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Abstract

Recently T. Bohlein and collaborators carried out an experiment with

repulsive colloidal particles trapped in laser interference fields, where they

showed that this systems can reveal important aspects on microscopic fric-

tion and on the general behavior of discrete elastic layers.

In this context, in the present work we investigate, via MD numerical

simulations, the tendency of an island of charged colloidal particles to fall

into a fully commensurate state, when its natural inter-particle spacing

approaches that of a periodically corrugated potential. To this purpose we

consider two static metastable states, a commensurate and an incommen-

surate one, that are local minima of the total energy. Comparing them we

produce ground-state phase diagrams highlighting the favorite configura-

tion, whether epitaxial or mismatched and characterized by a network of

intersecting (solitonic) dislocation lines.
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1 Introduction

Friction plays a central role in many important aspects of our daily life, from the

fact that we can walk ahead in the street without sliding, to earthquakes. Due to

its importance this issue stimulated research and interest over the centuries, that

led to the well known Amontons’ empirical law for macroscopic friction, and to

important results in the field of microscopic friction, such as those brought about

by the Prandtl-Tomlinson and the Frenkel-Kontorova model.

Despite extensive investigation, many key aspects and mechanisms of micro-

scopic friction still lack fundamental understanding [1]. Recently T. Bohlein and

collaborators carried out an experiment with repulsive colloidal particles trapped

in laser interference fields. They showed that this systems can reveal important

aspects on microscopic friction and on the general behavior of discrete elastic

layers at or near epitaxy [2]. Standard friction experiments access time averages

of collective quantities. The latter are only partly revealing, since in most sliding

friction experiments dissipative nonlinear phenomena hide within the inaccessi-

ble interface. The great advantage in the kind of experiments realized in the

Stuttgart group is that it is possible to follow the real-time trajectory of every

single particle [3], like in MD simulations. Thanks to this feature, these experi-

ments showed that, in a sliding-friction context, the real mobile sliding objects are

not the single particles, but solitons and anti-solitons, that physically correspond

to localized compressions and expansions in the particle-array density.

In the present work we deal with the issue of epitaxy, a problem well known

in the physics of matter, here produced by a periodic potential, simulating the

laser interference field used in experiments, on a layer of colloidal particles. For

this investigation we consider, in a few different cases, two alternative configura-

tions, namely a commensurate (lattice-matched) and an incommensurate (lattice-

mismatched) one. The total energy of each of these local minima can be evaluated

and compared. This comparison results in a phase diagram identifying the ground

state as the most energetically favorable configuration. By means of phase dia-

grams obtained for a few different colloid-laser mutual interactions, we investigate

the epitaxial effect caused by the periodic substrate on our 2D colloidal crystal

and we address the microscopic mechanisms behind this phenomenon. This is

strictly related to the issue of friction, as it depends on how the particles rear-

range themselves and pin due to the interaction with the periodic corrugation.

Before dealing with this issue, as the 2-body inter particle interaction is short

ranged, in a preliminary section we evaluate the minimum best cutoff factor, that

is the minimum inter-particle distance starting from which we can safely neglect

the inter-particle interaction. This is important because reducing the cutoff factor
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results in a lower computational time.

2 The model

We describe charged colloidal particles as classical point-like objects, whose dy-

namics is affected by the action of external forces, the mutual repulsion, and the

interaction with the viscous solution in which they are immersed.

The equation of motion for the j-th particle is

mr̈j(t) + η(ṙj(t)− vdx̂) = −∇rj(U2 + Uext) + fj(t) , (1)

where rj is a two-dimensional position vector of the j-th colloid, η is the effective

viscosity of the fluid in which the colloids are immersed, and vd is the drift velocity,

giving rise to the Stokes driving force Fext = ηvd, acting on all colloidal particles.

U2 is the two-body inter-particle potential; Uext is the external potential, which

in general can depend on time, but in our work we will take Uext constant in time.

In our system colloidal particles interact with the fluid, with which they are

in thermal equilibrium. The fluid involves a huge number of degrees of freedom

varying rapidly on the colloidal particles’ timescale. We simplify this interaction,

adopting a Langevin approach, substituting the fluid with two terms in the equa-

tion of motion (1), that describe the Brownian motion of the colloidal particles

in our viscous solution: the viscous friction term η(ṙj(t) − vdx̂), and the term

fj(t), which is a suitable two-components Gaussian random force [4]. This term

stands for the random collisions between colloidal and fluid particles, due to the

thermal motion of the fluid, and inducing Brownian motion. In the present work

we focus only on zero-temperature simulations, thus the random force will be set

to zero.

For the slow motion (vd ' 1 µm s−1) of a colloidal particle in the liquid

the inertial term can be neglected, and a diffusive motion can safely be assumed,

with an appropriate choice of η (in our work η = 28 expressed in model units,

given in Table 1).

The 2-body interaction potential is

U2 =
N∑

j<j′

V (|rj − rj′|) , (2)

and the screened Coulomb repulsion V varies with inter-particle distance as a

Yukawa-type potential:

V (r) =
Q

r
exp(−r/λD) . (3)
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The above expression holds only for separation r larger than the diameter '
3.9 µm of a colloidal particle, where an additional hard-core repulsion sets in.

Typical nearest-neighbor separations at which colloids settle in experiments are

r ' 5.7 µm ' 30λD [2]. Due to the comparably short Debye length λD, when

two colloids happen to approach just a little closer than that, the violent ex-

ponential increase of V (r) pushes them apart far before the hard-core repulsion

sets in. Thus explicit inclusion of the hard-core term is unnecessary, as it would

cause no change to the colloid trajectories. Due to the moderate volume frac-

tion occupied by the colloidal particles in the solution and the adiabatically slow

motions occurring near a static surface (the cell bottom), it is also appropriate

to neglect hydrodynamic forces [5], which would become relevant only at much

denser/faster regimes.

The potential in Eq. (3) is clearly a short-range potential. Thus, to reduce

computational times, we neglect it starting from a certain cutoff distance, which

is chosen to guarantee that the difference between the approximate (cutoffed)

potential and the exact one is extremely small. This cutoff distance is:

rcut = CλD , (4)

where C is the cutoff factor, that as a first approximation we set to 100, so

that the exponential term in Eq. (3) equals exp(−100) ' 4 × 10−44. In order

to avoid discontinuities in the potential and in the force, which could induce

important errors during the numerical integration of Eq. (3), the original inter-

particle potential is shifted, so that it vanishes with its derivative at rcut. So the

implemented potential is:

V (r) =

[
Q

r
exp(−r/λD) + φ(r)

]
θ(rcut − r) , (5)

where θ(r) is the Heaviside step function, and φ(r) is the linear function by which

the original potential is shifted:

φ(r) = r

(
Q

r2cut
+

Q

λDrcut

)
exp(−rcut/λD) −

(
2Q

rcut
+

Q

λD

)
exp(−rcut/λD) . (6)

This originates a constant additional force between the particles, but, for large

enough rcut, this term should have a negligible effect thanks to the exponential

factor.

The 1-body external potential energy

Uext =
N∑
j

Vext(rj) , (7)
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is induced by the interaction of colloidal particles with a laser field, and can be

shaped with substantial freedom. We assume the following spatial variation:

Vext(r) = Ac[1−G(r)] + V0G(r)Wn(r) , (8)

where

G(r) = exp

(
− |r|

2

2σ2

)
, (9)

is an unnormalized Gaussian of (large) width σ, accounting for the overall inten-

sity envelope of the laser beam, and

Wn(r) = − 1

n2

∣∣∣∣ n−1∑
l=0

exp(ikl · r)

∣∣∣∣2 , (10)

is a periodic (for n = 2,3,4, or 6) or quasi-periodic potential of n-fold symme-

try [6] produced by the interference of n laser beams, representing the substrate

corrugation. The appropriate 2D interference pattern is realized by taking

kl =
cnπ

alas

[
cos

(
2πl

n
+ αn

)
, sin

(
2πl

n
+ αn

)]
. (11)

The numerical constants cn are chosen in order to match the potential lattice

spacing to the laser interference periodicity alas, and αn are chosen so that one of

the primitive vectors of the periodic potential Wn(r) is directed along the x axis.

In the present work, we adopt a 3-fold symmetry pattern, thus n = 3, like for the

colloidal lattice. In this case, we use cn = 4/3 and αn = 0.

Expanding the absolute value and rearranging the expression with some

trigonometric relations we obtain :

W (r) = −1

9

[
3 + 2 cos

(
4πry√
3 alas

)
+ 4 cos

(
2πry√
3 alas

)
cos

(
2πrx
alas

)]
, (12)

which is the potential depicted in Fig. 1. If we fix ry so that a path along the rx
direction crosses perpendicularly the saddle points, we obtain the 1-dimensional

curve where the barrier is lowest. For example we can choose ry = 0, so we have:

W (rx, 0) = −1

9

[
5 + 4 cos

(
2πrx
alas

)]
, (13)

which is the curve shown in Fig. 2, where we can see that the potential difference

between a minimum and a saddle point is 8
9
V0. This value is relevant near the

center of the cell,where G(r) ' 1. The static friction force for an isolated colloid,

i.e. the minimum force that a single colloid requires in order to slide in this

1-dimensional potential is

Fs1 =
8πV0
9alas

=
8π

9
F0 . (14)
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Figure 1: The triangular-symmetry corrugated potential energy pro-

file W (x, y) = W3(x, y) as a function of position. Observe the minima

at energy (in units of V0) −1, the saddle points at energy −1
9

and

the maxima at energy 0. The resulting lowest-energy barrier in the

x-direction thus equals 8
9
.

The two positive amplitudes Ac and V0 set, respectively, the intensity of

the overall potential confining the colloids near the simulation-cell center and the

intensity of the corrugated, spatially oscillating term. Both of them are controlled

by the same overall Gaussian intensity modulation, Eq. (8), consistently with

experiments [2]. The simulations are carried out in dimensionless units, defined

in terms of the physical quantities reported in Table 1. From now on we will

adopt these units.

We simulate the colloidal system in a periodically repeated rectangular box

of sides Lx and Ly where periodic boundary conditions are implemented for inter-

particle interactions but not for the external potential Vext(r) that originates in

the central cell only. In the present work we have an island of particles located

near the center of a much wider supercell, with few or no particle ever crossing the

cell boundary. This differs from the experiments only very far from the center.

The density of particles is established by the balance between the inter-particle

repulsion and the overall trapping force, that reduce to the Gaussian term when

the corrugation amplidude V0 is set to 0. With the parameters choice of Table 2,
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Figure 2: The 1-dimensional curve obtained setting y = 0 in W3(x, y),

as a function of x.

Physical quantity Model expression Typical value

Length acoll 5.7 µm

Force F0 = 9Fs1/(8π) 18 fN

Viscosity coefficient η 6.3× 10−8 kg/s

Energy F0 acoll 1.0× 10−19 J

Time ηa2coll/V0 20 s

Mass η2acoll/F0 1.3× 10−6 kg

Velocity F0/η 0.284 µm/s

Power F 2
0 /η 5.1× 10−21 W

Table 1: Basic units for various quantities in our model, with typical

values appropriate for the setup by Bohlein et al. [2].

η N Q λD n Lx Ly

Cluster 28 28861 1013 0.03 3 500 500

Table 2: Numerical parameters adopted in the simulation, Eqs. (1),

(2), (3), (7) and (10), to be scaled according to Table 1. Lx and Ly

are the sides of the simulation supercell.
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the value of acoll settles to unity near the center of the cell, in the absence of

corrugation (V0 = 0).

Now we define the mismatch ratio as the ratio between the periodic-potential

lattice spacing and the average particle spacing:

ρ =
alas
acoll

, (15)

where acoll is the actual inter-particle spacing after a relaxation with only the

Gaussian potential turned on, as we will see below. Choosing appropriate values

for ρ it is possible to realize a variety of static superstructures, each one with its

soliton array and pattern.

3 Simulation protocols

The initial configuration is obtained by cutting a circular island out of a perfect

2D triangular lattice with spacing acoll, usually set to 1. We simulate N = 28861

particles, a particle number much smaller than in experiment but sufficient to

extract reliable physical results. Table 2 reports the adopted parameters which

are left unchanged for all simulations.

3.1 The cutoff factor

The evaluation of the best-suited cutoff factor C, defined in Eq. (4), may allow

to reduce computational times. In a first approach, we consider simulations done

with different cutoff factors in various cases, i.e. in three different mismatch ra-

tios: ρ1 = 1.05, which will be referred to as soliton incommensurate case (SI),

ρ2 = 1, which will be referred to as commensurate case (CO), ρ3 = 0.95, which

will be referred to as anti-soliton incommensurate case (AI). For each ρ we run

simulations with three different external forces: Fext = 0, 1 and 2. Each simu-

lation is run for a time τ = 500 time units, independently on the applied force,

starting from the initial configuration with both the periodic and the Gaussian

potential (with parameters Ac = 7 and σ = 90) simultaneously turned on, with

no preliminary relaxation. The simulation time is the same for different com-

pared cutoff factors. Furthermore we have carried out these comparisons with

corrugation amplitude V0 = 1 or 10.

In a second phase, we run simulations with Fext = 0, letting the colloidal sys-

tem relax until it stops moving. We do this with varied cutoff factors in different

situations. In the first two, where ρ = 1.05, we start from the initial configuration

and we turn on simultaneously the periodic and the trapping Gaussian potential
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(with parameters Ac = 7 and σ = 90) with V0 = 10 and V0 = 1, respectively. In

the following tests we start from a configuration where periodic and Gaussian po-

tential (with parameters Ac = 1200, σ = 1200 and V0 = 10) are again turned on

at the same time, but the spacing of the initial triangular lattice matches exactly

alas. From now on, we will refer to this configuration as ”from exactly matched

configuration”. We run few simulations with this procedure with different alas,

and therefore varied initial inter-particle spacing.

3.2 The ground-state phase diagram

With the adopted parameters (Ac = 1200, σ = 1200), the balance of Gaussian

confinement and colloid-colloid repulsion leads, in the absence of corrugation,

to an equilibrium spacing aeq ' 0.984 at the center of the sample, and to an

overall average density compatible with nearest-neighbor separation acoll = 1.

If we take alas = 1, turning on simultaneously periodic and Gaussian potential,

we simulate a commensurate case. Actually, as the island center equilibrium

spacing aeq ' 0.984 is smaller than when alas = 1, there is still, in this nominally

commensurate case, a small tensile strain in the central region. On account of

a strong ”epitaxial” effect of the periodic potential, this strain is too weak to

give raise to the formation of anti-solitons and is left unhealed in the equilibrated

island, which remains fully commensurate.

To evaluate the ground-state phase diagram we consider relaxations with

Fext = 0, until the potential energy stops varying and the system stops moving.

Simulations are started alternatively from two different configurations. The first

one consists of an exactly matched configuration, where every particle is put in

a corrugation minimum, like in the last simulations of the previous section; on

the other hand the second consists of the slightly inhomogeneous configuration

obtained with a preliminary relaxation in the absence of any corrugated periodic

potential.

We run these relaxations for a variety of mismatched ratios ρ = alas/acoll
1 by

changing the corrugation period alas, in such a way as to generate different colloid-

potential mismatched geometries, each one with its soliton/anti-soliton pattern.

Initially we vary ρ near 1, running long relaxations with the two discussed initial

conditions. We also consider V0 = 0.1 and V0 = 1. Last we study the region

ρ ' 1/2, again with V0 = 0.1 and V0 = 1. In this ρ ' 1/2 case simulations

starting from an exactly matched configuration are obtained by keeping the initial

1Note that, for the simulations started from an exactly matched configuration, with acoll we

mean the equilibrium lattice spacing aeq ' 1 that colloids would reach after a relaxation with

V0 = 0, not the initial colloidal spacing, which is set equal to alas.

12



-6000

-5000

-4000

-3000

-2000

-1000

0

E
9
9
 -

 E
1
0
0

F
ext

 = 2

0 100 200 300 400 500

time

-0.4

-0.2

0

0.2

0.4

E
9
9
 -

 E
1
0
0

F
ext

 = 1

Figure 3: The difference between the total energies of a C = 99 and

a C = 100 simulation as a function of time, for two values of Fext.

ρ = 1.05, V0 = 10.

inter-particle separation double than alas, so that one particle sits at one out of

four corrugation minima; we do this in order to suggest the colloids the nearest

commensurate configuration fitting the chosen alas.

While some relaxations are very rapid (those where each colloid remains

close to the initial minimum), others are slow, and require total simulation times

of 40000 time units to complete. As the potential landscape is complicated by

the competition of U2 and Uext, finding the actual global minimum-energy con-

figuration is a formidable task. In particular there is no guarantee that either

minimization leads to it. Oftentimes both relaxed states will actually be local

metastable minima.

4 Evaluation of the cutoff factor

In the evaluation of the cutoff factor, firstly we consider simulations done in

different cases, with a range of cutoff factors (typically C = 50, 70, 80, 99, 100

and 120) for each case. For each situation, we compare results obtained with

different cutoff factors with those obtained with the ”standard” one (C = 100).

Simulations are carried out with the protocol described in Sec. 3.1.

Figure 3 reports the difference between the total energy obtained with C =

100 and with other factors as a function of time. While for some time the trajec-
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Figure 4: Same as Fig. 3, but with ρ = 0.95 and V0 = 1.

tories (and therefore energies) coincide, all of a sudden we observe that in certain

cases, depending on the dynamics, systems with different cutoff factors follow dif-

ferent, diverging trajectories. This fact seems to occur even for small differences

of cutoff factors, and not to depend on how tiny the difference between the force

fields is. This divergence is the standard behavior of a chaotic system.

This divergence is observed when the system is in a dynamic state, i.e. if

Fext is large enough to keep it sliding. In selected running states such as an

anti-soliton case with Fext = 1 and V0 = 1, the system is sliding, but as shown

in Fig. 4 for all the simulation duration no divergence is observed. In general

anti-soliton simulations seem more stable against changes in the cutoff factor.

Figure 5 displays a commensurate case. With Fext = 1 the system is pinned, and

obviously no difference is visible. On the other hand with Fext = 2 the trajectory

divergence is readily seen.

Figure 6 highlights that in static situations (Fext = 0) total energy differ-

ences of systems tend to remain small and limited to an initial transient time,

after which they vanish. In Fig. 7 we verify that in this case equal final energy

corresponds to an identical spatial configuration. This is generally not the case

when diverging trajectories develop. For example in Fig. 8, reporting a running

state, we see spatial configurations relative to the energy difference reported in

panel (g). The comparison of panels (c) and (f) clarifies that even with the same

energy, the evolution has led to significantly different configurations.

From what we have said until now, it is clear that studying chaotic dynamic
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Figure 5: Same as Fig. 3, but with ρ = 1 and V0 = 1.

cases is not useful to understand whether a value of C is good enough to be

used in actual simulations, as we expect that the comparison of any pair of cutoff

factors would give this same divergence, even in the region where the exponential

decay of interaction (Eq. (5)) makes the force-field difference ludicrously small,

e.g. when comparing C = 100 and C = 120. Furthermore, in sliding simulations,

we should not worry about this difference in trajectories caused by the chaotic

nature of our system, as it should not affect the studied phenomena (e.g. the

propagation of solitons or anti-solitons, or the depinning mechanisms).

For these reasons we focus on static cases, where chaos is often less of an

issue, plotting the potential energy deviation at the beginning and at the end of

a relaxation as a function of the cutoff factor C. We search what cutoff factor

starts to induce differences in these observables compared to the reference cutoff

factor. In this second phase, again we consider several situations, see Sec. 3.1.

Figure 9 reports that in the depicted situation, where we turn on simultane-

ously the periodic and the Gaussian potential (V0 = 1), with a ρ = 1.05 mismatch

ratio, detectable differences from C = 100 in both initial and post-relaxation en-

ergies start arising at C = 60. This tendency should not depend on the periodic

potential amplitude, as long as changing the latter would not cause substantial

differences in relaxation dynamics. To verify this, we run another simulation with

the same parameters, except for V0 = 10. The results are equivalent to those of

Fig. 9, thus we are not further reporting them.

In Figs. 10 to 13 we analyze similar differences, this time obtained by start-
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Figure 6: The difference between the total energies of a C = 80 and a

C = 100 simulation as a function of time. Fext = 0, ρ = 1.05, V0 = 10.

ing from exactly matched configurations instead. We consider alas = 0.8, 0.95,

1.05, and 1.3 respectively. We observe that the difference between a simulation

run with a certain C and that run with C = 100 decreases when we increase alas.

This was expected, since reducing the colloidal spacing more particles would place

themselves in the interval between the two compared cutoffs CλD and 100λD.

With the highly compressed alas = 0.8, results for the final energy are anomalous,

namely non monotonous, especially for C = 60 we see is a large difference in

comparison with C = 100 (Fig. 10). This is caused by the violent relaxation that

this system undergoes, with a different number of colloids crossing certain energy

barriers because of the different C. Figure 14 shows that these large energy dif-

ferences correspond to small but visible differences in the spatial configuration

obtained under relaxation with different C. On the other hand, the other larger

alas cases do not relax significantly, and remain in an exactly matched configura-

tion (Fig. 15), thus the differences in energy do not correspond to visible spatial

differences. Note that the energy differences, for large C, in logarithmic scale

are approximately linear functions of C. This is not surprising, as the 2-body

potential has an exponential shape.

In light of these facts, we can state that C = 70 could be a cutoff factor good

enough to be used in the future to reduce computational time without significantly

compromising the accuracy and stability of the calculations. Reduction of C from

100 to 70 leads to a decrease of the computational time of the order of 40%.
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(a) (b) 

Figure 7: The comparison between final configurations obtained af-

ter a relaxation with Fext = 0, with (a) C = 80 and (b) C = 100.

Darker dots indicate colloidal particles sitting at a repulsive point of

the corrugation landscape, with W (r) > −V0/2, and map the solitonic

pattern. No difference is visible between the two configurations. The

other parameters adopted are ρ = 1.05 and V0 = 10.

5 Results: phase diagrams

This section focuses on an investigation on the ground state of the colloid pattern.

This is in principle a complex problem. Here we adopt a somewhat simplistic view

of comparing two static arrangements proposed as local minima of the total po-

tential energy. The first one is a fully matched commensurate state, characterized

by one colloid per minimum of the periodic potential. The second configuration is

an inhomogeneous incommensurate state characterized by a sparse soliton/anti-

soliton superstructure, forming a density oscillation around the gradually chang-

ing profile generated by the balance between Gaussian potential and the 2-body

inter-particle interaction.

We compare the potential energy of these two states, for each nominal ρ, with

the procedure described in Sec. 3.2. This stability comparison realizes a phase

diagram along the ρ line. We define a phase as a region where the configuration

with smaller potential energy (ground state) has a well defined characterization.

The fully matched configuration is a metastable state only for commensurate or

weakly incommensurate values of ρ; indeed, outside a certain range of ρ, the strain

in the colloidal layer becomes so large that the configuration collapses on incom-

mensurate states, often similar to those obtained by starting from a configuration

that was relaxed without corrugation. Coexistence regions, where both commen-
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(f) C = 70, t = 980
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Figure 8: The comparison between the spatial configurations of a

sliding case at three successive times, for simulations done with C =

100 (a, b, c) and C = 70 (d, e, f). The color notation is the same as in

Fig. 7. Panel (g) shows the total-energy difference between a C = 70

and a C = 100 simulation as a function of time, for two values of Fext,

with ρ = 1.05, V0 = 1. Snapshots (a, b, c, d, e, f) are taken from

the simulations illustrated in (g), at times highlighted by the arrows.

We see that at the beginning no difference arises for an extended

time (a, d); then starting from t ' 400, the two trajectories begin

to diverge, and when the energy difference is large there are visible

differences between spatial configurations (b, e); finally, even when

the energy difference happens to vanish, the two final configurations

are still visibly different (c, f).
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Figure 9: (a, c): the absolute value of difference between potential

energies of the same initial configurations, computed with a certain C

relative to C = 100, as a function of C. (b, d): the same quantity,

but measured on the final configuration of each relaxation (carried out

with the specific value of C). (a, b): linear scale; (c, d): logarithmic

scale. In these simulations we adopt V0 = 1 and ρ = 1.05, and start

with unit initial colloidal spacing.

surate and incommensurate states are metastable, arise in between. When both

configurations are mechanically stable the phase transition is located at the in-

tersection point of the potential energy curves of the two different configurations.

Here the ground state skips discontinuously from commensurate to incommensu-

rate. Under certain conditions, the phase transition may occur gradually rather

than discontinuously. Assume to vary ρ, moving from a region where the ground

state is the commensurate state obtained starting from a lattice-matched configu-

ration, to a region of ρ where the same initial configuration relaxes spontaneously

to an incommensurate state. If, in doing this, we do not encounter a barrier be-

tween competing potential-energy basins, then the phase transition takes place

smoothly at the ρ value where solitons/anti-solitons start appearing (typically

from the boundary), and bring the ground state from commensurate to incom-
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Figure 10: Same as Fig. 9, but with V0 = 10 and ρ = 0.8, and starting

from an exactly matched configuration

mensurate.

5.1 ρρρ ''' 1, V0 === 0.1

Figure 16 reports the phase diagram for V0 = 0.1, in the region near ρ = 1.

There is a fully commensurate CO region (where the lattice-matched configu-

ration is favorite) surrounded by an incommensurate anti-soliton region AI on

the left and by an incommensurate SI region on the right. The physical mean-

ing of such a phase diagram is clear: a phase represents a region of ρ where a

certain spatial metastable configuration (CO, AI or SI) is favorite energetically

compared to others. The CO region is wider on the SI side than the AI side.

This is due to the asymmetry of 2-body exponential potential, that, for lattice-

matched configurations, makes the potential energy increase much faster when

colloids are approached mutually than the increase in confining potential when

colloids are moved outward. At the left, the phase transition between commen-

surate and incommensurate (dashed line) is removed from the intersection point

of the potential energy curves because, for ρ = 0.996, the fully matched config-
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Figure 11: Same as Fig. 10, but with ρ = 0.95.

uration is already starting to collapse to an incommensurate (metastable) state,

very similar to the one obtained starting from a configuration previously relaxed

without corrugation. This holds for all ρ in the AI region. Examples of relaxed

configuration are reported in Fig. 17. On the other hand, for all ρ from 1 to 1.05,

the two commensurate and incommensurate metastable states coexist, and have

very different spatial configurations even at the intersection point. The lattice-

matched configurations are all equal to that shown in Fig. 15. Figure 18 reports

two examples of incommensurate configurations with solitonic structures.

During relaxations we observe that, when we start from a configuration

previously relaxed without corrugation, with ρ < 1 anti-solitons, that start from

a pattern covering the whole cluster, spread out from the center, so that as many

as possible, compatibly with the average ρ, are expelled. On the contrary, with

ρ ≥ 1 solitonic defects are eliminated outside a certain distance from the center,

while inner ones remain blocked and shrink toward the center. On the other

hand, starting from an exactly matched configuration for ρ < 1, anti-solitons

enter from the edge and advance toward the center until they reach equilibrium.

These complementary behaviors in relaxations lead to final configurations with

broader anti-soliton patterns, more and more confined toward the edge as ρ moves

21



0

5

10

15

20
|U

in
 -

 U
in

1
0

0
|

0

5

10

15

20

|U
fi
n
 -

 U
fi
n

1
0

0
|

40 50 60 70 80 90

cutoff factor

1×10
-6

1×10
-5

1×10
-4

1×10
-3

1×10
-2

1×10
-1

1×10
0

1×10
1

|U
in
 -

 U
in

1
0

0
|

40 50 60 70 80 90

cutoff factor

1×10
-6

1×10
-5

1×10
-4

1×10
-3

1×10
-2

1×10
-1

1×10
0

1×10
1

|U
fi
n
 -

 U
fi
n

1
0

0
|

(b)(a)

(d)(c)

Figure 12: Same as Fig. 10, but with ρ = 1.05.

closer to 1, and tighter soliton patterns, more and more confined toward the

center as ρ moves closer to 1. This behavior is caused by the inhomogeneity

of the equilibrium inter particle spacing aeq already discussed in Sec. 3.2, that

evolves continuously from 0.984 at the center to approximately 1.05 at the edge:

in regions where equilibrium spacing aeq is close enough to alas, colloidal particles

move into the nearest corrugation minimum, thus eliminating defects. Obviously

this is more likely to happen near the center for anti-solitons and near the edge

for solitons, see also Fig. 18 a.

Another generally observed feature, that could be related to important as-

pects in a tribological context, is that, whenever relaxation leads to a lattice-

matched configuration, the particles stayed pinned near the periodic-potential

minima during the whole relaxation, without moving far from their initial posi-

tions. On the other hand, in the relaxation of incommensurate states the particles

move and rearrange themselves in the best stable configuration they can reach.

Of course this is caused by the fact that in the commensurate case the particles

are put from the beginning in a metastable state, while in the incommensurate

one thy are not. But this fact also shows that solitonic/anti-solitonic defects

cause incommensurate configurations to be generally more mobile, regardless of
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Figure 13: Same as Fig. 10, but with ρ = 1.3.

whether they are the ground state or not.

We note that the lattice-matched configuration collapses smoothly in the

AI region, while it resists in the SI region, even far outside its stability region.

This is due to the cooperation of two facts: (i) near the edge of the cluster,

where the corrugation amplitude is slightly reduced by the Gaussian envelope,

anti-solitons are created much more easily than solitons because of the intrinsi-

cally lower equilibrium colloidal density in that region, and (ii) the asymmetry

of the inter particle potential makes the lattice-matched configuration far more

disadvantageous in the AI (where it implies compression) region than in the SI

one (where it implies expansion).

For V0 = 0.1, each phase is directly related to the ground state depinning

mechanism: in AI and in SI phases there is no depinning, as they contain mo-

bile unpinned anti-solitons/solitons; instead, starting from a CO configuration,

depinning takes place with the nucleation of soliton/anti-soliton pairs [7].
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Figure 14: Detail of the differences between the final relaxed config-

urations of the same system simulated with C = 40 (a, d), C = 60

(b, e) and C = 100 (c, f). Top snapshots are moderate zooms of

the edge of the cluster, and bottom ones further zoom into a bulk

region. Snapshots on the same row represent the same portion of the

simulation, with circles highlighting the differences, compared to the

C = 100 reference. These snapshots correspond to the simulations of

Fig. 10. The color/size notation is the same as in Fig. 7.

5.2 ρρρ ''' 1, V0 === 1

Figure 19 shows the phase diagram again near ρ = 1, but this time with V0 = 1.

Like for V0 = 0.1 we find the AI region at the left, the CO at the middle and the

SI at the right. Compared with Fig. 16, here the CO region is much wider, due

to the tendency to epitaxy promoted by a larger V0. Also in this case we observe

an asymmetry of the CO region. The main difference between the V0 = 0.1 and

V0 = 1 is that, while anti-solitons were unpinned for V0 = 0.1, now V0 = 1 has

crossed the Aubry transition, thus anti-solitons are pinned [7]; solitons are less

movable too, as they reach (meta)stable configurations more disadvantageous

energetically than for V0 = 0.1. As a consequence of this and of the stronger

epitaxial effect caused by a larger V0, now when a lattice-matched configuration

becomes energetically unfavorable anti-solitons cannot enter freely from the edge.

24



Figure 15: An exactly matched configuration. We obtain this as final

configuration whenever, starting from a matched situation, colloidal

particles do not undergo any significant relaxation and remain pinned

on a corrugated potential minimum. The color notation is the same

as in Fig. 7.

So in this V0 = 1 case, the lattice-matched and the incommensurate configuration

energies cross at a point where the colloidal system ground state skips discontin-

uously from commensurate to incommensurate. This realizes a sort of first-order

(discontinuous) phase transition also at the AI side. This situation is very dif-

ferent from the one discussed for the AI side of V0 = 0.1, where due to the lack

of pinning barriers, the commensurate configuration starts collapsing when it is

still the ground state, the system evolves with continuity from CO to AI, like in

a second-order phase transition, see Fig. 16 at the AI side.

Figure 20 reports some examples of final incommensurate configurations. In

general what we have said about spatial configurations in the V0 = 0.1 case is

confirmed, with the difference that now anti-solitons get pinned, because they

are now turned into narrow lines of defects which look like dislocation lines.

We observe that now anti-solitons pin rapidly, with little displacement during
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Figure 16: A phase diagram of the finite-size colloidal mono-layer

as a function of the mismatch ρ, for V0 = 0.1. The two potential-

energy curves characterize phases. Squares: relaxation started from

the slightly inhomogeneous configuration produced by a previous re-

laxation with V0 = 0; circles: relaxation started from a fully matched

regular lattice of spacing alas. This diagram reproduces and extends

that of Figure 5 in Ref. [7].

relaxation. This trapping of solitonic excitations leads to configurations such as

that of Fig. 20 c, with the coexistence of both a soliton near the center and a

localized anti-soliton near the edge, due to the density inhomogeneity.

5.3 ρρρ ''' 1/2, V0 === 0.1

Now we consider the phase diagram near ρ = 1/2 shown in Fig. 21, for V0 = 0.1.

There are the usual AI, CO and SI regions. The CO region is narrower than

in Fig. 16, especially on the SI side, because exactly matched configurations of

this diagram have an inter-particle spacing of 2 alas, so for example the potential

energy relative to ρ = 0.51 in Fig. 21 is comparable to that of ρ = 1.02 in Fig. 16.

This causes a reduction of the AI-SI asymmetry discussed above. It is appropriate

to call SI the region at the right of ρ = 0.5 because ground-state configurations

contain a solitonic pattern, even in a formally underdense situation, while in the

AI region we have anti-solitons. In fact, comparing panels (a) and (b) of Fig. 22
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(a)  (b) 

(c) (d) 

Figure 17: Ground-state colloid pattern obtained for V0 = 0.1, and

with anti-solitonic mismatch ρ = 0.95 in (a, b), and with ρ = 0.99

in (c, d). These spatial configurations are obtained after relaxations

started from an exactly matched configuration (b, d), or from a config-

uration pre-relaxed with V0 = 0 (a, c) . The total energy of these con-

figurations is reported in Fig. 16. Darker particles mark anti-soliton

lines, as in Fig. 7. Observe that, for each value of ρ, the two relaxed

configurations are very similar, due to the fact that the fully matched

configuration has already collapsed on an incommensurate one.

we see that regions with an higher corrugated potential locally correspond to a

lower particle density, thus we are dealing with anti-solitons. Similarly, comparing

panels (c) and (d) it is clear that for ρ = 0.52 there are solitons. This is caused by

the fact that, if we are close enough to a commensurate ρ, the best commensurate

configuration that particle ”try to fit”, without rearranging with lattice rotations

or in other unusual ways, is the nearest one. Thus the important factor is the

difference between the actual ρ and the nearest commensurate one, instead of

ρ = 1.

Figure 23 reports examples of SI configurations for ρ ≥ 0.5. Here both CO
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(a) (b) 

Figure 18: Spatial configurations obtained starting from a configu-

ration fully relaxed without corrugation. The total energy of these

configurations is reported in Fig. 16. Relaxations correspond to cor-

rugation with V0 = 0.1 and mismatch ρ = 1 in (a) and with ρ = 1.05

in (b). In both configurations solitons are visible as darker particles.

The color notation is the same as in Fig. 7.

and SI states are locally stable. In contrast, like in the ρ ' 1 region, in the AI

region, for ρ ≤ 0.498, commensurate states become unstable, collapsing on incom-

mensurate ones (Fig. 24), so the transition between CO and AI is second-order.

The same discussion about the relaxation dynamics and final configurations for

ρ ' 1 (Fig. 16) applies also to the ρ ' 1/2 region.

Figure 25 shows the comparison between final configurations of correspond-

ingly mismatched situations near ρ = 1 and ρ = 1/2. The figure shows that

configurations near ρ = 1/2 have about a double density of soliton/anti-soliton

lines than the corresponding ones near ρ = 1. This fact is caused by the half value

that now alas acquires. Those particles that with ρ ' 1 sit near potential-energy

maxima, thus in the middle of soliton/anti-soliton lines, now are near minima,

and particles that for ρ ' 1 were midway between maxima and minima are now

located near maxima for ρ ' 1/2: As a result each soliton/anti-soliton line is

duplicated, see Fig. 26. As the density is not fixed, relaxation and inhomogene-

ity of aeq makes this relation only approximate. Locally, soliton and especially

anti-soliton lines are not well defined too.

These considerations lead to the following expression for the number of

soliton/anti-soliton lines per unit length nsol:

nsol =
1

acoll ρco
− 1

alas
=
ρ− ρco
alas ρco

, (16)

where ρco is the commensurate mismatch ratio nearest to the actual ρ, 1
alas

and
1

acoll
represent respectively the number of particles and of corrugation minima per
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Figure 19: Same as Fig. 16, but for substantially larger corrugation

V0 = 1

unit length. The concept behind this equation is that we report the number of

particles to the case where there is a particle per corrugation minimum, where

the definition of number of soliton lines per unit length is trivially nsol = 1
acoll
−

1
alas

. This reasoning, and consequently Eq. (16), holds only for ρ close enough

to commensurate values ρco where the equilibrium configuration presents aligned

crystal lines with at most one particle per corrugation minimum. In particular it

holds for ρ = 1
n

with n integer. Moreover, it is exact for fixed-density systems.

5.4 ρρρ ''' 1/2, V0 === 1

Figure 27 reports the phase diagram for V0 = 1, in the region near ρ = 1/2.

We see the usual AI, CO and SI regions. The CO region is wider than that

of Fig. 21 due to the higher corrugation amplitude, but narrower than that of

Fig. 19 because of the inter-particle spacing of the lattice-matched configurations

set to 2alas, as already discussed above. Note the usual asymmetry of the CO

region. For ρ ≥ 0.47 both CO (Fig. 15) and incommensurate configurations are

locally stable. As the intersection points of potential energy curves occur within

this region, they mark a first-order phase transition. Below ρ = 0.47 the CO

configuration starts to loose its local stability. Figure 28 shows that, for ρ = 0.46,

anti-solitons enter the initially CO cluster, leading to an incommensurate state,
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(a) (b)

(d) (c)

Figure 20: Post-relaxation spatial configurations obtained for V0 = 1

starting from a configuration fully relaxed without corrugation. The

energies of these configurations are square points in Fig. 19. Nominal

mismatch ratios: (a) ρ = 0.95, (b) ρ = 0.99, (c) ρ = 1, and (d)

ρ = 1.05. In (a, b) we can see highly localized anti-solitons, in (b)

only on the edge, according to ρ. Panels (c, d) show configurations

at the soliton side: the density of solitons obviously increases as ρ

increases. The color notation is the same as in Fig. 7.

especially in the outer region.

Figure 29 reports examples of incommensurate states, obtained by starting

from a configuration previously relaxed with V0 = 0. These configurations show

the same features as those obtained for V0 = 1 near ρ ' 1: anti-solitons form

localized dislocation lines. In particular, as confirmed among other things by the

extended (meta)stability of the CO configuration, also for ρ ' 1/2 at the AI side

the large corrugation amplitude V0 = 1 has crossed the Aubry transition into

the pinned regime of anti-solitons. Even for ρ = 0.46 , where anti-soliton lines

enter from the boundary of the CO configuration due to the high compression

that is imposed to the cluster, these anti-solitons cannot travel all the way to
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Figure 21: A phase diagram of the finite-size colloidal mono-layer as a

function of the mismatch ρ near 1/2, for V0 = 0.1. The two potential-

energy curves characterize phases. Squares: relaxation started from

the slightly inhomogeneous configuration produced by a previous re-

laxation with V0 = 0; circles: relaxation started from a fully matched

regular lattice of spacing 2 alas, putting one colloidal particle every

four corrugation minima.

the center, which remains CO. On the other hand, for ρ = 0.45, anti- solitons

entering from the boundary of the CO configuration manage to expand on the

whole island, because of the highly disadvantageous initial compression; even so

they remain blocked in a stable configuration much more disadvantageous than

the AI ground-state (Fig. 27). The same analysis regarding the halving of the

soliton spacing discussed for Fig. 25, in particular Eq. (16), holds for V0 = 1 as

well, see Fig. 30. The difference here is that solitonic/anti-solitonic patterns get

sharper and better localized.

Eventually we see that, in all obtained phase diagrams, the incommensurate

state energy curve presents a minimum for ρ close to the commensurate value,

just a little on the left. That is the point where the epitaxial effect of the pe-

riodic potential on the incommensurate configuration is the most effective, as it

eliminates the most of defects and pins the particles in a configuration as close

as possible to commensurate, with only few defects left near the edge, as seen for
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Figure 22: Post-relaxation spatial configurations obtained for V0 = 0.1

starting from a configuration fully relaxed without corrugation. The

energies of these configurations are square points in Fig. 21, Nominal

mismatch ratios: (a, b) ρ = 0.48, and (c, d) ρ = 0.52. The color

notation of panels (a) and (c) is the same as in Fig. 7. In (b) and

(d) the same configurations are described by adding bonds between

particles closer than about 0.98 length units, so that regions with

higher local density are highlighted. Of course this happens only if

the distance from the cluster’s center is smaller than a certain value,

because all particle spacings increase near the edge.

example in Fig. 17 c, or in Fig. 20 b.

6 Discussion and Conclusion

In the present work we have addressed, via MD simulations, a phenomenological

description of the state characteristics of a 2D colloidal monolayer interacting

with a periodic corrugation potential. Most of the observed features are relevant

for with the rising field of colloidal friction. In summary, the main observed
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Figure 23: Post-relaxation spatial configurations obtained for V0 =

0.1, starting from a configuration fully relaxed without corrugation.

The energies of these configurations are square points in Fig. 21. Nom-

inal mismatch ratios: (a) ρ = 0.5, and (b) ρ = 0.55. In both config-

urations highlighted particles form solitons. The color notation is the

same as in Fig. 7.

results are:

• The tendency to chaotic motion under sliding conditions (Figs. 3 to 5).

• In all the reported phase diagrams (Figs. 16, 19, 21, 27), we find a coex-

istence region for commensurate and incommensurate (meta)stable states.

Furthermore, near ρ ' 1 and ρ ' 1/2, we see that the CO configuration

is energetically favored. This represents precisely the epitaxial effect of the

periodic potential on the colloidal layer.

• Both coexistence and CO regions widen when the corrugation amplitude

V0 is increased, due to the increased epitaxial effect. Moreover, due to this

stronger epitaxial effect, the soliton/anti-soliton lines of incommensurate

configurations are narrower, more localized (Figs. 20 and 29). For example,

for V0 = 1 in the AI region, anti-solitons become so localized that they look

like dislocation lines, and their mobility is highly suppressed.

• In AI and SI regions, if there is coexistence, commensurate states remain

blocked in an unfavorite configurations, while incommensurate ones manage

to move towards more advantageous configurations, owing to the mobility

given by their solitonic defects. The latter increase in density when we move

farther from commensurate values of ρ.

• Both coexistence and CO regions are asymmetric with respect to the com-

mensurate value of ρ, as they are wider on the SI side. This means that the
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(a) (b) 

Figure 24: Post-relaxation spatial configurations obtained forV0 = 0.1

and ρ = 0.49 after relaxations starting from either (a) a configuration

previously relaxed with V0 = 0 or (b) an exactly matched configu-

ration. The color notation is the same as in Fig. 7. In both config-

urations darker color highlights anti-solitons. Observe that the two

configurations are similar, since the unstable fully matched configura-

tion collapses onto AI one.

tendency to epitaxy is stronger in regions where the competing incommen-

surate states contain solitons.

• Near ρ = 1/2 we find that incommensurate states exhibit a doubling of

soliton/anti-soliton lines compared to states near ρ = 1, i.e. those obtained

with double alas (Figs. 25 and 30). This observation has led us to Eq. (16).

There are many aspects deserving further investigation in the future. For

example, in a tribological context, it would be important to investigate how

the metastable states in the various regions react to an external force, and how

depinning and sliding take place.

Another possible analysis is the study of epitaxy for the same weakly incom-

mensurate values of ρ, considering also rotated lattices, that could produce new

energetically favored configurations.

To move closer to experiment, an important extension is the study on how

switching temperature and disorder on would affect the results observed in the

present work.

Finally, it would be intriguing to address the small-V0 region, and inves-

tigate whether a coexistence region of different (meta)stable states survives or

disappears.
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(a) (b)

(c) (d) 

Figure 25: Comparison of analogous post-relaxation spatial configura-

tions obtained for V0 = 0.1 starting from a configuration fully relaxed

without corrugation. The energies of these configurations are square

points in Fig. 21 and in Fig. 16. Panels (a) and (b) compare AI con-

figurations with ρ = 0.48 and ρ = 0.96 respectively. Panels (c) and

(d) compare SI configurations with ρ = 0.52 and ρ = 1.04. The color

notation is the same as in Fig. 7. Note the halving of the (anti) soliton

spacing for ρ ≈ 1/2.
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(b)

(a)

Figure 26: The particles position with respect to the periodic poten-

tial, near (a) ρ ' 1 and (b) ρ ' 0.5, in a SI situation. Particles in

both panels are exactly at the same positions. The comparison of (a)

and (b) shows the mechanism leading to the doubling of (anti)solitonic

lines when halving alas: a particle, that in (a) is close to a periodic

potential maximum, in (b) is close to a minimum. As a result, moving

from (a) to (b), solitons are doubled. The color notation is the same

as in Fig. 7.
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Figure 27: Same as Fig. 21, but for V0 = 1
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Figure 28: V0 = 1 and ρ = 0.46: the AI state obtained by a smooth

relaxation starting from an exactly matched configuration, showing

that here the commensurate state is unstable. The color notation is

the same as in Fig. 7.
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Figure 29: Post-relaxation spatial configurations obtained for V0 = 1

starting from a configuration previously relaxed without corrugation.

The energies of these configurations are square points in Fig. 27. Nom-

inal mismatch ratios: (a) ρ = 0.46, (b) ρ = 0.49, (c) ρ = 0.5, and (d)

ρ = 0.55. In (a, b) we can see highly localized anti-solitons, with some

particles not completely pinned near the center in (a). Panels (c, d)

show configurations with solitons, whose density obviously increases

as ρ increases. The color notation is the same as in Fig. 7, but in (a,

b) we enlarged the particle radius to make the localized anti-soliton

better visible.
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Figure 30: Same as Fig. 25, but for V0 = 1.
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