines. While

the colloids are pinned, as in Fig. 10(a), especially with this large corrugation

amplitude V0 = 2, they sit close to the potential minima, leaving 169− 144 = 25

empty minima situated on randomly different lines. Therefore as the particles

start moving, we find them in each one of the 13 horizontal lines through the min-

ima of the corrugation potential (Fig. 11(b), regular sliding). As the external force

increases though, the horizontal lines of minima tend to be filled with 12 parti-

cles which advance with little lateral deviations, a bit like a 1D Frenkel-Kontorova
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Figure 10: For each sliding regime of Fig. 9 we plot the instantaneous

center-mass velocity in the x̂ direction and the particles trajectories.

The panels, showing the trajectories folded into a single corrugation-

potential cell (dashed, with the minimum of W at the middle) are

obtained as in Fig. 8. The illustrated regimes are: (a) pinned (Fext =

2.495), (b) regular sliding (Fext = 3.0), (c) smooth sliding (Fext =

3.91), (d) chaos (Fext = 4.0), (e) noisy streaming (Fext = 4.63), (f)

hydrodynamic streaming (Fext = 7.0).

chain characterized by a single antisoliton(antikink). In the smooth sliding regime,

Fig. 11(c), the particles arrange themselves in a ordered way: 12 potential rows

are filled one with 12 particles each, while the 13th row is left completely empty.

This generates a very regular and almost constant vcm x. Apparently this regime

17



Figure 11: View of the whole supercell (not folded into the primitive

potential cell) for the same simulations of Fig. 10. Panels are identified

by the same letters. All simulation time frames are superposed and the

color code is the same of previous figures. The dashed horizontal lines

are placed midway between two successive lines through the potential

minima.

is highly unstable, due to the interparticle repulsion. The smooth sliding regime

is promptly abandoned in favor of a chaotic motion, Fig. 11(d). Here we can

still count 12 trajectories, but one is much broader laterally than the others.

In the chaos regime, while 132 particles flow 11 essentially straight trajectories

through or near the minima, the remaining 12 particles embrace 2 potential lines,

crossing repeatedly over the potential maxima. This irregular motion explains

the non-periodic center-mass oscillation of Fig. 10(d). Eventually, for larger Fext,

Fig. 11(e) shows 14 distinct trajectories: what makes the mobility increase so

rapidly is that here 24 particles share the same 3 rows of potential minima. In

detail, as illustrated, in Fig. 12 9 colloids occupy the top row, 3 above and 4

below the middle row and 8 the bottom row. This type of flow is more efficient,

because it avoids better the potential maxima. No significant qualitative change

is observed in the hydrodynamic streaming regime at large Fext.
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Figure 12: A typical snapshot of the streaming regimes of Fig. 9(e)

and (f). The number of particles in each row of potential minima is

indicated at the left side. In the third row from the top the 7 particles

are grouped into two main trajectories, depicted in Fig. 11(e).

4 Results for the overdense case (solitons)

4.1 Structural transitions

In the underdense case we do not have issues regarding the ground state config-

uration of our system. Starting form one of the default configurations in Fig. 2

once a corrugation amplitude V0 6= 0 is introduced, each colloid tends to fall into

a potential minimum, where it gets stuck. In the limit of strong V0 the two-

body interaction between the colloids is negligible, and each particle eventually

behaves as an isolated colloid. This large-V0 pattering corresponds to multiple

configurations, which however are likely to yield similar depinning forces.

For the overdense case things are quite different (see also Ref. [7]). In fact

when the corrugation amplitude V0 increases, there must be some minima of the

potential that hosts more than one particle, and the two-body interaction there

tends to grow to very large values. This leads to a nontrivial potential energy

landscape in the 2N-dimensional configuration space, rich of metastable local

minima. The presence of all these mechanically stable configurations becomes

relevant for our purposes because for large V0 the competing configurations can

and do have very different depinning properties.

We first consider a mismatch ratio alas/acoll = ρ′
1
= 12

11
, giving rise to 11 ×

11 = 121 minima, causing 1 soliton line in our hexagonal supercell containing
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Regular Greek fret 2

Propeller 1 Butterfly 2

Pendant 2 Pendant 3

Figure 13: The shapes of several types of locally stable static con-

figurations observed in the 1-soliton geometry produced by ρ′
1
. All

configurations are reported for V0 = 6, except for the last one (f),

which has V0 = 9.5. Dark particles represent those located where the

corrugation potential exceeds −V0/2. Patterns are made visible by

repeating 3× 3 times the simulation supercell.

N = 12×12 particles. Following the simulation protocol described in Sect. 2.1.2,

we find several different stable static configurations, each one with a distinct
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Figure 14: Internal energy per particle in units of V0. For clarity,

here we report the energy for three competing configurations only.

The regular configuration at V0 = 0 becomes a perfectly crystalline

triangular lattice, with an energy U/N = 0.100147222, given only by

the repulsive potential acting among the colloids.

internal energy U = U2 + Ulas at Fext = 0 and T = 0. Figure 13 reports a few of

these configurations, one for each main pattern shape.

Figures 14 and 15 show the stability phase diagram of these static config-

urations, as a function of the corrugation amplitude V0. Each line represents

the energy of an individual phase, and it interrupts when the configuration is

no longer stable, and the system self-rearranges into a different, energetically

more convenient, phase. For example, the regular phase turns unstable beyond

V0 = 5.82. For small V0 the regular configuration (obtained by placing the col-

loids initially in a uniformly spaced monolayer) is the one with the lowest energy.

Increasing V0, a few other locally stable configurations arise, at a substantially

larger internal energy. As V0 further increases though, a plethora of competing

mechanically stable configurations arise. The regular phase turns unstable be-

yond V0 = 2.67, where the configuration called Greek fret 2 becomes energetically

more convenient. This latter configuration is the winner through the rest of the
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Figure 15: Stability phase diagram of the static configurations consid-

ered. The internal energy per particle is referred to the configuration

named Greek fret 2 (see Fig. 14). Names identify configurations with

similar aspect, numbers are given in order of appearance, from left to

right.

investigated range (V0 ≤ 10).

The general dependency of the internal energy U as a function of V0 is quite

similar for all configurations, see Fig. 14. To make the differences appreciable in

Fig. 15 we plot the differences relative to the Greek fret 2 phase. This graph has

not the purpose of exhausting all possible locally stable configurations, but rather

wants to represent the rich range of competing phases arising at intermediate to

strong corrugation amplitudes V0. Of course, at small finite temperature, the

phases at higher energy have no mechanical stability, and can arise only as local

fluctuations. As we see in the following section, these competing phases have

however an important role in the depinning transition.

Finally we notice that structural transitions of this same kind take place also
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for higher overdense mismatch ratios, for instance ρ = ρ′
2
= 12

10
, when 2 soliton

lines are present in the supercell. In this case different static configurations

arise beyond a stronger corrugation amplitude V0. Here the regular configuration

remains locally stable up to about V0 = 11.8 instead of V0 = 5.82 as happens

when ρ = ρ′
1
.

4.2 The depinning force

Like for the antisoliton case, we search the critical depinning force Fd as a function

of the corrugation amplitude V0. In this overdense situation though, structural

transitions must be taken into account. Indeed the depinning force changes dras-

tically depending on which static configuration we start from. We notice beside

this, that the application of an external force Fext affects quite drastically the

relative stability of the various phases in the diagram of Fig. 15. Fext can induce

a structural transition to an energetically more favorable configuration while the

system remains pinned. For instance, it is not possible to establish the depinning

force for the regular configuration at V0 > 5.5, because the particles rearrange in

other configurations (different ones depending on the adopted force step ∆Fext)

before depinning.

Figure 16 shows the depinning force obtained starting from the two most

relevant static configurations. We wish to underline two relevant features:

1. There are three orders of magnitude between the values of the depinning

threshold Fd in the two graphs. The lower-energy configuration, Greek fret

2, requires a much stronger force for the depinning transition to take place.

2. The critical depinning force for the regular configuration has a visibly non-

monotonic trend, as V0 approaches the region where at Fext = 0 the regular

configuration turns completely unstable.

These results are not straightforward to observe with an experimental setup as

the one in Ref. [2], because given a virtually infinite relaxation time and non-

zero temperature, most likely before the application of Fext the colloidal system

would have time to stabilize itself in the ground-state configuration, or different

domains with different patterns would form. In these conditions it would be

hard to recreate the coexistence of Fig. 16. To prevent this, one should increase

adiabatically the corrugation potential V0 from zero (where colloids are in the

regular configuration) and then drag the system before it has time to make a

structural transition to an energetically more convenient phase.

It is interesting to notice that several static configurations of Fig. 13 are

not invariant under rotations of 60 ◦, therefore, even if the energy of the rotated
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Figure 16: The critical depinning force Fd as a function of V0 for

the mismatch ratio ρ = ρ′
1
, starting from two different mechanically

stable configurations (see Fig. 15). In the first graph for V0 = 1 the

depinning takes place in concurrence with a transition to the regular

configuration. In the second graph no data are present beyond V0 =

5.5 because here the regular configuration is highly unstable there,

and the depinning transition is replaced by a structural transition to

a different (initially pinned) phase.

pattern at Fext = 0 is obviously the same, this does not hold true when we

introduce an external force along the x̂ direction. We carry out simulations

starting from a Greek fret 2 configuration, 60 ◦ rotated compared to the one of

Fig. 13(b). It happens that at a certain value of the external force, the system

spontaneously rotates back to the more convenient configuration of Fig. 13(b),

with the fret lying along x̂. This transition occurs for an external force smaller

than the critical depinning force, so right before and right after this spontaneous

rotation, the particles are still pinned.

Figure 17 shows the depinning force Fd vs the corrugation amplitude V0 for a

different mismatch ratio ρ′
2
= 12

10
, which gives rise to 2 soliton lines. It is obtained

starting from the regular configuration, that remains stable for higher V0 when
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Figure 17: Comparison of the critical depinning force Fd for one and

two solitons per cell, both starting from their regular configuration.

Remarkably, the depinning force is significantly larger for two solitons

than for one, which is the opposite of what is observed in Fig. 4 for

antisolitons. This result renews if we consider the depinning force

obtained starting from other static configurations (as Fig 16 shows).

increasing ρ, as illustrated before.

This graph leaves us with some open questions, that need more research

to be answered. As expected (see Ref. [4]), there is a strong asymmetry in the

depinning force values, between the overdense and the underdense case. One

thing that surprises though, is that the depinning force is considerably greater

for two solitons than it is for a single one, which is the opposite of the trend we

report for antisolitons (Fig. 4). This fact is probably linked with the presence

of different locally stable configurations: indeed if we look at the values of the

depinning force obtained for ρ′
1
starting from Greek fret 2 we can see they are

above those of the ρ′
2
case. In order to better understand this point it would be

useful to realize a stability phase diagram that identifies the different energies

and range of stability for each static configuration of the two solitons case.

Such a diagram might also show if (as in the single soliton case) the non-
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monotonic trend of the depinning force is in conjunction with a structural tran-

sition among different competing configurations.

5 Discussion and Conclusion

In the present work we address, via molecular dynamics simulations, a phe-

nomenological description of the prominent tribological characteristics of a 2D

colloidal monolayer over a mismatched periodic corrugation potential. The main

results we observe are:

• In the underdense case the critical depinning force Fd, shown as a function of

the corrugation potential V0 (Fig. 4), tends to decrease when the antisoliton

density increases.

• For strong enough corrugation amplitude V0 and Fext right above Fd, parti-

cles start moving in a zig-zag way (Fig. 7, 8) and the center of mass of the

sample oscillates along the ŷ direction, in order to better avoid the maxima

of the corrugation potential. This zig-zagging depinning is beneficial to the

reduction of static friction.

• As the external force Fext increases far above the critical value Fd, different

regimes of sliding are observed (Fig. 9, 10, 11). These regimes are related to

different ways of filling the available horizontal potential lines of adjacent

minima in the dragging direction.

• In the overdense case the presence of different locally stable static configura-

tions is examined. The number of these competing configurations increases

as the corrugation potential V0 grows, and the regular one ceases rapidly to

be the most stable. For the mismatch ratio alas/acoll = 12/11 some of these

configurations are shown, and also a stability phase diagram is reported

(Fig. 13, 15).

• There is a wide gap among the depinning force Fd of different static config-

urations (Fig. 16). Depinning occurs at much stronger forces for the config-

uration with lower internal energy U . A non-monotonic trend is observed

as V0 approaches the stability limit of the considered static configuration.

There are several aspects open to further investigations. One may worry

that the phases observed in Sect. 4.1 are an artifact of the imposed PBC. We did

a few preliminary tests using a supercell 4 times larger than the one we consider

everywhere else and found no new phases. More detailed investigations are of

course needed.
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Another point worth investigating is the dynamical behavior of the overdense

case. It would be interesting to see if also solitons tent to avoid the maxima of

the potential, generating a pattern similar to the one of Fig. 8, and how the flow

changes when starting from a configuration different from the regular one.

It will also be interesting to verify the possible presence of directional locking

under the action of dragging at an angle from one of the potential primitive

directions.
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