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Abstract

Even in a nonchiral nanotube, rotating phonon modes can be excited

when a nanotube is pulled through another (commensurate) one at such

a speed that the ‘washboard’ frequency matches the phonon one [1]. Can

these rotating phonons induce a rotating current around the tube circum-

ference? To answer this question, we compute the electronic structure

of (nonchiral) metallic armchair carbon nanotubes, and the modifications

of the electronic structure itself induced by tube deformations, resorting

to a state-of-the-art tight-binding scheme. This band structure provides

a purely adiabatic picture of the electronic dynamics, representing single

frozen-phonon shots of the full dynamical evolution, with the electrons con-

stantly in their instantaneous ground state. We then leave the adiabatic

point of view to evaluate the induced electronic current looping around the

tube by solving the time-dependent Schrödinger problem for the electronic

states. We first analyze the simplest model of an e⊗E Jahn-Teller trimer

in full detail, and we do obtain a circulating current. Instructed by this

simple 3-states example, we then study the implementation for an actual

carbon nanotube and point to analogies and differences with the trimer

case.

Advisor: Dr. Nicola Manini

Co-Advisor: Prof. Erio Tosatti
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1 Introduction

Carbon nanotubes are a fascinating class of materials, characterized by unique

and often desirable properties which have been arousing constantly the interest of

the scientific community since their discovery [2]. Thanks to a rich interplay be-

tween the geometric and electronic structures, carbon nanotubes give rise indeed

to a large variety of interesting new physical phenomena, and can be consid-

ered one of the most challenging discoveries of the past decade. The progress

in this research field has been tremendous: nanotubes have been studied widely

both from the point of view of the pure condensed matter/materials science and

that of applications to nanotechnology. The peculiar quasi-one-dimensional (1D)

character of these macromolecules has been revealed since early experiments, in-

cluding scanning tunneling microscopy/spectroscopy, which showed the presence

of the typical 1D singularities in the density of states [3, 4], and conductance

measurements suggesting Luttinger-liquid behavior [5]. The problem of growing

nanotubes with definite size and electronic properties has been solved to a large

extent by sophisticated separation techniques [6, 7]. Amazing applications to elec-

tronics are now available: to report just a few, nanotubes have been exploited as

actuators in the direct conversion of electrical to mechanical energy [8], as highly

resistant interconnects, like torsional springs [9], as SQUIDs sensitive to molec-

ular fields [10] and as nanoscale transistors [11, 12], one of the challenges being

nowadays to assemble large arrays of nanotubes devices with defined properties

to form complex circuits [13].

A few years ago it was pointed out [14] that nanomechanical elements could

be realized using multiwall carbon nanotubes as rotational actuators, exploiting

the ultra-low friction experienced during their telescopic extension [15], which

should make them ideal nanoscale bearings and springs. These ideas have trig-

gered some interest in nanotubes sliding friction mechanisms, with both tube-tube

phononic friction [16] or electronic friction [17] as possible sources. In Ref. [18] the

sliding friction between two nanotubes was shown to peak in correspondence of

the excitation of outer-tube special phonons (axially symmetric radial breathing

modes and longitudinal acoustic) with group velocity close to the sliding veloc-

ity. In terms of frequency, this ‘resonance’ condition is met when the natural

‘washboard’ frequency ωw = 2πvs/a imposed by the sliding velocity vs and the

corrugation period a of the inter-tube potential matches the frequency of a vibra-

tional mode, or ‘phonon’, excited in the outer tube [18, 19]. A very recent study

has revealed an unexpected spontaneous symmetry breaking occurrence in this

friction phenomenon: during simulations of sliding coaxial achiral tubes it was
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found in Ref. [1] that the friction peaks at a number of specific sliding velocities

that induce a finite angular momentum associated to the corresponding excited

vibration. This represents a violation of the perfect chiral (left-right) symmetry

of the system considered in that work, and is assimilated to other known phe-

nomena of dynamical symmetry breaking (like that of a vibrating string). The

frictional peaks are of the same phononic origin described in Ref. [18]: the novelty

here is that the phonons excited in the outer tube actually manifest themselves as

distortional modes rotating around the tubes axis. The possibility of exploiting,

or even controlling the mechanism of this chirality breaking sounds promising for

applications in the field of nano-motors. In fact, the difference between the large

speed considered in those simulations [18, 19, 1] and the real-life conditions of

nanotubes sliding observations [15] seems to prevent direct experimental probing

of the mechanism at hand. This suggests us to examine other consequences and

implications of the rotating phonons.

In the present work we study the effect of electronic dragging by the ro-

tating phonons as described in Ref. [1]. Electronic friction in nanotubes is still

an open field, and only few explicit studies have been made [17]. We focus on

distortions rotating around the circumference of achiral carbon nanotubes, and

investigate the possibility that the electrons are dragged by the rotation, evalu-

ating the induced electronic current looping around the tube. This effect should

be particularly relevant if a relatively small gap, of amplitude comparable to the

phonon energy quantum ~ω, opens in the electronic band structure of the initially

metallic achiral nanotubes upon distortion.

We first resort to a state-of-the-art tight-binding scheme to analyze the nan-

otubes band structure, outlining its modifications due to electron-phonon cou-

pling. We then leave this purely adiabatic point of view to calculate the current

by solving the time-dependent Schrödinger problem for the electronic states. We

first consider the pedagogical model of a Jahn-Teller e ⊗ E trimer, and then

discuss the implementation for an actual nanotube.

2 Modelling carbon nanotubes

2.1 A few basic structural properties of carbon nanotubes

A real carbon nanotube (CN) is basically a roll of nanometric diameter and

micrometric length made starting from a graphene layer, i. e. a stripe of carbon
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Figure 1: The honeycomb structure with basis vectors a1 and a2. The

chiral vector and translational vector describe the geometry of a (5, 5)

CN in terms of a stripe of graphene being rolled up.

atoms arranged as honeycomb structure. Due to the extremely large aspect ratio

(length/diameter), a CN can be regarded as a quasi-1D crystal. From a different

viewpoint, a CN can be thought as a single graphene sheet rolled up into a

cylinder. The many different possible helical geometries define the tube chirality

and provide different microscopic structures. The nanotube obtained in such

a way is properly a single-wall carbon nanotube (SWCN), while several tubes

arranged coaxially are referred to as multi-wall nanotubes (MWCNs).

The close relation with the microscopic structure of graphene allows us to

derive many approximate electronic and vibrational properties of the CNs by

performing simple slicing and re-folding operations on the Brillouin Zone (BZ) of

graphene. This approach often shows many practical and pedagogical advantages,

for example in studying symmetry properties, but should not be considered exact

when the peculiarities of the 1-D crystal are expected to emerge, as in the band

structure calculations performed in the present work. We fully exploit however

some geometrical similar features by describing the structure and labeling the

tubes in terms of graphene lattice vectors as is standardly done in the literature,

see for example Refs. [20] and [21].

The unit cell of a honeycomb lattice is generated by the two primitive unit
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vectors a1 and a2:

a1 = a

(√
3

2
,
1

2

)

a2 = a

(√
3

2
,−1

2

)

, (1)

where a = |a1| = |a2| is the length and equals
√

3acc = 2.46124 Å, with acc =

1.421 Å the carbon-carbon bond length. The structure of a CN can be repre-

sented efficiently by its circumferential vector, or chiral vector, Ch, defined on the

graphene sheet as a vector connecting the two nearest cristallographically equiv-

alent points which match once the sheet is rolled up. This means that ‘rolling up’

the tube results practically in matching the origin and end of the chiral vector to

form the tube circumference. The expression of Ch in terms of basis vectors is:

Ch = na1 +ma2 . (2)

The integers n and m denote uniquely the relative position of the pair of atoms on

the graphene strip which will be rolled onto each other and identify the geometry

of the tube: by specifying the pair (n,m) the CN structure is fully identified,

but for the nanotube length and termination. Because of hexagonal symmetry

of the honeycomb lattice, it is sufficient to consider only 0 < |m| < n to classify

completely the tubes. The (n, 0) tubes are called zig-zag (Z-CNs) because they

exhibit a zig-zag pattern along the circumference, (n, n) are called armchair (A-

CNs) for a similar reason, as illustrated in Fig. 1. Generic (n,m), with n 6= m, are

chiral tubes (C-CNs), in opposition zig-zag and armchair are referred to as achiral

ones (see Table 1). Assuming that the graphene rolling up involves no relaxation

we obtain the structural parameters of a (n,m) CN summarized in Table 2. The

chiral vector determines uniquely the chiral angle θ, defined as the angle between

a1 and a1. Also the tube diameter is readily calculated as dt = |Ch|/π. There

are ñ = gcd(n,m) honeycomb lattice points (not C atoms!) laying on the chiral

vector: the translations by sCh/ñ with s = (0, 1, ...) correspond to rotations of

2sπ/ñ around the tube axis. The pure rotations of the tube belong thus to the

cyclic group Cñ, generated by rotation of 2π/ñ. The pure translations of the tube

are the honeycomb translations in the direction orthogonal to Ch: the smallest

graphene lattice vector perpendicular to Ch, called the translational vector T,

defines the translational period along the tube axis. Expressing T in terms of the

basis vectors requires to specify a new pair of integers (t1, t2), given by satisfying
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the condition Ch · T = 0:

T = t1a1 + t2a2 (3)

t1 = (2m+ n)/t̃

t2 = −(2n+m)/t̃ , (4)

where t̃ = gcd(2m + n, 2n + m). The nanotube unit cell is thus formed by a

cylindrical surface with height |T| and diameter dt, containing a number N of

atoms which can also be expressed as a function of the pair (n,m): the number

q of graphene unit cells in the nanotube unit cell is given by the ratio of the unit

cell area Ch to the area of the hexagonal graphene primitive cell,

q = 2
(

n2 + nm+m2
)

/t̃ . (5)

Since the graphene unit cell contains two carbon atoms, there are

N = 2q = 4
(

n2 + nm+m2
)

/t̃ (6)

carbon atoms in the unit cell of the nanotube.

If we regard the tube as infinitely long we can define a 1D reciprocal lattice

in terms of the 2D reciprocal lattice of a infinite graphene sheet. The component

of the wave-vector in the direction of the axis tube (that we take conventionally

as the z -axis) kz remains continuous and corresponds to the translational period

|T| in direct space, having therefore a Brillouin-Zone extension of 2π/|T|, while

the periodic boundary conditions along the tube circumference lead to a discrete

quantization of the orthogonal component k⊥ (which only exists in the plane as

a proper translation):

p
2π

k⊥,p

= |Ch| = π dt k⊥,p =
2

dt

p , (7)

where p is an integer taking the values −q/2, ..., 0, 1, ..., q/2 − 1. The BZ of the

nanotube seen in the 1D reciprocal space results therefore in a sequence of q lines

parallel to the z -axis separated by k⊥ = 2/dt and with length given by

kz ∈ [−π/|T|, π/|T|) . (8)

The vectors kz and k⊥ are found explicitly from the conditions

k⊥ · Ch = 2π k⊥ · T = 0

kz · Ch = 0 kz · T = 2π , (9)
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Type θ Ch Shape of cross-section Symmetry

zig-zag (Z) 0̊ (n, 0) LZ=T1
2n ⊗ Dnh

armchair (A) 30̊ (n, n) LZ=T1
2n ⊗ Dnh

chiral (C) 0̊ < |θ| < 30̊ (n,m) nonperiodic LC=Tw
q ⊗ Dñ

Table 1: Classification of carbon nanotubes. The shape refers to a

cross-section of the nanotube surface perpendicular to the axis. If one

follows instead the tube surface parallel to the axis, then the zig-zag

and armchair profiles are exchanged.

leading to:

k⊥ =
1

q
(−t2b1 + t1b2)

kz =
1

q
(mb1 − nb2) , (10)

where b1 and b2 are the primitive vectors of the graphene reciprocal lattice, given

in Table [2].

2.1.1 Group theory of carbon nanotubes

In describing the symmetry properties of carbon nanotubes we refer to [22], re-

sorting to the notion of line groups introduced by Damnjanović et al. and applied

to single-wall or double-wall nanotubes [23, 24, 25, 26, 27, 28, 29, 30]. Line groups

are the full space group of one-dimensional systems and basically they add gen-

eralized translations to the point-group symmetries like rotations and reflections,

providing a complete set of quantum numbers. Each different chirality assigns

uniquely the corresponding tube to a different line group. Only A-(n, n) and

Z-(n, 0) with the same index n belong to the same group (see Ref. [24]). By

applying all symmetry operations in the correct group for the CN, starting from

a single carbon atom the whole nanotube can be constructed.

To identify the symmetries of a nanotube the straightforward procedure is to

start from the symmetry operations on the graphene sheet and retain just the

ones preserved when the tube is actually rolled up. As explained above, the

translations by integer multiples of T on the graphene sheet map to translations

of the nanotube in the direction parallel to its axis and form the subgroup of

the pure translations. Translations parallel to the chiral vector Ch become the
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Notation Name Expression

a lattice constant
√

3acc

a1,a2 basis vectors a
(√

3
2 , 1

2

)

, a
(√

3
2 ,−1

2

)

b1,b2 reciprocal-lattice vectors 2π
a

(

1√
3
, 1
)

, 2π
a

(

1√
3
,−1

)

Ch chiral vector Ch = na1 + ma2 ≡ (n,m)

ñ g.c.d. of n, m ñ = gcd(n,m)

t̃ g.c.d. of 2m + n, 2n + m t̃ = gcd(2m + n, 2n + m)

T translational vector T = t1a1 + t2a2 ≡ (t1, t2)

t1 = (2m + n)/t̃, t2 = (2m + n)/t̃

dt tube diameter dt = |Ch|
π = a

π

√
n2 + nm + m2

θ chiral angle cos θ = 2n+m
2
√

n2+nm+m2

N carbon atoms per unit cell N = 4
(

n2 + nm + m2
)

/t̃

Table 2: Relevant geometrical parameters and indexing for carbon

nanotubes. It is assumed n > m.

subgroup of pure rotations of the tube around its axis: with ñ (see Table [2])

lattice points around the circumference, the tube can be rotated by multiples

of 2π/ñ and in the symmetry group we have therefore ñ rotations denoted by

Cs
ñ(s = 0, 1, ..., n − 1). Translations along any other direction in the graphene

sheet constructed as a integer combination of translations along T and Ch result

in a combination of translations for fractions of |T| and rotation for fraction of

2π/ñ around the axis once the tube is rolled up, yielding a q-order screw-axis. Its

generator can be expressed in the notation
(

Cw
q , |T|ñ/q

)

, meaning a composition

of rotations by 2πw/q and fractional translations q|T|/ñ, corresponding on the

graphene sheet to the vector Z = wCh/q + ñT/q, where the expression for w is

given in terms of n, m, ñ, and q for example in Ref. [22]. Only in the case q = n

the screw-axis would be absent (see also Ref. [23]), but for a generic nanotube

Eq. (5) gives the relation q/ñ > 2 and the line group of each nanotube always

contains a non-trivial screw axis (this means precisely that the line group is non-

symmorphic). For achiral A/Z-tubes we have q/ñ = 2 and w = 1, so that the

screw axis results in a rotation by π/ñ followed by a translation by |T|/2.

Besides translations, the other symmetries of the honeycomb lattice are

given by (a) perpendicular rotational axes (of order 6 through the centers of

the hexagons, of order 3 through the carbon atoms and of order 2 through the

12



Figure 2: Symmetry axes and planes represented for a C-(8, 6) tube,

a Z-(6, 0) and a A-(6, 6): the mirror, glide and rotoreflectional planes

σh,v, σ
′
v, σ

′
h are present only for achiral tubes.

centers of the edges of the hexagons), (b) 6 mirror planes through the centers

of the hexagons or through the atoms and (c) glide planes connecting midpoints

of adjacent edges or next neighboring edges of the hexagons. Rolling up the

sheet, only rotations by π leaving invariant the z -axis (in direction of T) remain

symmetries (for both chiral and achiral nanotubes), yielding the two horizontal

two-folded axes U , pointing through the midpoint of a hexagon perpendicularly

to the cylindric surface, and U ′, pointing through the midpoints between adjacent

carbon atoms (note that U ′ just permutes the two carbon atoms in the elementary

honeycomb cell). Planes perpendicular to the sheet are deformed unless contain-

ing the tube axis or being orthogonal to it: this happens only for achiral tubes

and the planes become a vertical mirror plane σv or a horizontal one σh respec-

tively. Similar reasoning for the glide planes leads also to a vertical glide plane

σ′
v and a horizontal roto-reflection plane σ′

h for achiral tubes . These axes and

planes are represented for the three classes of tubes in Fig. 2, taken from Ref. [24].

Introducing the notation in which the line group L can be written as a product of

a group of generalized translations Tw
q and an axial point group leaving the axis

of the tube invariant P ∈ {Cn, S2n,Cnh,Cnv,Dn,Dnd,Dnh}, where n is the order

of the principal rotational axis, we see that the presence of the horizontal axes

{U,U ′} enlarges the point factor at least to Dñ for all tubes, and for achiral ones

the additional symmetry axes lead to Dnh, so that we can finally summarize the

full symmetry in the short-hand expressions LC=Tw
q ⊗ Dñ and LZ/A=T1

2n ⊗ Dnh

respectively.

The electronic states of the carbon nanotubes can now be labeled by a set
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of suitable quantum numbers based on the symmetries and assigned to different

irreducible representations of the corresponding line groups. This set essentially

contains an axial wave number k and an angular quantum number m, plus parity

respect to the axes {U,U ′} and for achiral tubes additional parities respect to

the planes {σh, σv, σ
′
h, σ

′
v}. As explained in more details in the next section,

some interesting features of the band structure of the nanotubes, including the

possibility of gap opening at the Fermi level, can be explained in terms of these

quantum numbers, providing a useful tool to predict conducting behaviors on the

base of pure symmetry reasons.

The symmetry of a multi-wall nanotube can now be easily described as

the intersection of the symmetry groups of its single-wall constituents. Focusing

on double-wall tubes, we only notice that a translational periodicity is main-

tained if and only if the translational periods of its constituents are commensu-

rate (i. e. their ratio is rational): neglecting relaxation effects, this happens for

example for a tube composed of achiral constituents of the same type, either arm-

chair or zig-zag, and the translational period is equal to that of the components.

Moreover, labeling the A-DWCN as (n, n)@(n′, n′), we have [24] that if the inte-

gers n/ gcd(n, n′) and n′/ gcd(n, n′) are odd, the translations are complemented

by the screw axis T
1
2 gcd(n,n′), otherwise if at least one is even, as is the case of the

(5, 5)@(10, 10) tubes considered in this work, no screw axis emerges.

2.2 Electronic properties of carbon nanotubes

The electronic properties of carbon nanotubes are strictly related to the graphene

ones and within the so-called zone-folding approximation the band structure can

in principle be directly obtained by cutting the 2-dimensional band structure

of graphene (E = E(kx, ky)) into q lines of length 2π/|T| and distance 2/dt

according to the allowed nanotube wave-vectors given by Eqs. (9, 10). This

approach is widely used and represents the simplest approximation capable to

explain the metallic or semi-conducting nature of the nanotubes, as we will shortly

outline. On the other hand this simplified point of view neglects completely the

effects related to the cylindric geometry and the curvature of the nanotube walls,

and should be handled with great care. The graphene structure is stabilized

by two kinds of bonds, due to the planar sp2 hybridization of 2s 2p valence

orbitals of carbon: the 2s, 2px and 2py, which are located in the sheet plane,

combine to form in-plane σ bonding and σ∗ anti-bonding orbitals. All these

orbitals are even with respect to reflection across the graphene plane of symmetry.
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Figure 3: Graphene Brillouin zone with the surviving segments (thick

black) for a (5, 5) nanotube, as allowed by the condition in Eq. (7).

The K and K ′ points mark the two inequivalent conical intersections

of the graphene band structure.

They are strongly covalent and responsible of most of the binding energy and

elastic properties of the graphene sheet. The 2pz orbital, perpendicular to the

sheet, is odd with respect to planar symmetry and cannot combine with the σ

states. The interactions between pz orbitals (ppπ interactions) give origin to two

delocalized π bonding/anti-bonding conduction bands which cross the Fermi level

at singular points located at the edges of the Brillouin zone. This can be easily

understood even within the simplest tight-binding model, considering electrons

hopping only between nearest-neighbors πz orbitals (see Sec. 3.1.2): the obtained

energy dispersion for the two bands is linear in the vicinity of the K and K ′

points in the BZ (see Fig. 3) and leads to conical intersections at the six BZ

corner points.

The energy bands of the nanotubes are now obtained by imposing peri-

odic boundary conditions along the circumference direction (in terms of wave-

functions: ψ(r + Ch) = ψ(r), that is exp(ik · Ch) = 1), resulting in the discrete

wave-vector component k⊥ of Eq. (7). As previously explained, in the direction

parallel to the nanotube axis the wave-vector remains continuous and the BZ of

the nanotube results in equally spaced straight lines with the value of kz within

the zone specified by the condition −π/|T| ≤ kz < π/|T|, see Eq. (8). The

15



resulting nanotube band structure depends dramatically on whether the K and

K ′ points in the BZ of graphene are included on one of these allowed straight

lines or not: in the first case the system is a metal with a non-zero density of

states at the Fermi level, otherwise it is a semiconductor characterized by a finite

energy gap. Within this band-folding approach it is found [31] that the allowed

k-vectors always include the corner points for A-(n, n) nanotubes (see Fig. 3 for

the example of a (5, 5) tube), and in generic (n,m) tubes with n−m = 3j, where

j ≥ 0 is an integer. As a result, all these tubes display a metallic behavior, while

the remaining tubes are semiconductors.

As summarized in Ref. [21], the cylindrical topology leads to peculiar effects

different from the graphene sheet: bonds parallel and perpendicular to the nan-

otube axis are in fact actually slightly different (in terms of honeycomb lattice

vectors this would correspond to different lengths and angles of a1 and a2). Also,

nontrivial angles between pz orbitals located on atoms not aligned along the axis

must be considered. Moreover the planar symmetry is broken and, as first pointed

out in Ref. [32], π and σ orbitals mix and hybridize showing partial sp3 charac-

ter. For armchair tubes taking curvature into account just shifts the wave-vector

corresponding to the Fermi energy along an allowed line in the graphene BZ, so

that metallicity is preserved; for non armchair tubes the shift is perpendicular

to the allowed lines, so that the zero-gap predicted in the zone-folding scheme

for tubes with n −m = 3j (j non-zero integer) no longer holds and a small gap

opens making these chiral tubes small-gap semiconductors. The opening of the

gap can be understood elegantly on the basis of pure symmetry considerations

(Sec. 2.1.1): only in armchair tubes the two electronic states closest to the Fermi

level posses opposite parity with respect to vertical reflections, while for the other

tubes both states are instead found to have the same set of quantum numbers.

The non-crossing rule (Ref. [33], as cited in Ref. [25]) asserts that bands assigned

with the same complete set of symmetry based quantum number can not touch

or cross, but must ‘repel’ and this results therefore in a gap opening for all tubes

other than armchair ones. This simple argument has also been applied success-

fully to predict gap opening for carbon nanotubes submitted to various kind of

interactions/perturbations [34, 35, 36, 37]. We shall resort to this same argument

later on in studying the modifications to the band structure of armchair tubes

subjected to phononic-like deformations.
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3 Methods

3.1 The tight-binding method

The general problem of finding energy levels and wave-functions of a solid requires

in principle to handle a total Hamiltonian in the form:

H = Te + TN + Vee + VeN + VNN , (11)

where Te and TN are the kinetic energies of electrons and nuclei and Vee, VeN ,

VNN are the electron-electron, electron-nuclei and nuclei-nuclei interactions re-

spectively. Neglecting relativistic effects, the Hamiltonian (11) can be expressed

as:

H = −
∑

i

~
2

2m
∇2

i −
∑

I

~
2

2MI
∇2

I +

+
∑

i<j

e2

|ri − rj |
−
∑

i,I

ZIe
2

|RI − ri|
+
∑

I<J

ZIZJe
2

|RI − RJ |
, (12)

where the indices i, j refer to electrons and I, J to nuclei, MI and ZI are the nu-

clear masses and charges, and e2 = q2
e/(4πε0). The ensuing Schrödinger equation

is then HΨ({R}, {r}) = EΨ({R}, {r}).

The next step is to use the Born-Oppenheimer approximation to split the

eigenvalue problem into two separate problems for electrons and nuclei, so that the

electronic states are determined at fixed nuclei position by solving the electronic

eigenvalue problem for each nuclear configuration {R}:

[Te + Vee + VeN ]ψν({R}, r) = Eν({R})ψν({R}, r) . (13)

Here ν indicates the quantum numbers for the electronic state and only the elec-

tronic part of the Hamiltonian is involved, with a purely parametrical dependence

on the nuclear coordinates {R}. The many-body problem stated in Eq. (13) is

extremely complicated and calls for further simplifications. A standard approach

is to resort to some one-electron approximation, that is representing the elec-

tronic state of the whole crystal by a Slater-determinant, constructing an anti-

symmetrized product of one-electron functions. A variational approach leads to

the so-called Hartree-Fock (HF) equations. Other methods involving the one-

electron approximation include those based on the Density-Functional Theory

[38, 39]. The successes and failures of the HF approximation have been widely

investigated in the past: the Quantum Many Body Theory provides sophisti-

cated techniques to improve the independent-electrons approximated solutions.
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In many situations, when only s and p electrons are involved, a one-electron

approach has the advantage of a moderate computational effort combined with

qualitative and even semi-qualitative electronic states and energetics. Among

one-electron techniques, the tight-binding (TB) method we use in the present

work is one of the quickest and simplest one-electron schemes. It is based on the

solution of a Schrödinger equation:

[

−~
2∇2

2m
+ V (r)

]

ψν(k, r) = ǫν(k)ψν(k, r) , (14)

where the crystal potential V (r) is invariant under all symmetry operations of

the space group of the system considered. Within the TB approach, the band

crystal states are obtained as expansion over a (usually incomplete) set of atomic

functions. The coefficients of the expansion are determined with the request that

they satisfy an appropriate matrix secular equation.

3.1.1 The Slater-Koster tight-binding approach

The standard tight-binding method for solids, also called LCAO (linear combi-

nation of atomic orbitals), consists of constructing Bloch basis states as linear

combinations of atomic orbitals located on the various atoms of the crystal with

coefficients given by the values of the plane wave exp(ik · R) for all R in the

Bravais lattice. In a famous paper by Slater and Koster (SK) [40] a simplified

formulation of the LCAO method is proposed to interpolate the results of first-

principle electronic structure calculations. The LCAO method produces correctly

the symmetry properties of the energy bands and provides fair solutions of the

single-particle Schrödinger equation at arbitrary points in the BZ. The only dif-

ficult is that this method requires the direct evaluation of a large number of

integrals. The SK work provides a set of formulas allowing us to express the TB

overlap integrals in term of a minimal number of independent parameters, not

related by symmetry. Among the many reviews and summaries of the original

paper, we follow in part the formalism adopted in Ref. [41], as is the most con-

venient to introduce the empirical TB parameterization provided by the same

authors in Ref. [42] and used in the present work.

In the TB SK formalism a solid system is considered as composed by a

periodically repeated unit cell with lattice vectors R, occupied by a set of atoms

i located at positions di within the primitive cell. Each atom carries a set of

atomic orbitals φiα, where α denotes the quantum numbers of the atomic state.
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A generic wavefunction τ expanded on the set of these atomic orbitals reads:

τw(r) =
∑

Riα

wRiαφiα(r −R − di) , (15)

where the wRiα are the coefficients of the expansion, to be determined. The

Hamiltonian matrix elements between orbitals are:

HRiα,R′jβ =

∫

d3r φ∗
iα(r − R − di)Hφjβ(r − R′ − dj) . (16)

Orbitals on different atoms are in general not orthogonal and their non-zero

overlap is described in terms of an overlap matrix S with elements:

SRiα,R′jβ =

∫

d3r φ∗
iα(r − R − di)φjβ(r −R′ − dj) . (17)

The first step in the SK original approach was to switch from {φiα} to a new

orthogonal basis {ϕiα} which possesses the same symmetry properties of the

original one as explained in details in Ref. [40] (the so-called Löwdin method):
∫

d3r ϕ∗
iα(r − R − di)ϕjβ(r − R′ − dj) = δijδRR′ . (18)

In practice, the use of non-orthogonal orbitals is a straightforward generalization

(as first done in Ref. [43]), meaning simply to drop the transformation to Löwdin

functions and keep all the overlap matrix elements, which provides a slightly more

general formalism. Defining Nc as the total number of primitive cells considered,

N as the number of atoms in one cell and Norb as the number of orbitals carried

by each atom, we thus obtain an electronic problem of size Nc ×N ×Norb for the

whole crystal, expressed by the eigenvalue equation
∑

R′jβ

HRiα,R′jβ wR′jβ = E
∑

R′jβ

SRiα,R′jβ wR′jβ . (19)

Hereafter for convenience we introduce a synthetic boldface notation i condensing

the label i and atomic position R + di of each atom: the matrix elements of

Eqs. (16, 17) are then addressed as HRiα,R′jβ = Hiα,jβ and Eq. (19) looks
∑

jβ

Hiα,jβ wjβ = E
∑

jβ

Siα,jβ wjβ . (20)

The Bloch theorem allows the reduction to an equivalent problem in the unit cell

of order N ×Norb, to be solved Nk times, where Nk = Nc is the number of chosen

wave-vectors k in the Brillouin zone. The single-electron wave-functions written

as Bloch sums are:

Φkjα(r) =
1

N
1/2
c

∑

R

exp(ik · R)φjα(r − R− dj) . (21)
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For each wave-vector the solution of the Schrödinger equation needs the diagonal-

ization of the Hamiltonian on the basis of Bloch functions in Eq. (21): the Hamil-

tonian has the same periodicity of the lattice and can thus be block-diagonalized

in different blocks for different values of k. The Hamiltonian and overlap matrix

elements between Bloch sums within a single k-block are written as follows:

Hiα,jβ(k) =
∑

R

exp (ik · R)

∫

d3r φ∗
iα(r −R − di)Hφjβ(r − dj)

Siα,jβ(k) =
∑

R

exp (ik · R)

∫

d3r φ∗
iα(r −R − di)φjβ(r − dj) (22)

where a second summation has been cancelled with the normalization factor by

using the discrete translational symmetry. By defining Γ(k) at each k as the

N × Norb matrix of the eigenvectors which are sought as solutions of the TB

problem, the explicit final form of the generalized eigenvalue equation reads:

∑

jβ

Hiα,jβ(k) Γ
(k)
B,jβ = E

(k)
B

∑

jβ

Siα,jβ(k) Γ
(k)
B,jβ , (23)

where the eigenvectors contained in the matrix Γ represent the coefficients of the

expansion of the band states, Ψ
(k)
B (r), on the orbital basis (with B band index):

Ψ
(k)
B (r) =

∑

jβ

Γ
(k)
B,jβφ

(k)
jβ (r)

φ
(k)
jβ (r) =

∑

R

eik·Rφjβ(r) =
∑

R

eik·Rφjβ(r− R − dj) . (24)

The single-particle potential included in the Hamiltonian can be written

approximately as a sum

V (r) =
∑

R,l

Vl(r − R − dl) (25)

of terms Vl centered on each individual atom l. A first natural simplification

introduced by SK is to assume that the interactions are approximately zero when

the distance between atoms is greater than a certain cutoff. This is equivalent to

assuming that each term Vl vanishes at finite distance away from atom l where

it is centered. By plugging this explicit expression of the potential into Eq. (22)

we obtain a classification of the types of integrals in four categories:

• On-site integrals if the two atomic-like wave-functions and the potential

are located at the same atom.

20



• Two-center integrals if the location of one of the wave-functions is the

same as the location of the potential, while the other wave-function is at a

different one.

• Three-center integrals if all three locations are on different sites.

• Wave-function at the same location but potential on a different one: this

category is not considered originally in the SK method and comes effectively

as a small local correction to the on-site terms. Following Ref. [41], we just

report it for completeness.

The Hamiltonian is thus the sum of a kinetic energy operator and a total potential

given by the sum of the potentials Vl located at all atoms in the crystal, which

following [40] can be approximated as spherically symmetric. The integration of

the kinetic operator plus the on-site potential gives the diagonal matrix elements.

Neglecting further the three-center integrals with respect to two-center ones con-

stitutes the so-called two-center approximation, which is adopted in Ref. [41] to

construct the parameterization used in the present work. In this approximation

only contributions from the two-center part of the Hamiltonian H2C survive in

Eq.(22), that is kinetic operator and a spherically symmetric potential centered

on one of the two atoms involved in each integral.

By defining the displacement vector between the two atoms as u = R′ +

dj − R− di, the integrals in Eq. (16) can be written as:

Hiα,jβ ≃ H ij
αβ(u) =

∫

d3rφ∗
iα(r)H2C(r − u)φjβ(r − u) . (26)

Another straightforward simplification occurring in calculations of band struc-

tures is to include only atomic orbitals whose energy is near to the bands of

interest: for carbon structures such as diamond, graphite, nanotubes this means

that we can reasonably omit the 1s, 3s, 3p etc. atomic orbitals and include

only 2s and 2p. In the notation adopted hereafter we thus restrict the atomic or-

bitals {φiα} to the valence ones, labeling them with angular momentum quantum

numbers s and p.

The SK method allows one to separate in the hopping integrals the de-

pendence on angular momentum of orbitals and distance between atoms: the

wave-function for the two orbitals in each integral is decomposed in Cartesian

coordinates, while the angular dependence is expressed by the director cosines of

the vector connecting the couple of atoms ci = ui/|u| (i = x, y, z). In the case

of the s and p orbitals of carbon we thus need to consider wave-functions labeled
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by indexes s, px, py, pz. The hopping integrals between these wave-functions

can be then fully specified in terms of director cosines and only four independent

integrals indexed as Hll′µ, with (ll′µ) = ssσ, spσ, ppσ, ppπ, where s, p indicate

the angular momentum of the orbitals while σ, π specifies the component of the

angular momentum with respect to the direction of u. According to SK’s for-

malism [40] we therefore express the terms in Eq. (26) as the following linear

combinations:

∫

d3rφ∗
s(r)H2C(r − u)φs(r − u) = Hssσ

∫

d3rφ∗
s(r)H2C(r − u)φpi

(r − u) = ciHspσ
∫

d3rφ∗
pi

(r)H2C(r− u)φs(r − u) = −ciHspσ
∫

d3rφ∗
pi

(r)H2C(r − u)φpi
(r − u) = c2iHppσ + (1 − c2i )Hppπ

∫

d3rφ∗
pi

(r)H2C(r − u)φpj
(r − u) = cicj (Hppσ −Hppπ) (i 6= j) , (27)

with i, j = x, y, z. The overlap matrix S can be separated exactly as the Hamil-

tonian one in a diagonal matrix of on-site terms plus a matrix of two-center terms

containing integrals of the same form as (27):

Siα,jβ = Sij
αβ(u) =

∫

d3rφ∗
iα(r)φjβ(r − u) , (28)

which can be expanded in a linear combination of terms Sll′µ in the same way as

in Eq. (27). The on-site and two-center integrals (26, 28) are to be replaced by

suitably parameterized functions, fitted to reproduce the results of first-principle

band-structure calculations for several crystal structures. This parameterization

provides an interpolation scheme to describe the band structure in the BZ. Well-

chosen functions and parameters prove themselves transferable to describe even

structures not part of the original database of fitted bands.

The parameterization by Papaconstantopoulos and Mehl [42] chosen in this

work, and the underlying Naval Research Laboratory tight-binding method (NRL-

TB) [41, 44, 45, 46, 47, 48], grounds on a basis of non-orthogonal orbitals. The

reasons of choosing a non-orthogonal basis lie practically in a better transfer-

ability of the parameterization, both because additional parameters make the fit

of a large number of structures easier and because atomic wave-functions have

a shorter range than Löwdin ones, making the matrix elements more local and

therefore transferable. The fitting procedure in SK-like schemes is usually a least-

square one, and is carried out by minimizing the eigenvalue difference with first-

principles results for a large number of k-points [41]. Differently from the standard

applications of SK method in fitting electronic energy bands and density of states,

the NRL-TB method includes total energy as well in the fit, and focuses on trans-
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ferability of the parameterization by employing distance/environment-dependent

parameters, as described in the next section.

3.1.2 The π-bands of graphene

As an easy application of the tight-binding method we now describe briefly the

electronic structure of graphene in a very simplified scheme, neglecting all the

interactions except the ones between nearest-neighbors and considering just the

π bonds formed by the pz orbitals. In this so-called π-bands approximation, the

two inequivalent atoms i = A or B in the graphene unit cell are defined uniquely

by one orbital per atom site. The Bloch functions can be now constructed as the

following linear combinations of Bloch sums on the two sublattices, in a slightly

different notation with respect to Eq. (21):

Φk(r) ≡αΦA
k (r) + βΦB

k (r) =

=α
1√
Nc

∑

RA

expik·RA φ(r− RA) + β
1√
Nc

∑

RB

expik·RB φ(r− RB) ,
(29)

where RA = R are the lattice vectors of the sublattice A and RB = R+~δ = R+

(a1+a2)/3 identify the positions of atoms of sublattice B, Nc is the number of unit

cells and ~δ is the vector connecting an atom of type A with its neighbor of type B

in the unit cell. A translation by ~δ transforms sublattice A to sublattice B. The

energy eigenvalues and eigenstates can be obtained by solving the Schrödinger

equation HΦk(r) = ǫ(k)Φk(r). By multiplication on the left with ΦA
k

∗
(r) and

ΦB
k

∗
(r) and integration over r we obtain the matrix form:

[

H
(k)
AA H

(k)
AB

H
(k)
BA H

(k)
BB

][

α

β

]

= ǫ(k)

[

S
(k)
AA S

(k)
AB

S
(k)
BA S

(k)
BB

][

α

β

]

, (30)

where the matrix elements are (i, j = A,B)

H
(k)
ij =

∫

drΦi
k

∗
(r)HΦj

k(r)

S
(k)
ij =

∫

drΦi
k

∗
(r)Φj

k(r) . (31)
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The nearest-neighbors approximation means

∫

drφ∗(r −Ri)Hφ(r− R′
i) =















ǫ0, for |Ri − R′
i| = 0

−γ0, for |Ri − R′
i| = acc

0, for |Ri − R′
i| > acc

∫

drφ∗(r− Ri)φ(r− R′
i) =















1, for |Ri −R′
i| = 0

s0, for |Ri −R′
i| = acc

0, for |Ri −R′
i| > acc ,

(32)

where ǫ0 is the energy of the atomic orbital pz and γ0, s0 are found by fitting

experimental or first-principles data. In the nearest-neighbors approximation

here considered, fitting with ab-initio calculations yields γ0 = −1.86 eV and

s0 = 0.02 eV, while extending interactions to third-neighbors gives −2.78 eV and

0.106 eV respectively [49]. With the parameterization by the NRL TB method

adopted in the present work [42], we have γ0 ≃ −1.38 eV and s0 ≃ 0.17 eV. From

Eq. (32) we thus have:

H
(k)
AB = H

(k)
BA

∗
=

1

Nc

∑

RA

∑

RB

exp(RA−RB)·k
∫

drφ∗(r −RA)Hφ(r− RB) =

=
1

Nc

∑

RB

(

expik·~δ + expik·(~δ−a1) + expik·(~δ−a2)
)

(−γ0) =

= − γ0

(

expik·~δ + expik·(~δ−a1) + expik·(~δ−a2)
)

=

= − γ0u(k) .

(33)

Analogously, we obtain S
(k)
AB = S

(k)
BA

∗
= s0u(k), and the Schrödinger equation is

rewritten as
[

ǫ0 − ǫ(k) −(γ0 + s0ǫ(k))u(k)

−(γ0 + s0ǫ(k))u∗(k) ǫ0 − ǫ(k)

][

α

β

]

= 0 . (34)

Its solution yields the two bands:

ǫ±(k) =
ǫ0 ± γ0|u(k)|
1 ∓ s0|u(k)| . (35)

Each pz orbital contributes with one electron to the band structure, so that 2Nc

of the 4Nc states are filled: at zero temperature the band ǫ−(k) is completely

occupied and ǫ+(k) empty. The Fermi level is thus at ǫF = ǫ0, and as seen

from Eq. (35) the corresponding Fermi points in k-space satisfy the condition

|u(k)| = 0: they are the six corner points of the BZ (see also Fig. 3) and only
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Figure 4: Left: 3D plot of the graphene upper band ǫ+(k), approx-

imated as in Eq. (36). Right: contour plot of the same bands, with

indicated the graphene BZ. The greyscale measures energy as indi-

cated near the left panel: in particular, the six conical intersections at

the corner points appear black.
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two of them are truly inequivalent, the others being obtained by translations of a

reciprocal lattice vector. Focusing on the band structure around the Fermi level

where |u(k)| is small, we may further neglect the denominator (s0|u(k)| ≪ 1)

in Eq. (35), and set the zero of energy at the Fermi level (ǫF = ǫ0 = 0) for

convenience. This leads to an approximate expression for the two bands, where

the conical dispersion around the corners of the BZ is easily seen:

ǫ±(k) ≃± γ0|u(k)|
≃ ± γ0

√

3 + 2 cos(k · a1) + 2 cos(k · a2) + 4 cos2(k · (a1 − a2))

≃ ± γ0

√

1 + 4 cos(
√

3kxa/2) cos(kya/2) + 4 cos2(kya/2) .

(36)

The upper band ǫ+(k) is reported in Fig. 4 together with a contour plot. This

explicit expression is especially well approximated near the conical intersections,

but provides a qualitative picture of the bands throughout the BZ.

The simple nearest-neighbor tight-binding Hamiltonian described here helps

us to understand the basic features of the graphene electronic structure but does

not reproduce accurately the π and π∗ graphene bands over a sufficiently large

range of the BZ, as discussed in Ref. [49] by comparison with first-principle bands.

In that work an improved tight-binding electronic dispersion is introduced and

exploited to obtain nanotubes bands via the zone-folding approach: the inclusion

of overlap and interactions up to third-neighbors is found to enrich substantially

the electronic picture, so that even a single-band tight-binding approximation is

finally capable to describe fairly well the valence and conduction first-principle

bands results throughout the BZ. In Sec. 3.2.1 we will also test the TB method

used here and described in the following section on graphene, comparing the

results with first-principle calculations reported in literature.

3.1.3 Environment-dependent tight-binding method

The dependence of the hopping and overlap integrals from the distance between

atoms and in general the environment-dependency are essential characteristic

needed by a parameterization to be transferable to a variety of different systems,

especially exotic structures as the carbon nanotubes, and for the method to ac-

count for electron-phonon coupling. Among the few available tight-binding pa-

rameterizations for carbon structures possessing an explicit and transferable dis-

tance dependency, we resort to the NRL-TB method introduced in Refs. [44, 45]

and extended in Ref. [42] to describe carbon structures. The full picture of

Ref. [1], on which our problem grounds, involves in principle a couple of concen-
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tric tubes, requiring a large cutoff, greater than the tube-tube distance (3.39 Å

for a (5, 5)@(10, 10)). The NRL method [42] boasts a cutoff of approximately

5.5 Å, while other competitive parameterizations have a far smaller cutoff, for

example the parameterization of Ref. [50, 51] has instead a cutoff of 2.6 Å only,

far too short for our purposes.

The NRL approach grounds on a set of two-center, non-orthogonal tight-

binding parameters, a set of on-site terms varying with the local environment and,

as explained shortly, no pair potential. The parameters are fitted simultaneously

to the band structure and total energies of first-principles calculations for several

carbon structures (bulk diamond, graphite, simple-cubic structures, C2 molecule).

Total energy information is usually not provided uniquely by standard TB band-

structure calculations. In a traditional approach [52, 53] the evaluation of the

band energy is the sum of eigenvalues over occupied states, which is actually only

a part of the total energy contribution, represented in the DFT single-particle

Kohn-Sham formalism by

E = Vc

∫

BZ

d3k

(2π)3

∑

B

fF (ǫB,k(k))ǫB,k(k) + F [{R}] , (37)

where the sum is over occupied states, Vc is the volume of the BZ and F [{R}] is a

function of the positions of all the nuclei and contains all residual energy contribu-

tions not involved in the valence bands. Basically these terms are due to ion-ion

interactions, Hartree and exchange-correlation contributions not included in the

eigenvalue sum, and corrections for double counting. The value of the integral

depends on the arbitrary choice of the zero of the Kohn-Sham potential generat-

ing the above eigenvalues spectrum: −∇2ψB,k(r) + vKS(r)ψB,k(r) = ǫB,kψB,k(r).

Many TB methods fix this value such that the Fermi level occurs near zero energy

and the consequently repulsive functional F [{R}] is represented as a sum of pair

potentials added to the band energy. In the NRL-TB approach the freedom in

the choice of vKS is instead exploited in such a way that pair potentials are not

needed. By shifting vKS by an amount V0 = F [{R}] /Ne, where Ne is the number

of electrons in the unit cell, Eq. (37) can be in fact rewritten as:

E =Vc

∫

BZ

d3k

(2π)3

∑

B

fF (ǫB,k(k))ǫB,k(k) +NeV0 =

=Vc

∫

BZ

d3k

(2π)3

∑

B

fF (ǫB,k(k)) [ǫB,k(k) + V0] =

=Vc

∫

BZ

d3k

(2π)3

∑

B

fF (ǫB,k(k))ǫ′B,k(k) ,

(38)
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where a shifted eigenvalue ǫ′B,k(k) = ǫB,k(k) + V0 has been defined. The NRL

method basically consists in constructing a database of eigenvalues ǫw(k) and total

energies E, obtained by means of first-principles augmented plane wave (APW)

[54] or linearized augmented plane wave (LAPW) [55, 56] methods for several

crystal structures and several volumes within the same structure. V0 is then

found for each system and the shift is incorporated. Finally a set of parameters

is sought that generates non-orthogonal, two-centers SK Hamiltonians capable of

reproducing energies and eigenvalues in the database as accurately as possible.

The key point is that the fit is done to eigenvalues that have been shifted so that

the APW/LAPW total energy equals the eigenvalues sum, therefore the addition

of a repulsive potential is not needed.

As discussed in the previous section, the two-center formulation with a non-

orthogonal basis involves three kinds of parameters: on-site parameters repre-

senting the energy required to place an electron in a specific orbital, Hamiltonian

parameters representing matrix elements for the hopping of an electron from one

site to another and overlap parameters representing the mixing of the orbitals.

In order to obtain applicability to a wide range of structures, these parameters

are given as simple algebraic functions of the distance between atoms, defined by

a few constant coefficients fitted in the way described above. Here we use the

synthetic notation i, condensing the label i and atomic position R + di of each

atom, introduced in Sec. 3.1.1. The on-site diagonal terms must account for the

shift introduced in Eq. (38) becoming therefore dependent on the environment

around each atom. This is obtained by associating (to each atom i in the crystal)

a ‘local density’ function defined by:

ρi =
∑

j 6=i

exp
(

−λ2uij

)

F (uij) , (39)

where uij = |j − i| is the distance between atoms i and j and the extends to all

other atoms j (in practice only those within the cutoff distance Rc). The cutoff

of this and other distance-dependent functions is realized by the non-smooth

function F (u):

F (u) = θ(Rc − u)/

[

1 + exp

(

u− Rc

ℓc
+ 5

)]

. (40)

Values of the cut-off parameters Rc and ℓc for carbon are respectively 10.5 a0 and

0.5 a0 (a0 Bohr radius); λ2 is the first fitted parameter. The on site terms related

to atom i are then given as:

hil = al + blρ
2
3 + clρ

4
3 + dlρ

2 , (41)
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where l = s, p indexes angular momentum of orbitals and (a, b, c, d)l form a set of

8 parameters. Note that the density (39) has a form similar to a pair potential,

and in an orthogonal TB scheme, if (41) were linear in ρ it would be exactly

just a parameterization of F [{R}] by a pair potential. In this sense the density

dependent parts of (41) can be seen as a generalization of the pair potential

needed to account for the shift applied to the eigenvalues.

The two-center hopping integrals in Eq. (27) are given by the form:

Hll′µ(u) =
(

ell′µ + fll′µu+ gll′µu
2
)

exp
(

−h2
ll′µu

)

F (u) , (42)

where the notation is the same as in Eq. (41), (e, f, g, h)ll′µ constituting the set

of the next 16 parameters. The remaining overlap integrals are parameterized in

a similar way,

Sll′µ(u) =
(

δll′ + pll′µu+ qll′µu
2 + rll′µu

3
)

exp
(

−s2
ll′µu

)

F (u) , (43)

introducing the last set (p, q, r, s)ll′µ of parameters. The definition (43) satisfies

the requirement Sll′µ(0) = δll′, and must also satisfy |Sll′µ(u)| < 1 providing a

physically meaningful overlap matrix S. Figure 5 displays the two-center integrals

of Eqs. (42, 43) as functions of the inter-atomic distance. Table 3 reports all the

parameters of the carbon parameterization, as given by Ref. [42] and stored in

the NRL database [57].

3.2 Implementation of the TB NRL method for band struc-

ture calculations

We come to apply the NRL method described in Sec. 3.1 to the study of carbon

structures, preliminarly graphene and graphite as a basic test and then specifically

single-wall and multi-wall armchair carbon nanotubes. The large transferability

of the parameterization provided by Papaconstantopoulos and Mehl has already

been exploited for applications to carbon nanotubes, for example in calculat-

ing their Young modulus [58] or in studying electron-phonon interactions [59].

To obtain the bands of different structures we solve numerically the generalized

eigenvalue problem (19) by constructing Bloch sums and reducing to an equiva-

lent one in a few unit cells. The mesh of wave-vectors k is chosen differently for

different structures, depending on the desired path in the BZ for the bands to

be displayed. To calculate total energy and chemical potential a strictly uniform

mesh is required. The chemical potential µ is found by imposing the condition:

2
1

Nk

∑

k,B

fF (E
(k)
B ) = Ne = N ×Norb , (44)
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Figure 5: Two-center integrals in Eqs. (42, 43) as functions of the

distance between atoms u, as given in Ref. [42]. The insets detail the

region near to the typical C-C bond length.
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Parameters in Eqs.(39-40)

λ (a
−1/2
0 ) 1.59901905594

Rc (a0) 10.5

ℓc (a0) 0.5

On-site parameters in Eq. (41)

Label a (Ry) b (Ry) c (Ry) d (Ry)

s -0.102789972814 -1.62604640052 -178.884826119 4516.11342028

p 0.542619178314 2.73454062799 -67.139709883 438.52883145

Hopping parameters Hll′µ in Eq. (42)

Label e (Ry) f (Ry/a0) g (Ry/a2
0) h (a

−1/2
0 )

ssσ 74.0837449667 -18.3225697598 -12.5253007169 1.41100521808

spσ -7.9172955767 3.6163510241 1.0416715714 1.16878908431

ppσ -5.7016933899 1.0450894823 1.5062731505 1.13627440135

ppπ 24.9104111573 -5.0603652530 -3.6844386855 1.36548919302

Overlap parameters Sll′µ in Eq. (43)

Label p (a−1
0 ) q (a−2

0 ) r (a−3
0 ) s (a

−1/2
0 )

ssσ 0.181251498787 1.56010486948 -0.308751658739 1.13700564649

spσ 1.85250642463 -2.50183774417 0.178540723033 1.12900344616

ppσ -1.29666913067 0.282706600192 -0.0222342355534 0.761776906882

ppπ 0.740924069246 -0.0731026385567 0.0166940771958 1.02148246334

Table 3: TB parameters for carbon according to the NRL database

[42] (a0 is the Bohr radius).
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Figure 6: Left panel: single-layer graphene band structure obtained

by our implementation of the NRL method. The chosen path in the

BZ is sketched on the right. The energy values are shifted uniformly so

that the Fermi level (where the bands cross at the corner K point) is

at zero energy. Comparison with the bands of Ref. [59] (right panel),

obtained based on the same TB parameterization, provides a favorable

check of our implementation of the TB method.

where the sum is over the Fermi occupancy functions

fF (ǫ) =
1

exp
(

ǫ−µ
kbT

)

+ 1
(45)

(at an extremely small fictitious temperature T ), and extends over the N ×Norb

calculated eigenvalues (B band index) and to all the Nk k-points in a uniform

mesh. Ne is the total number of electrons in the unit cell. The total energy can

be then evaluated as:

Etot = 2
1

Nk

∑

k,B

fF (E
(k)
B )E

(k)
B ≃ 2

1

Nk

∑

k

∑

{E(k)
B

<µ}

E
(k)
B , (46)

where the sum is restricted to all occupied states. To evaluate the width of a

possible band gap with higher accuracy, it is possible to consider a non-uniform

k-point mesh, in the region where the valence and conduction bands touch or

come close, to have a better resolution. A uniform mesh is however essential in

the evaluation of the total energy through Eq. (46).
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Figure 7: Left panel: the same band structure as in Fig. 6 is re-

ported with a slight modification in the BZ path. Right panel: the

band structure obtained by first-principles calculations [60] is shown

for comparison (solid thick lines are DFT-LDA results, circles and

dashed lines are GW results).

3.2.1 Band structure of graphene and graphite

As a first test of the parameterization and the calculations implementation we

apply the NRL method to the study of the graphene band structure. The same

calculation was done by Barnett et al. [59], taking the graphene bands as the

starting point to obtain nanotube band structures via zone-folding and study the

electron-phonon interactions. We are not interested in the ZF approach and will

instead apply the NRL method to nanotubes structures directly, but we compare

the results for graphene as a first, basic check of our original implementation. In

Fig. 6 we report the bands along a standard path in the BZ: the energy values are

shifted so that zero energy matches the crossing at the K point (that is ǫF = 0).

As they should, they reproduce exactly the bands reported in Ref. [59], right

panel.

Figure 7 (left) displays a slightly different path, in order to compare directly

with ab-initio results [60] (right): the tight-binding approximation reproduces

fairly well the occupied bands, while fails in describing the empty states in the

upper part of the spectrum as expected due to the exclusion of 3s, 3p etc. states

in the TB scheme.

The same considerations apply also to bulk graphite, shown in Fig. 8, com-

pared with the ab-initio bands obtained in Ref. [61]. As explained in Ref. [42],

the NRL parameterization works very well in reproducing the graphitic planes
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Figure 8: Upper panel: the band structure of the bulk graphite ob-

tained by the NRL method. Lower panel: ab-initio band structure

calculated in Ref. [61]. The path in the 3D BZ is shown at the right.
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Figure 9: The TB band structure of a (10, 10) tube: the 1D wave-

vector spans the whole 1D Brillouin zone between the points −X and

X (kz = −π/|T| to π/|T| with |T| = a = 2.46124 Å). The mid-point

Γ indicates kz = 0, the dashed line is the Fermi energy, separating the

occupied bands from the empty ones.

but does not take into account adequately the plane-plane interaction, so that

the ground state is not reproduced perfectly, in particular stable configuration of

minimum total energy of bulk graphite is found as a set of infinitely separated

graphite planes with an in-plane lattice constant a = 2.472 Å, ∼ 0.33% higher

than the experimental value = 2.464 Å. This does not affect the calculations of

SWCN but suggests to take care in the case of MWCN, where the tube-tube

interaction is at play, in relying on the tube-tube interaction energies.

3.2.2 The TB band structure of CNs

The band structure is a function of a single k component along the tube axis, say

kz, and, due to time-reversal symmetry, is symmetric about the Γ (k = 0) point

in the 1D Brillouin zone given in Eq. (8). As an example, Fig. 9 reports all the

4N bands obtained for a (10, 10) armchair tube in the entire BZ. Figure 10 shows

the very basic check that by doubling the unit cell of the nanotube (i. e. halving
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Figure 10: The TB bands of a (5, 5) nanotube (reported for kz > 0)

computed with a standard unit cell (black thin) and with a doubled

cell containing twice the atoms (red thick). The BZ in the second case

is halved (|T̄2| = |T̄1|) and the band structure is the exact folding in

half of the first one, as expected.
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Figure 11: Comparison of the band structure in half of the BZ of arm-

chair tubes of three different diameters: as the tube diameter increases,

the wave-vector corresponding to the crossing point approaches the

value k0 predicted by zone-folding.

the BZ) the band structure obtained is the exact folding in one half of the normal

one, with everything reported in the kz > 0 region only.

In this work we focus on the band structure of armchair tubes: the ‘valence’

and ‘conduction’ bands cross at the Fermi energy in a linear fashion as described

in Sec. 2.2, corresponding to the crossings at the non-equivalent points K and

K ′ in the graphene BZ showed in Fig. 3. These points are mapped into two

symmetric points about the center of the 1D Brillouin zone of the nanotube. In

the zone-folding approach [31], these points are expected to be located exactly at

the wave-vectors ±k0 = ±2π/(3a) = ±2π/(3
√

3acc) (with a and acc as in Table

2). Our TB scheme takes the effects of the curvature of the tubes in full account.

Figure 11 shows that curvature is relevant especially for small-diameter tubes,

such as the (5, 5). The curvature of the cylindrical topology produces a small

downward shift of the wave vector at which the crossing occurs away from the K
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and K ′ points. The metallic behavior remains but in the proper 1D BZ we find

the band crossing to occur at slightly different wave-vectors with respect to the

ones predicted by the zone-folding approximation. As expected, the flat-graphene

ideal crossing at ±k0 is approached in the large-diameter limit, curvature effects

becoming less important as the diameter of the tube grows. Fig. 11 shows that

for a (50, 50) tube (corresponding to a diameter dt = 67.85 Å) the shift away

from k0 is practically negligible.

3.3 The current operator

In our tight-binding basis the state representing an electron in the orbital α of

atom i is given by:

|iα〉 =

∫

d3rφiα(r)|r〉 , (47)

where r is a generic coordinate in the unit cell of the system. We adopt here the

boldface notation i = R+di introduced in Sec. 3.1 to indicate collectively atoms

positions and kind. The corresponding second-quantized field creation operator

is:

c̃†iα,σ =

∫

d3rφiα(r)Ψ†
σ(r) , (48)

where the field operators Ψσ(r) and Ψ†
σ(r) for fermions are related by the canonical

anticommutation relations (in particular {Ψσ(r),Ψ†
σ′(r′)} = δσ,σ′δ(r − r′)). With

a non-orthogonal basis set of orbitals, the creators and destructors of the basis

states do not anticommute canonically. In detail, their anticommutation relation

involves the overlap matrix:

{c̃iα,σ, c̃
†
jβ,σ′} =

∫ ∫

d3rd3r′φ∗
iα(r)φjβ(r

′){Ψσ(r),Ψ†
σ(r

′)} =

=δσ,σ′

∫

d3rφ∗
iα(r)φjβ(r) =

=δσ,σ′Siαjβ .

(49)

Siαjβ is the element of the overlap matrix in Eq. (17) indicating the overlap of

the α orbital of the atom located at R + di on the β orbital of the atom located

at R′ + dj .

In the following we develop the TB formalism needed to define the electronic

current density operator in the simplifying assumption of a orthogonal basis. This

is not such a strict request, because, given any non-orthogonal basis, it is always

possible to find a non-unitary transformation mapping it to an orthogonal one,
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as is standardly done for example in passing from the atomic-like SK orbitals

to the Wannier functions or the Löwdin functions of the original SK approach.

The Löwdin transformation is particularly simple: starting from a generalized

eigenvalue problem in the form Hw = ǫSw, the substitution w = S−1/2x leads

to the equivalent standard eigenvalue problem:

H̃x = ǫx

H̃ = S−1/2HS−1/2 . (50)

However extra-care is to be taken in the physical interpretation of the current

operator eventually defined in this non atomic-like basis: if the current is meant

to represent the rate of electron hopping between atomic sites, the final expression

of the operator should be rewritten in the original basis. Hereafter we thus neglect

the overlap between orbitals and define the creation/destruction operators in the

ensuing orthogonal basis as c†iα,σ ciα,σ, anticommuting canonically:

{ciα,σ, c
†
jβ,σ′} = δijδσ,σ′ . (51)

We also initially consider a single orbital on each atomic site (dropping for the

moment summations over orbital indexes) and only nearest-neighbors interactions

for a handy notation, generalizing to the full problem later on. The second-

quantized expression of the charge on each site h in the unit cell is then:

qh =

∫

Vh

d3r ρ(r, t) = −qe
∑

σ

c†h,σch,σ , (52)

where the charge density operator is:

ρ(r, t) = −qe
∑

iα,σ

|φiα(r)|2c†iα,σ(t)ciα,σ(t) . (53)

Analogously the tight-binding Hamiltonian operator reads:

H =
∑

i~δ,σ

H
i+~δ,i

(

c†
i+~δ,σ

ci,σ + c†i,σci+~δ,σ

)

, (54)

where the sum is over all sites i and their nearest-neighbors, connected by vectors
~δ, and H

i+~δi are the hopping matrix elements of Eq. (16).

The time derivative of the charge density on each atomic site is related to the

divergence of the current density, expressing the rate of variation of the number

of electron on that site, by the continuity equation:

∂ρ(r, t)

∂t
= −~∇ · ~J(r, t) . (55)

39



We can integrate over a volume Vh centered on atom h, cutting the bonds with

the nearest-neighbors, to obtain the relation between the time-derivative of the

charge on the site and currents toward neighbors:

∂qh
∂t

=

∫

Vh

d3r
∂ρ(r, t)

∂t
= −

∫

Vh

d3r ~∇ · ~J(r, t) =

= −
∫

Σ(Vh)

dΣ ~J(r, t) · n̂ = −
∑

~δ

I
h,h+~δ ,

(56)

where we are assuming that the wavefunction on site h is limited to the volume

V , which is a better approximation the more far-away are the atoms. From the

time evolution in Heisenberg picture we have:

∂qh
∂t

= − i

~
[qh, H ] , (57)

which, expanding the commutator, becomes:

∂qh
∂t

=
iqe
~

∑

σσ′

∑

i~δ

δσ,σ′H
i+~δ,i

(

δ
i+~δ,hc

†
h,σci,σ − δi,hc

†
i+~δ,σ

ch,σ

+ δi,hc
†
h,σci+~δ,σ − δ

i+~δ,hc
†
i,σch,σ

)

.

(58)

Hereafter we take ~ = 1 for convenience.

For a chain of atoms in one-dimension the extraction of the currents between

an atom and the following/preceding from the above expression is straightforward.

In 1-D Eq. (58) reduces to:

∂qh
∂t

= −Ih,h+1−Ih,h−1 = Ih−1,h − Ih,h+1 =

= iqe
∑

σ

(

Hh,h−1

(

c†h,σch−1,σ − c†h−1,σch,σ

)

+

−Hh+1,h

(

c†h+1,σch,σ − c†h,σch−1,σ

)

)

.

(59)

The current from site h to site h + 1, Ih,h+1, is readily recognized as:

Ih,h+1 = iqe
∑

σ

Hh+1,h

(

c†h+1,σch,σ − c†h,σch+1,σ

)

. (60)

In the case of nanotubes we have an hexagonal net and from Eq. (58) we

need to extract the currents between site h and the honeycomb sites h+~δξ, where

ξ = a, b, c indicates the vectors connecting h with his three nearest-neighbors as
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Figure 12: Site h with the connections to its three nearest neighbors

in the honeycomb net.

sketched in Fig. 12. On a honeycomb net the summation in Eq. (58) takes the

explicit form:

∂qh
∂t

= iqe
∑

σ

∑

~δ

H
h+~δ,h

(

c†
h+~δ,σ

ch,σ − c†h,σch+~δ,σ

)

=

= iqe
∑

σ

(

Ha,h

(

c†a,σch,σ − c†h,σca,σ

)

+

+Hb,h

(

c†b,σch,σ − c†h,σcb,σ

)

+

+Hc,h

(

c†c,σch,σ − c†h,σcc,σ

)

)

,

(61)

and analogously to the 1D chain we obtain the following final expressions for the

currents on the three bonds, going from site h to sites a, b, c :

Ih,a = iqeHa,h

∑

σ

(

c†a,σch,σ − c†h,σca,σ

)

Ih,b = iqeHb,h

∑

σ

(

c†b,σch,σ − c†h,σcb,σ

)

Ih,c = iqeHc,h

∑

σ

(

c†c,σch,σ − c†h,σcc,σ

)

. (62)

Each current Ih,j, (j = a,b, c), represents the number of electrons hopping from

site h to site j in the unit time. In the concrete case of nonchiral nanotubes,

currents potentially induced by coupling with a phononic perturbation which is

uniform along the tubes axis shall loop around circumferences orthogonal to the

axis. In practice we thus need to consider only current densities between sites

lying along the tube circumference, like Ih,c in the previous picture. Recovering

41



now the complete basis of orbitals we have the Hamiltonian:

H =
∑

iαjβ,σ′

Hiα,jβ

(

c†iα,σ′cjβ,σ′ + c†iβ,σ′cjα,σ′

)

, (63)

and following the arguments above explained we obtain the general expression

for the relevant current operators between atomic sites:

Ih,c = iqe
∑

σ

∑

αβ

Hcα,hβ

(

c†cα,σchβ,σ − c†hβ,σccα,σ

)

. (64)

We have thus obtained the formal tools required to calculate the current

eventually induced around a nanotube circumference, e. g. by a phononic per-

turbation. The question about the real possibility for such kind of current to be

observed and the right framework to detect it are indeed rather subtle. In our

TB scheme each band structure calculation is carried out at a certain fixed con-

figuration of the atoms in the unit cell of the nanotube, and they can be arranged

in such a way as to mimic a frozen phononic distortion. If a given configura-

tion corresponds to a snapshot in the dynamics of a rotating phonon around the

tube, looking at the band structure for different frames corresponds to studying

adiabatically the evolution of the system, as if the rotation of the phonon were in-

finitely slow and each successive step allowed the electrons to relax completely to

the instantaneous ground state. In this scheme, at each distortion snapshot, the

eigenvectors of the TB generalized eigenvalue problem provide the coefficients of

the projection of the electronic wave-function on the states of our TB basis, and

therefore a map of the charge distribution, that is the repartition of the electrons

among the orbitals located on each atom in the unit cell. For a subsequent distor-

tion (different atomic coordinates), we get in general a different charge-map. The

charge displacement is of course associated to currents. However, these currents

do not include all currents circulating in the tube, e. g. they do not include any

steady current induced by a DC potential drop across the tube. Also, the local

charge displacements induced by a rotating distortion are not sufficient to mea-

sure a possible net electronic current induced along the tube circumference by the

phonon rotation: indeed for a complete 2π rotation which brings the tube back

to the initial configuration we obviously reproduce the same charge distribution

and all information about a possible net current is lost.

One might think that the straightforward procedure to reveal a non-zero

current with the basis functions (i. e. the functional forms of the orbitals) ex-

plicitly at our disposal would be to calculate their gradients to get the average

value of the current operator between states at different frames. However, in
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Ch dt (Å) t̃ T q N

(n, n)
√

3na/π 3n (1,−1) 2n 4n

(5, 5) 6.78 15 (1,−1) 10 20

(10, 10) 13.56 30 (1,−1) 20 40

Table 4: Relevant parameters for armchair nanotubes.

our empirical TB scheme we do not have the real orbitals, and moreover at each

step changing the coordinates actually changes the basis, because the orbitals are

centered on different positions, so that states at different frames are not handled

easily. On the other hand, even calculating the current density on a certain bond

between states belonging to different time-frames will always lead to a null result,

in the perfect adiabatic limit, because each contribution to the electronic motion

in one direction around the circumference is always cancelled out by an equal

contribution in the opposite direction.

It is therefore necessary to leave the strictly adiabatic limit, and to follow

the time-evolution of the band states by integrating the Schrödinger equation

and calculating the average current on the time-evolving states. This approach

is discussed in more detail and put in practice in Sec. 5.

4 The band structure of armchair nanotubes

4.1 Ideal undistorted nanotubes

In this section we report the results of the band structure calculations for ideal

(5, 5), (10, 10) and (5, 5)@(10, 10) CNs. Table 4 collects a few relevant structural

parameters for the armchair tubes. The bands of the (5, 5) and (10, 10) CNs

shown in Fig. 13 are consistent with the considerations of Sec. 3 and provide a

detailed picture of the nanotubes electronic structure, thanks to the fair sophis-

tication of our 4-orbitals non-orthogonal environment-dependent TB model. As

anticipated for graphene in Sec. 3.1.2, the non-orthogonality and the inclusion

of interactions beyond the nearest-neighbor ones are essential to reproduce fairly

first-principle bands. In Ref. [62] the band structure of nanotubes with different

chiralities is studied at different levels of approximation, from a π-band TB, to a
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Figure 13: The band structure obtained by our tight-binding calcu-

lations for ideal undistorted (5, 5) and (10, 10) SWCN.
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Figure 14: Band structure of a (3, 3) CN reported from Ref. [62],

calculated with different levels of TB models. Panel (A) compares a

π-bands-only TB (dotted lines) with a 4-orbitals orthogonal TB (solid

lines), panel (B) compares the latter (dotted) with a non-orthogonal

model (solid).
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Figure 15: Left: bands of a (10, 10) nanotube obtained by our TB

calculation. Right: first-principle π-bands [49]. For both calculations

the Fermi energy is taken as reference energy.

4-orbitals (s, px, py, pz) orthogonal TB, and finally to a non-orthogonal model.

Figure 14 reports the results of that work for both these steps. The first step

modifies the electronic picture mainly in the bands energies, while switching on

an additional mechanism for rehybridization through overlap changes more dra-

matically the band structure. In Fig. 15 the richness of our fully improved TB

model is probed through a comparison with the bands computed in Ref. [49] for

a (10, 10) CN, obtained by folding the ab-initio graphene π-band structure. The

agreement is good except for a ∼ 20% increase of the separation energy of valence

and conduction bands at point Γ with respect to the ab-initio bands. The main

differences are due to the presence in our model of the σ-bands. For proper quan-

titative considerations, our result should be compared with ab-initio calculations

accounting for σ-bands too, as the ones carried out in Ref. [63] but for different

armchair nanotubes than ours.

Fig. 17 shows the band structure of the double-wall (5, 5)@(10, 10) nanotube

together with a mere superposition of the bands of the two separated tubes, in

order to outline the effects of the tube-tube coupling. In the most possible sym-

metric configuration the commensurate (5, 5)@(10, 10) displays all the symmetries

of the inner tube and by the considerations of Sec. 2.1.1 the band structure is

expected to depend on whether the reciprocal position of the two tubes lowers

the symmetry or not. In the literature it is found [64, 65] that the system remains

metallic for geometrically favorable configurations while can show pseudo-gaps or
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Figure 16: Left: comparison of the bands calculated separately for the

(5, 5) and the (10, 10). Right: the band structure of the double-wall

(5, 5)@(10, 10) .
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Figure 17: Band structure of a (5, 5)@(10, 10) with the inner tube

shifted along the y direction: the tube-tube interaction, strongly sup-

pressed by the cutoff at the standard inter-wall distance of Fig. 17, is

here stronger and has a quite dramatical influence on the bands.
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a proper gap varying the mutual positions toward less symmetric configurations.

In our TB calculation we always find that the metallic character is preserved and

the dependence on the reciprocal orientation seems negligible: this is explained

by the cutoff (40), which allows the coupling of the two tubes but limits the re-

ciprocal sight of the inner and outer atoms. The largest contribution to the tubes

coupling is due to the term Hppσ in Eq. (42): the distance between the two tubes

is 3.39 Å, corresponding to Hppσ(3.39) = 0.209 eV, but the hopping is strongly

suppressed as the distance increases, and we have Hppσ(4) = 0.05 eV, so that each

atom effectively sees only a little portion of the other tube. As Fig. 16 reports,

we checked that the band structure of Fig. 17 can be altered by changing the

distance between the two tubes with a shift of the inner tube in a chose direction,

in a way similar to Ref. [64].

4.2 Radial deformations

We now explore the modifications of the band structure induced by radial defor-

mations, that we take uniform along the nanotubes axes, i. e. kz = 0 phonons.

These distortions are supposed to mimic the possible atomic displacements as-

sociated to global tube distortions of specified angular momentum M around

the tube axis. More precisely, by ‘mimicking’ we mean imposing ad hoc radial

deformations with variable angular symmetry in order to roughly recreate the geo-

metric features and especially the symmetries of the tubes averaged cross-sections

perpendicular to the axis at fixed time-step shots of the phonons dynamics with

the same angular symmetry. In the following section we will introduce and study

slightly more realistic phonon distortions. For the moment we focus on quali-

tative geometrical considerations. The nanotubes deformations are obtained by

adding an angle-dependent displacement:

r′i = ri + A cos[M(φi + φ0)]

φ′
i = φi , (65)

to the radial coordinate of the i atoms in the unit cell. Here (r′i, φ
′
i) and (ri, φi)

are the distorted and undistorted polar coordinates of each atom respectively. A,

M and φ0 are the parameters characterizing the deformation: an amplitude in

Å, an integer angular symmetry number M and a phase respectively. Table 5

reports a few examples of the dependence of the obtained deformations on the

parameters involved for a A-(10, 10): M determines the angular regularity of

the deformation and precisely the number of peaks and hollows around the tube

circumference (for M = 2 the deformation is elliptic, for M = 3 is three-pointed,
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M
A ≃ 2.24 Å A ≃ 4.48 Å A ≃ 4.48 Å

φ0 = 0 φ0 = 0 φ0 = π/M

2

4

5

Table 5: The radial deformations given by Eq. (65) applied to a

A-(10, 10) nanotube for different values of the parameters: the cross-

section of the tube in direction orthogonal to the axis is reported.
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for M = 4 is four-pointed and so on). An increasing amplitude A enhances

the deformation by increasing the depth of these peaks/hollows. The phase φ0

determines the distribution of peaks and hollows around the circumference, so

that an atom found at a peak at φ0 = 0 is found at a hollow for a change of π/M

in φ0.

As anticipated in Sec. 2.2, the electronic structure of the nanotubes and in

particular the crossing of the valence and conduction bands at the Fermi level is

intimately related to the symmetries of the system and the values of quantum

numbers describing a certain set of symmetry operations, and we expect that mov-

ing the atomic positions according to a deformation which lowers the symmetry

may result in a gap opening, changing metallic systems into semi-conducting ones.

From the conclusion of Sec. 2.1.1 we have that in armchair tubes, the only truly

metallic ones, the crossing of the π and π∗ bands is allowed by opposite parities

under the mirror symmetry operations related to the vertical planes and {U,U ′}
axes showed in Fig. 2. Mirror symmetry breaking shall therefore be a necessary

condition to split the degeneracy and open a gap, and armchair are actually the

best class of tubes to outline this phenomenon because, as already explained, the

curvature and rehybridization effects preserve the metallic behavior.

Among the many works dealing with the general topic of metal-semiconductor

transition in carbon nanotubes, a few focused specifically on the relation between

symmetry breaking and gap opening: we refer directly to [37], [34], and [35]. Park

et al. pointed out in Ref. [37] that an armchair deformed radially by squashing

into an elliptical cross-section shows a gap opening depending on whether the

radial direction of deformation leads to a symmetry breaking: for example in

the case of a (5, 5) tube they found that squashing along the line AA′ shown

in Fig. 18 breaks all the mirror symmetries and a gap opens, while by squash-

ing along BB′ a mirror symmetry survives and metallicity is not altered. Li et

al. [34, 35] considered the modification to the electronic structure of armchair

tubes by potentials with different angular dependence. They identified mirror

symmetry breaking respect to vertical mirror planes σv, σ
′
v and {U,U ′} axes as a

necessary condition to open the gap and also found specific selection rules to be

satisfied for both potential and nanotube structure.

These considerations help to clarify the necessary conditions for a so called

metal-to-semiconductor transition to occur. We note here that is in practice a

more subtle question to predict in general whether it will or not. In Ref. [66] the

electronic properties of squashed armchair nanotubes are investigated in a tight-

binding scheme to suggest a possible method for determining a priori how a
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Figure 18: A cross-sectional view of a (5, 5) tube taken from [37] with

radial squashing directions AA′ and BB′ (d is the tube diameter):

mirror symmetries are completely lost by deformations along the first

direction, while a mirror symmetry survives along the second one.

given structural deformation will perturb the system. Lu et al. claim that mirror

symmetry breaking is a necessary but not sufficient condition for the transition:

a gap appears only after the atomic orbitals on the two flattened faces of the

squashed tubes overlap with each other to form new bonds. The condition to drive

the gap opening for the systems examined is thus identified in the combined action

of mirror symmetry breaking and bonding of the flattened faces, as the condition

to physically distinguish between the two sublattices. This does not seem to

be confirmed by the results of calculations in our TB scheme, however suggests

to handle with caution pure geometrical considerations to derive properties of

nanotube electronic structure simulations. The actual properties could be finally

strictly dependent on the details of the parameterization employed, which have

a key-role in determining whether mixing matrix elements have non-zero value

before any symmetry considerations.

We report here the results of calculations done with a A-(10, 10) and M =

2, 4, 5. For each deformation, we compute the band structure in the positive

half of the nanotube BZ. We use a non-uniform mesh of k-points, so that the

sampling is finer around the region where the crossing of valence and conduction

bands would occur if present, and with only few points near the boundaries.

The radial deformation of Eq. (65) depends on φ0 with a periodicity which is

a function of the angular symmetry set by M . As the phase φ0 varies around the

circumference, another periodicity appears in the relative position of the N = 40

atoms in the unit cell with respect to the deformation peaks and hollows. For
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Figure 19: A 3D view of the unit cell of a (10, 10) nanotube: the tube

axis is oriented as the z-axis. Two kind of bonds are present: bonds

in the xy-plane connect neighboring atoms in the same ring, diagonal

bonds connect an atom of the upper ring with one in the lower ring.
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Figure 20: The gap oscillations in a (10, 10) CN with M = 5 and

deformation amplitude A ∼ 2.2 Å (left) and M = 4, A ∼ 3.6 Å

(right) as a function of φ0: the gap closes with a periodicity of 9◦.

The gap size for M = 4 is rather low, suggesting a higher coupling

order of the π, π∗ bands for this combination of index n and angular

symmetry M .
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Figure 21: The gap size as a function of the deformation amplitude

A for different values of M .

example an atom which is located exactly on a ‘radial peak’ at φ0 = 0 will

be found again at the top of the next peak after a variation of φ0 by 2π/M : in

addition one finds equivalent configurations corresponding to other atoms located

at an equivalent peak position. The actual φ0-period is therefore expected to be

2π/(2n). If the M-folded symmetry of the deformation respects the symmetry

of the atomic configuration, that is the configuration is invariant for rotations of

2π/M in the plane orthogonal to the axis, there are M vertical symmetry planes,

which are maintained also for variations of φ0 recreating the same configuration.

More specifically, for the (10, 10) tube this occurs when pairs of neighboring atoms

characterized by the same z coordinate are in specular position with respect to

the M vertical planes, which exactly bisect the bond between them (coinciding

with σv planes). Alternatively, the symmetry planes can bisect the oblique bond

connecting two next-neighboring atoms placed on rings at different z (see Fig. 19

for a 3-D representation of the unit cell): these are the glide planes σ′
v and

the further symmetry brings down the period to 2π/(4n). These are the only

situations which preserve the mirror symmetries for the (10, 10) and therefore

the metallic behavior of the nanotube. In all other cases a gap can open.

Figure 20 confirms the relation between conservation of mirror symmetry and

gap closing: the size of the gap is evaluated as a function of φ0 at fixed deformation

amplitude A and vanishes with the expected periodicity of 2π/N = 9◦. Figure 21

shows that the gap size is different for different values of M , suggesting that the
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coupling order between the π and π∗ bands may depend in a subtle way on the

specific combination of angular symmetry of the deformation and the index n

of the (n, n) tube, as we explore in the next section. We focus on the results

for M = 5 and A = 1 to explain this dependence on the phase in some more

details. Figure 22 reports the band structure for selected values of φ0, together

with the cross-sectional view of the corresponding nanotube configuration: the

gap closes at φ0 = 6◦ where there are five mirror symmetry planes cutting in half

the bond between couple of atoms belonging to the same (lower or upper) ring

in the unit cell, and at φ0 = 15◦, where instead five glide planes cut the diagonal

bond between subsequent atoms on different levels along the tube axis. These

configurations have period of 2π/(N/2) = 18◦ respectively and the configuration

at φ0 = 24◦ is in fact equivalent to the first. At φ0 = 10◦ all mirror symmetries

are broken and no vertical mirror planes survive, leading to a non-zero gap. In

the next section we consider different, time-dependent deformations, which should

properly represent the rotating distortional modes of Ref. [1], and we characterize

the mechanism of the gap opening in some more details.

4.3 Phononic-like deformations

Beyond the peculiar electronic properties earlier described, carbon nanotubes re-

veal also remarkable phonon properties, showing unique 1D behavior and special

characteristics which have been object of wide studies. Electronic properties and

lattice properties are indeed deeply entangled due to the strength of the electron-

phonon coupling, manifesting for example in the highly unusual resonance Ra-

man spectra observed for nanotubes, and phonons play a fundamental role in

determining a complex phenomenology of thermodynamic, transport, elastic and

mechanical features. Phonon dispersion relations have been calculated with a

number of different techniques, including zone-folding from the graphene phonon

spectra, tight-binding, DFT, valence-force-field models and microscopic models

with various force constants. As is the case for electronic properties, zone-folding

provides a clarifying picture but fails to give reliable results when peculiarities

due to the low-dimensionality arise: for example Kohn anomalies detected for

graphene should be strongly enhanced for metallic tubes while suppressed for

semiconducting ones, neither of these features being revealed within the zone-

folding approach. For an extensive overview on phonons in carbon nanotubes

we refer to [67], while in the following we focus on the acoustic phonons rele-

vant for electron scattering as described within the so-called Suzuura-Ando (SA)

continuum model [68, 31].
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Figure 22: Band structure of a distorted (10, 10) with A ≃ 4.48 Å

and M = 5. Calculations for φ0 = 10◦, 15◦, 6◦, 24◦ are reported,

corresponding to a configuration with absence of symmetry planes for

the first value, glide planes σ′
v for the second, and vertical σv planes

for the two remaining.
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Figure 23: Cross-section deformations of a CN taken from Ref. [68]

with different angular symmetry p: the reported phonon modes are

the long-wavelength limit kz = 0 of the continuum model studied in

the same reference.

In the SA model [68] long-wavelength acoustic phonons are found to be well

described by a continuum model based on the theory of elasticity for a cylindri-

cal system. The kinetic and potential energy functionals associated to a in-plane

displacement in a isotropically elastic graphene sheet are suitably modified to

describe a cylindrical system: this requires considering that in-plane and out-of-

plane modes, decoupled for graphene, are combined for a cylindrical geometry, so

that components of the displacement both along the circumference and normal to

it must be considered. Curvature effects are also to be taken into account. The

phonon modes are sought as solutions of the motions equations for the vector

displacement q = (qz, qφ) (with φ and z directions along the nanotube axis and

the circumference respectively) in the form q = qp,kz
exp(ik⊥,pφ+ ikzz) specified

by the wave-vector along the circumference, k⊥ = 2πp/|Ch|, with p integer in the

notation of Eq. (7), and that along the axis, kz in Eq. (8). When p = 0 or k⊥,p = 0

three eigenmodes are found: a twisting mode of pure circumference-directional

deformation, a stretching mode and in the long-wavelength limit kz = 0, a breath-

ing mode with frequency inversely proportional to the nanotube diameter. When

p 6= 0 the solution of the eigenvalue problem is far more complicated, but follow-

ing Ref. [1] we strictly restrain to the long-wavelength limit kz = 0, where the

SA model provides the displacements sketched in Fig. 23 (taken from Ref. [68]):

for p = 0 the proper breathing mode of uniform radial dilation arises, p = ±1

is a uniform shift of the nanotube in direction perpendicular to the axis, and

for |p| > 2 the displacement corresponds to a deformation of the cross section

of the nanotube with angular symmetry p. The role of p is analogous to M

for the purely radial deformations (65) and in the following we keep the same

label M . Hereafter we adopt the specialization of the SA model for kz = 0 de-

scribed in Ref. [1] to obtain the displacements corresponding to phonons rotating

around the nanotubes circumference. We consider only single phonon modes of

selected angular symmetry M and write the time-dependent vector displacement

55



Figure 24: Cross-section deformations as obtained by Eqs.(66, 67):

the shape of the cross-section oscillates as a standing-wave if A+ = A−
(left) while rotates around the circumference otherwise (right).

in cylindrical coordinates (where the direction ẑ does not appear because the

deformations are uniform along the tube axis) q(M, t) = qMφφ̂+ qMr r̂ as [1]:

q(M, t) =
(

qM(t)eiMφ + c.c.
)

, (66)

with

qM(t) = (qMr(t), qMφ(t))

qMr(t) =
(

A+e
iωt + A−e

−iωt
)

qMφ(t) =
i

M
qMr . (67)

The resulting deformations of the cross-section at fixed times show an alternation

of M humps forming a ‘wave’ around the circumference. For A+ = A− the

wave is standing, that is the humps turn in hollows in time in half a period

2π/ω but with fixed nodes, while for A+ 6= A− the wave rotates around the

circumference resulting in a pseudo-rotation of the cross-sectional shape, as shown

in Fig. 24. This last situation addresses properly the rotating phonons we want

to represent. The variation of the band structure during, say, a period of the

rotation can be studied at selected times deforming by Eq. (66) the same starting

ideal unperturbed configuration or, in a perfectly equivalent way, at fixed t = 0

by deforming an initial configuration rotated by selected angles 0 < φinitial < 2π.

In other words rotating the shape of the deformation around the tube or rotating

the underlying atomic configuration keeping the shape fixed are equivalent, and

we choose the second approach for convenience in our TB calculations.

It is useful to extract the time-dependence of the phononic displacement,

separating the part of the vector displacements for each atom in the unit cell
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Figure 25: Deformation of the (10, 10) by the displacements defined

in Eq. (66) with M = 5, A+ = 5 Å, A− = 0 and at t = 0. The gap

closes when symmetry vertical planes or glide planes are conserved by

the phononic distortion.

evolving as cos(ωt) from the one evolving as sin(ωt). To this purpose, we express

the displacements of Eq. (66) in Cartesian coordinates as:

ξ(M, t) =

[

qx(M, t)

qy(M, t)

]

=

=

[

(A− + A+) (cos(φ) cos(Mφ) + sin(φ) sin(Mφ)/M)

(A− + A+) (sin(φ) cos(Mφ) − cos(φ) sin(Mφ)/M)

]

cos(ωt) +

+

[

(A− − A+) (cos(φ) sin(Mφ) − sin(φ) cos(Mφ)/M)

(A− − A+) (sin(φ) sin(Mφ) + cos(φ) cos(Mφ)/M)

]

sin(ωt) =

= ξ̃1(A− + A+) cos(ωt) + ξ̃2(A− − A+) sin(ωt) .

(68)

This form defines the Cartesian components of the orthogonal vectors of displace-

ments ξ̃1 and ξ̃2. These vectors need to be normalized properly:

ξi = ξ̃i/|ξ̃i| , i = 1, 2 . (69)

The normalization is of course dependent on the number of atoms in the CN.

The relation between symmetry breaking and gap opening outlined in the

previous section is perfectly general and the mechanism at play for the distortions
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Figure 26: The gap opened for a (5, 5) by a M = 5 deformation as a

function of the amplitude A+ of the deformation defined in Eq. (67)

(A− = 0, φinitial = 0): the size of the gap increases quadratically in

A+. The deformed cross sections of the tube are shown for a few values

of the deformation amplitude.
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Figure 27: The power-law of the dependence of the size of the gap

on the deformation amplitude A+ (67) (with A− = 0) is different for

different combinations of the angular symmetry M and the index n of

the (n, n) tube.
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here considered is exactly the same: the crossing at the Fermi level of the valence

π and conduction π∗ bands persists whenever the distortion preserves at least one

symmetry plane. In Fig. 25 we report the calculation of the gap size of a (10, 10) in

presence of the radial+angular deformations (66, 67) with M = 5 (here we choose

A+ = 5 Å, A− = 0, and t = 0): the gap closes with the expected 9◦ periodicity

in φinitial, corresponding to the presence of σv planes or σ′
v planes alternatively.

Figure 26 illustrates instead the dependence of the gap at fixed initial phase

on the amplitude A+ (A− = 0), showing that for the combination of M = 5

and (5, 5) is quadratic. This suggests to ask for the general relation between

the size of the gap, which is related to the strength of the coupling of the two

crossed bands for the ideal tube, the specific armchair tube considered (i. e. the

value of index n) and the angular symmetry M . In Refs. [34, 35] the order of

the coupling between π and π∗ bands is evaluated considering nearly degenerate

perturbation theory for a 2 × 2 effective TB Hamiltonian: the perturbation is

represented by a potential with chosen angular periodicity M and amplitude, say

V . It is found that the gap opening due to the breaking of mirror symmetries

goes as V η, where η = 2n/ gcd(2n,M) [35]. This in our specific case means for

example that for a (n, n) nanotube and M = 2n the gap would increase linearly

with the deformation amplitude A+, and quadratically for M = n. Figure 27

seems to confirm this prediction: the gap of a (5, 5) goes linearly for m = 10

(η = 1) and quadratically for m = 5 (η = 2) , while with a (10, 10) is quadratic

for m = 10 and, at the deformation amplitudes shown, negligible for m = 10

(η = 5). A useful guideline to control the gap size by tuning the deformation for

a given armchair tube is thus provided. We note that for the (5, 5) and (10, 10)

here studied, physically meaningful deformations with M 6= n, 2n lead to a much

more suppressed coupling (η > 3), and this explains the low values for M 6= 5 of

Figs. 20 and 21.

5 Nonadiabatic time-evolution

As anticipated by the considerations of Sec. 3.3, in order to investigate the possi-

bility of an electronic current induced by coupling with rotating phonons in the

nanotubes we need to take into account nonadiabaticity in the electron-phonon

coupling. From the adiabatic-approximation point of view, the time scale of the

ionic motion is negligible with respect to the electronic one: the electrons are

practically representable in a frozen-phonon picture, assuming that they follow

perfectly the ionic motion and at each fixed time-frame in the ionic dynamics
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are at equilibrium. We consider phononic perturbation rotating around the tube

circumference in time as described in Sec. 4.3, which induce radial and angular

deformations varying in a plane orthogonal to the tube axis with a given an-

gular symmetry but uniform along the axis. Depending on the electronic gaps,

these deformations could even be fast enough to perturb nonadiabatically the

electronic motion, dragging the electrons around in such a way that at given time

they cannot be considered at equilibrium but are still catching up with the ionic

displacements, especially if we assume that all electronic relaxation mechanisms

are slow. As no current is possible in the perfectly adiabatic limit, it is precisely

this nonadiabatic dragging that can induce a proper electronic current.

To study the nonadiabatic effects of rotating deformations we focus now

on band states which are the exact eigenstates of a corresponding Hamiltonian,

i. e. the solutions of a standard eigenvalue problem: the developed formalism ap-

plies directly to a orthogonal TB scheme, as is the case of the Jahn-Teller system

studied in the next section, but calls for further discussion for the case of nan-

otubes, where we handle actually a generalized eigenvalue problem. We first con-

struct a time-dependent Hamiltonian H(t), with time-dependent displacements

representing the rotating deformation. In a orthogonal TB scheme, this Hamil-

tonian rules the Schrödinger evolution of the eigenvectors of the TB calculations,

that is of the band states of the system. We indicate here the band states and

their creation operators, in the Dirac notation version of Eqs. (24, 23) with the

overlap matrix as the identity one S = 1, as:

|B, k〉 = c†B,k|0〉 =
∑

jβ

Γ
(k)
B,jβc

†
jβ,k|0〉 =

∑

jβ

Γ
(k)
B,jβ|jβ, k〉 , (70)

where the eigenvectors of the TB eigenvalue problem are the columns of matrix

Γ, and c†B,k c
†
jβ,k are the creation operators in the basis {|B, k〉} and {|jβ, k〉}

respectively. The many-body ground state of the system |ΨMB〉 is obtained as

the Slater determinant of the states |B, k〉 for all k:

|ΨMB〉 = A

( occ
∏

B,k

c†B,k

)

|0〉 , (71)

where A indicates antisymmetrizing and only occupied states contribute. The

computed tight-binding eigenvectors corresponding to an initial t = 0 atomic con-

figuration are taken as initial conditions to integrate numerically the Schrödinger

equation and obtain the time evolution of the individual band states:

i
∂

∂t
|ΨB,k(t)〉 = H(t)|ΨB,k(t)〉 . (72)
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This assumes that each eigenvector evolves independently and maintains the same

occupation number during the evolution. To see that the evolution does not mix

the band states, it is useful to leave the Schrödinger picture and define the time-

dependent creation/destruction operators c̃†B,k(t), c̃B,k(t), which by analogy with

the evolution of the density matrix of a statistical system, follow a time-inverted

Heisenberg evolution:

c̃†B,k(t) = U(t)c†B,kU †(t)

c̃B,k(t) = U(t)cB,kU †(t) . (73)

The Schrödinger equation for the time-evolution many-body operator U is:

i
∂

∂t
U(t) = H(t)U(t) , (74)

where we take ~ = 1 for convenience. With many-body operator we mean that it

evolves the proper MB eigenstate of the system (71). In our single-particle pic-

ture the creators/destructors of single-particle states remain one-body operators

(while in presence of interactions they would contain many-body terms), as is

seen from the following equation with the Hamiltonian as a one-body operator:

i
∂

∂t
c̃†B,k(t) =

[

H(t), c̃†B,k(t)
]

. (75)

By noticing that

c̃†B,k(t) |0〉 = U(t)c†B,kU †(t) |0〉 = U(t)c†B,k |0〉 , (76)

because (by E(|0〉) = 0):

i
∂

∂t
U †(t) |0〉 = U †(t)H(t) |0〉 = 0 ⇒ U †(t) |0〉 = |0〉 ∀ t , (77)

it is implied in particularly that Eq. (72) holds and the many-body operator U
acts separately on each single-particle state, or, in terms of creators:

U(t)c†B,kc
†
B′,k |0〉 = c̃†B,k(t)c̃

†
B′,k(t) |0〉 . (78)

We first specialize the present approach to a simple triatomic system to

clarify the mechanisms at play before considering implications for the nanotubes.

We shall first use a simple Jahn-Teller handy toy-model, showing features of the

electron-phonon coupling similar to the nanotube ones, and study the current-

induction effect which we will then discuss in the much more intricate case of a

nanotube.
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Figure 28: Left: the Jahn-Teller trimer presented schematically in

the undistorted equilateral geometry. Center and right: the directions

of the displacements defining qx and qy phonons.

5.1 The Jahn-Teller trimer

Consider a e ⊗ E Jahn-Teller (JT) system, where a doublet of degenerate elec-

tronic states (E) couples with a doublet of degenerate vibrational modes (e). This

two-fold orbital degeneracy is realized most simply in an equilateral triangular

symmetry, representing structures like the trimers H3, Li3 and Na3 [69, 70, 71].

The Jahn-Teller interaction is a widely studied example of electron-phonon cou-

pling and produces a rich variety of phenomena even for very simple molecules

[72, 73, 74, 75, 76]. It provides a useful testing ground to outline mechanisms sim-

ilar to those at play in the electron-phonon coupling of the armchair nanotubes.

The distinctive feature of the JT interaction is a multiplet of degenerate or

quasi-degenerate electronic states interacting with one or more normal modes of

vibration, pretty much like what we are investigating in the case of nanotubes.

The Jahn-Teller theorem states that for almost any set of degenerate electronic

states associated with a molecular configuration of a system, there exists some

symmetry-breaking interaction in which a molecular distortion causes the removal

of the degeneracy, i. e. the system can lower its energy under certain asymmetric

distortions of the molecular configuration. The proof of the theorem rests upon

group theory and basically consists in finding the point symmetry group under

which each molecule considered is invariant, listing the normal modes classified

by their symmetry, and show that, since also the electronic states can be classified

and labeled by an irreducible representation of the point group for the symmetric

ionic configuration, symmetry allows the electron-phonon matrix elements linear

in the displacements to be non-zero.
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The JT activity in the case of a trimer can be derived by considering a

straightforward basis set only consisting of s-type functions on the vertices of the

triangle. These functions represent our TB basis (assumed orthogonal) and we

label them as the corresponding atoms: {|a〉, |b〉, |c〉}. The electronic properties

of the unperturbed system are described by a 3 × 3 tight-binding Hamiltonian

including only the Hssσ integrals of Eq. (42), and overlap matrix as the identity.

We choose the simplest distance-dependent parameterization of these integrals:

essσ ≡ −γ̃0 = −4

h2
ssσ ≡ α = 0.15

fssσ = gssσ = 0 . (79)

Assume that the trimer could be allowed to relax under the constraint of perfect

symmetry. For example, by further including a repulsive atom-atom interaction,

the total energy can be minimized to find the equilibrium distance between atoms

u0 in Fig. 28. With the origin of coordinates placed at the center of the triangle,

the equilateral positions of the atoms are:

da
0 =

u0√
3

(

cos
(

−π
6

)

, sin
(

−π
6

))

,

db
0 =

u0√
3

(

cos
(π

2

)

, sin
(π

2

))

,

dc
0 =

u0√
3

(

cos

(

7π

6

)

, sin

(

7π

6

))

, (80)

with u0 the equilibrium distance. The correspondent TB Hamiltonian for the

electrons can be written in the following form:

H0 = −γ0







0 1 1

1 0 1

1 1 0






, (81)

where γ0 = γ̃0 exp(−αu0). The parameters γ0 and α are arbitrary and could be

taken to define the natural units of the trimer model: energy (and thus frequency,

by setting ~ = 1) and inverse length respectively.

By diagonalizing H0, we find a single electronic level plus a doubly degen-

erate level:

|ts〉 = (|a〉 + |b〉 + |c〉)/
√

3 ,

|x〉 = (|b〉 − |c〉)/
√

2 ,

|y〉 = (2|a〉 − |b〉 − |c〉)/
√

6 . (82)
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Figure 29: The deformations of the JT trimer triangular structure

around a closed circular path in the space {qx, qy} of the displacements

defined by Eq. (84). Note that, for a counterclockwise rotation in

(qx, qy), the actual distortion of the trimer, e. g. the short bond, rotates

backwards, i. e. clockwise.
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Of the three normal modes of the triangular molecule, one is just a uniform

dilation and fully preserves the D3 group of the equilateral triangle, thus we can

ignore it in studying the coupling with the electronic system, because it does

not split the electronic degenerate level. The two other modes are degenerate

and lead to the deformations of the triangle sketched in Fig. 28. Being qx and qy
the normal-mode displacement coordinates associated to each of these two modes

respectively, the displaced atomic coordinates are:

da = da
0 +

(

− 1

2
√

3
,
1

2

)

qx +

(

−1

2
,− 1

2
√

3

)

qy ,

db = db
0 +

(

− 1√
3
, 0

)

qx +

(

0,− 1√
3

)

qy ,

dc = dc
0 +

(

− 1

2
√

3
,−1

2

)

qx +

(

1

2
,− 1

2
√

3

)

qy . (83)

In the picture of the trimer model, the closest thing to a rotating phonon is

the excitation of qx and qy with the same amplitude q0 and a phase delay of π/2.

The rotating deformation

qx = q0 cos(ωt) ,

qy = q0 sin(ωt) , (84)

depends on time with an angular frequency ω which is the frequency of the phonon

at hand. Figure 29 shows how the positions of the three atoms are effectively mod-

ified by introduction of the time-dependent displacements (84) over a full rotation

in the space of {qx, qy}. Each single atom rotates counterclockwise with angular

velocity ω and with a phase 2π/3 with respect to the two others: for the triangle

as a whole this results in a clockwise pseudo-rotation of the deformation, in the

sense that, in time, the shortest side of the triangle shifts clockwise around the

perimeter. Changing the distances between atoms modifies the hopping matrix

elements in Eq. (81) to Hij = γij = γ̃0 exp(−αuij) (where i, j run over the three

atoms and Hij are the matrix elements in the notation of Eq. (26)) yielding a

distortion-time-dependent Hamiltonian H = H(qx, qy), and splits the degeneracy,

opening a gap Egap. The Hamiltonian reads:

H(qx(t), qy(t)) =







0 −γab(t) −γac(t)

−γab(t) 0 −γbc(t)

−γac(t) −γbc(t) 0






, (85)

and rules now the time evolution of the system. Starting from the eigenvectors

at t = 0 (the electronic state corresponding to a pure qx distortions) as initial
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conditions we follow their time evolution according to the Schrödinger equation

(72). We compute the current as the instantaneous quantum-mechanical average

value of a current operator I(t) (in the tight-binding formalism of Sec. 3.3) on

the evolved state expressed on the TB basis:

〈I(t)〉 = 〈Ψw(t)|I(t)|Ψw(t)〉 w=1,2,3 . (86)

The time-dependence of the operator I(t) is weak and is inherited by the time-

dependence of the hoppings of the TB Hamiltonian in the presence of rotating

deformations. Hereafter we indicate explicitly the time-dependence of the inter-

atomic distances and of hoppings, Hamiltonian, and currents, only when needed,

but it is understood that it is always implied by Eq. (84).

Only the contributions of the occupied states must be summed to get the

total current: in the trimer, once the degeneracy is split, the highest level is empty

and we can thus disregard it. Seeing the trimer as a one-dimensional atomic chain

with periodic boundary conditions, we can write Eq. (59) as:

∂qh
∂t

= iqe

(

Hh,h−1

(

c†hch−1 − c†h−1ch

)

+

− Hh+1,h

(

c†h+1ch − c†hch+1

)

)

=

−iqe
(

γh,h−1

(

c†hch−1 − c†h−1ch

)

+

− γh+1,h

(

c†h+1ch − c†hch+1

)

)

,

(87)

with h = {a,b, c} and PBC c + 1 = a (note that in the last two lines the minus

sign has been extracted from the hopping matrix elements and the γi,j are strictly

positive), leading to:

Ia,b = −iqeγba

(

c†bca − c†acb

)

,

Ib,c = −iqeγcb

(

c†ccb − c†bcc

)

,

Ic,a = −iqeγac

(

c†acc − c†cca
)

. (88)

In Eqs. (87) and (88) spin indexes have been omitted for simplicity. These oper-

ators represent the number current between pairs of next-neighbors sites, that is

the number of electrons jumping from one site to the next in the unit time. The

resulting currents are therefore given per unit charge and are measured in units

as angular frequency and as energy (~ = 1). Indeed Ij,i is proportional to the

corresponding hopping γij (uij). During the rotation, these hoppings oscillate in
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Figure 30: The average of the time-dependent hopping parameter γab

as a function of the absolute dimensionless displacement of the normal

modes q0α, where q0 is defined in Eq. (84) and α in Eq. (79).

time periodically, but for small distortion (q0 → 0) these deviations vanish and

γij approaches γ0, the value for the undistorted equilateral geometry. Indeed, as

shown in Fig. 30, γij averages to γ0 but for corrections which are quadratic in

q0. To carry out in practice the numerical calculations we select arbitrarily the

current operator Ia,b (the two other possible choices being equivalent because the

charge looping around the triangle is conserved) and compute the current as:

I =

3
∑

B=1

fF (EB)IB =

=
3
∑

B=1

fF (EB) 〈ΨB(t)|Ia,b(t)|ΨB(t)〉 =

=2 〈Ψ1(t)|Ia,b(t)|Ψ1(t)〉 + 1 〈Ψ2(t)|Ia,b(t)|Ψ2(t)〉 ,

(89)

where fF (EB) are the Fermi occupation numbers of the TB eigenstates, and

assuming indexing in order of increasing energy.

5.1.1 Analytical solution in the 2×2 subspace

The totally symmetric state |ts〉 is separated widely from the two others, see

Fig. 31, and will therefore contribute very little to the current, at least as long

as ω is not too large. It than makes sense to restrict to the 2 × 2 subspace of

the two initially degenerate electronic states |x〉, |y〉 of Eq. (82). We derive an

exact analytical expression for the average current in the approximation that only
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Figure 31: The spectrum of the JT trimer in the equilateral de-

generate configuration (left) and in a generically distorted one, with

the level splitting (right). Proportions are exaggerated in this simple

scheme: in the real case the ratio between the size of the gap and the

energy distance to the low-lying level |Ψ1〉 is much smaller. Level one

can actually contribute to the total current only when the oscillation

frequency is such that ~ω matches the separation with the two other

levels.

those two states contribute. This provides essential information to understand

the results of the numerical calculation for the 3 × 3 case and CNs.

In the tight-binding basis {|a〉, |b〉, |c〉} the current operator Ia,b has the

matrix form:

Ia,b = qe







0 i γab 0

−i γab 0 0

0 0 0






. (90)

We can re-express Ia,b in the basis of the eigenstates {|ts〉, |x〉, |y〉} (82):

Ia,b = qe







0 i γab√
6

i γab√
2

−i γab√
6

0 −i γab√
3

−i γab√
2

i γab√
3

0






. (91)

It is apparent that by restricting to the {|x〉, |y〉} subspace we find that the current

operator is proportional to the Pauli matrix σy.

Also the tight-binding Hamiltonian can be expressed in this basis of eigen-

states of the equilateral triangle. While the explicit expression, constructed by

plugging in Eq. (85) the expression for the hoppings resulting from Eqs. (83, 84),

has a general non trivial and nonlinear dependence on qx and qy, by expanding

the hoppings γij = γ̃0 exp(−αuij) to first order, we can extract some useful infor-
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mation from the linearized Hamiltonian, which in the {|0〉, |x〉, |y〉} basis reads:

H = γ0







−2 0 0

0 1 0

0 0 1






+ αγ0







0 qx√
2

qy√
2

qx√
2

qy qx
qy√
2

qx qy






+ O(αq0)

2 . (92)

Restricting to the 2 × 2 {|x〉, |y〉} subspace we see that, apart from a constant

shift, the Hamiltonian can be written in terms of the Pauli matrices as

H2×2(t) = αq0γ0 [cos(ωt)σz + sin(ωt)σx] + O(αq0)
2 . (93)

Neglect of O(αq0)
2 terms maps the simplified 2×2 problem to an equivalent

problem for a spin-1/2 (two-component spinors in the Pauli formalism) in a rotat-

ing magnetic field, with the two states represented in the usual spin-up/spin-down

basis:

|x〉 → | ↑ 〉 =

[

1

0

]

|y〉 → | ↓ 〉 =

[

0

1

]

. (94)

For convenience we take the Hamiltonian in the form:

H(t) =
∆

2
[cos(ωt)σz + sin(ωt)σx] , (95)

i. e. we indicate by ∆ the gap energy αγ0q0, which determines the splitting be-

tween the two basis levels |x〉 and |y〉. This 2×2 spin two-level model is completely

characterized by the ratio ω/∆. The solution of the time-dependent Schrödinger

equation (74) with Hamiltonian (95) is given in matrix form [77] by:

Ũ(t) =
N
2











−(i+ 1) (keiωt + 1) e−iω+t −(i+ 1) (k − eiωt) e−iω−t

(i− 1) (keiωt − 1) e−iω+t (i+ 1) (k + eiωt) e−iω−t











, (96)

where:

ω′ =
√

∆2 + ω2 (97)

ω± = (ω ± ω′)/2 (98)

k = (ω + ω′)/∆ (99)

N = 1/
√

1 + k2 . (100)

To satisfy the initial value condition U(0) = 1, we define U(t) as:

U(t) = Ũ(t) Ũ †(0) , (101)
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where:

Ũ †(0) =
N
2











−(1 − i) (k + 1) −(1 + i) (k − 1)

−(1 − i) (k − 1) (1 + i) (k + 1)











. (102)

The resulting form of the matrix U is reported in the Appendix.

We then evaluate the current as the average value of the matrix (qeγ0/
√

3)σy

between evolved states starting from the | ↓ 〉 eigenstate:

I↓ =
qeγ0√

3
〈 ↓ | U †(t) σy U(t) | ↓ 〉 . (103)

The final explicit form of the matrix U †(t) σy U(t) is reported in the Appendix.

Here we perform just the multiplication Ũ †(t) σy Ũ(t), which simplifies Eq. (103)

to the form:

I↓ =
qeγ0√

3
N 2〈 ↓ | Ũ(0)

[

1 − k2 2k expiω′t

2k exp−iω′t −(1 − k2)

]

Ũ †(0) | ↓ 〉 . (104)

The final expression obtained for the current displays the compact form

I↓ =
qeγ0√

3

2k(k2 − 1)

(k2 + 1)2

(

1 − cos(ω′t)
)

, (105)

which shows immediately that, even though the time evolution of the states

(96) contains both frequencies ω and ω′, plus their combinations ω+ and ω−,

eventually the current oscillates in time at the frequency ω′ =
√

∆2 + ω2. The

average current over one period is obtained by suppressing the oscillating cos(ω′t)

part:

Ī↓ =
qeγ0√

3

2k(k2 − 1)

(k2 + 1)2
. (106)

From the expression of k we extract the limits of slow and fast rotations:

k →
{

1 + ω
∆

for ω ≪ ∆, adiabatic limit
2ω
∆

for ω ≫ ∆, anti-adiabatic limit .
(107)

The corresponding average current is:

Ī↓/(qeγ0/
√

3) →
{

ω
∆

for ω ≪ ∆, adiabatic limit
∆
ω

for ω ≫ ∆, anti-adiabatic limit .
(108)

Figure 32 reports the time-average Ī↓ of the current, Eq. (106), as a function

of the frequency ω, scaled by the model energy scale ∆. The resulting curve at
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Figure 32: The time-average of the current I↓ as a function of the fre-

quency ω, scaled by ∆: the limits (108) extracted from the analytical

solution (105) are retrieved. The current is positive, indicating that

electrons move opposite to the direction of rotation of the phonon, see

Fig. 29, and peaks at ω = ∆ with value qeγ0/(2
√

3), as can be checked

by deriving Eq. (106) with respect to ω and finding its maximum.

Left: semilogarithmic scale, right: logarithmic scale.

intermediate values of frequency is a single interpolation between the limiting

behaviors and peaks when ω matches the value of ∆. Note in particular that in

the extreme adiabatic limit ω → 0, we obtain vanishing current, as the system

follows in time an exact eigenstate of the instantaneous Hamiltonian, as discussed

in Sec. 3.3.

We checked that the current computed from Eq. (103), based on the time-

evoluted states obtained by numerical integration of the Schrödinger equation

(72) leads to the same result. For the original problem, the two opposite limits

ω ≪ ∆ and ω ≫ ∆ represent respectively the adiabatic limit of slow rotations

of the phononic deformation and the antiadiabatic limit of fast rotations, and

should characterize the global behavior of the current also in the extended 3 × 3

model for the trimer.

5.2 Numerical simulations for the Jahn-Teller trimer

We report here the results of the current calculations via explicit time evolution

described in Sec. 5 for the case of the e⊗E Jahn-Teller trimer. The Schrödinger

equation (72) is integrated starting from the eigenvectors at t = 0 of the Hamilto-
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Figure 33: Left: linear dependence of the average gap Ēgap on q0.

Right: oscillations of the gap opening between states |x〉 and |y〉 in

a period of rotation with respect to the average value for different

amplitudes q0 of the distortional modes.

nian (85) and the total current I is then obtained according to Eq. (89). Figure 33

shows that the gap between the two degenerate levels increases almost linearly

with q0 at fixed ωt, while, at fixed q0, does not remain constant in time during the

rotation of the Hamiltonian, but oscillates at thrice the frequency of rotation ω.

This indicates that the actual gap ∆ energy scale of the associated 2 × 2 model

is properly the average value Ēgap. In particular Ēgap takes the place of ∆ in

defining the current oscillation frequency ω′, Eq. (97).

The oscillation of Egap is related to the well-known warping of the adiabatic

potential energy surfaces (APES, ǫ±) of e ⊗ E Jahn-Teller systems: if only the

linear vibronic coupling terms are considered and vibrations are described in

the harmonic approximation, the JT distortions are characterized by the famous

‘Mexican Hat’ APES (with a continuum of equivalent minima), while including q2
0

and higher-order terms [78] produces warped APES with three equivalent minima

separated by saddle points, as illustrated in Fig. 34. Ref. [78] reported a detailed

study on the role of higher order terms in the vibronic coupling of a e⊗E Jahn-

Teller system, focusing on the contribution of cubic anharmonicity and coupling

of the electronic 2 × 2 system with excited states. In that work a rotation in the

space {qx, qy} with fixed radial coordinate (q0 in our notation) and variable phase

(ωt) was considered, like in our case. The shape of the APES ǫ±(ωt) was written

as an expansion on the cosine of the rotating phase ωt with coefficients depending

on the different coupling orders: ǫ±(q0, ωt) = C0
±+C1

± cos(3ωt)+C2
± cos(6ωt)+....

From this expression the origin of the ‘tricorn’ appearance of the warped APES
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Figure 34: The APES ǫ± of the e⊗E Jahn-Teller system, from [78]:

the ‘Mexican Hat’ for pure linear coupling and the ‘Tricorn’ for the

warped case including higher-than-linear couplings. Right: a top view.

Qθ and Qǫ correspond to qx and qy in our model respectively.

is clear and also the gap oscillations are understood.

These gap oscillations result in a modulation of the current in time (a kind

of beating) and should lead to visible effects, absent in the 2 × 2 case, when the

effective frequency ω′ (or multiples) matches the superimposed gap oscillation

frequency. We indeed find traces of this ‘resonant’ behavior in our numerical

simulations. Figure 35 reports the contribution Ī2 to the average total current,

Eq. (89), scaled by qeγ0/
√

3 as a function of frequency ω. This is the current

contribution obtained from the time-evolution of the eigenstate |Ψ2〉, the highest

occupied level: this state gives actually the bulk of the current, as the empty state

|Ψ3〉 does not contribute and the low-lying level |Ψ1〉 contributes very weakly.

Basically, the numerical calculations reproduce the curve of the 2×2 case almost

exactly, with the expected limiting behaviors (108) in the adiabatic/antiadiabatic

regimes and a peak at ω = Ēgap. However, a few new interesting features become

apparent. A clear resonance spike is found exactly at the ‘resonance’ frequency

ω′ = 3ω and the second resonance condition ω′ = 6ω realizes a less pronounced

spike (both in the adiabatic ω′ < Ēgap region of the curve). These conditions are

exactly those expected by the dependence of the gap warping along the {qx, qy}
rotation [78]. Higher-order resonances are proportional to vibronic couplings of

higher than cubic order, and have a practically null contribution. The third

spike, near ω/Ēgap ≃ 100 (antiadiabatic region) of the curve is also related to

a resonance condition but with a different explanation: it corresponds to ~ω

matching the gap separating the low-lying fully occupied level to the two others.

This analysis becomes particularly clear by inspection of Fig. 36, reporting all

three currents {Īw}w=1,2,3 obtained by evolving the three initial eigenstates of the
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Figure 35: The average value of the current I2 in Eq. (89), scaled by

qeγ0/
√

3, as a function of ω, scaled by the average value of the gap

between the two upmost states. This curve corresponds exactly to

the 2 × 2 plot of Fig. 32 except for some peculiar ‘resonance’ features

explained within the full 3 × 3 model.
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Figure 36: The three currents {IB}B=1,2,3 obtained evolving the three

eigenstates |ΨB〉 of the system are averaged over a few periods and

displayed as a function of ω/Ēgap rescaled by qeγ0/
√

3. I1 contributes

very weakly to the total current I = 2I1 + I2, except at the high

frequency resonance. I3 is not included in the current, as |Ψ3〉 is empty,

but is displayed to clarify the interplay between all three states.
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z

S

Figure 37: Perspective view of a (5, 5) CN, with the tube axis directed

as z. The surface S interrupting all circulating currents interrupts all

the horizontal C-C bonds along the tube axis.

Hamiltonian (81). It is seen that the spike in Ī2 matches the one spike of Ī3. The

current Ī3 related to the highest empty level is also displayed, even if it does not

actually contribute to the final total current, to outline the interplay between all

three levels. Recall the scheme of the trimer spectrum of Fig. 31, to identify this

transition.

5.3 Rotating currents in the CNs

We now come to discuss the generalization of the method of the previous section

to carbon nanotubes. We expect a similar mechanism to be at play when the

degeneracy of the metallic bands of the undistorted CNs is split by coupling to a

rotating phonon which opens a gap, as described in Sec. 4.3.

The total current looping around the CN circumference is proportional to

the CN length. This current could be computed by virtually interrupting the

77



2

1 I 1,2S

Figure 38: The cross-section of a (5, 5) CN deformed by a M = 5

phonon, (66). We select an arbitrary horizontal bond 1 → 2 along

the tube circumference: the corresponding current I1,2, by continuity,

must match the rotating current along all the horizontal bonds.

nanotube surface with an arbitrary rectangular surface S, as drawn in Fig. 37,

and summing the currents carried by all bonds crossing S. If this surface is placed

so that it interrupts all horizontal bonds, it makes it clear that the total current

equals the current crossing one horizontal bond multiplied by the number of such

bonds crossing S, which equals the number of cells in the CN, which is also to

be taken equal to the number Nk of k points in the discretized BZ. Analogously

to Eq. (89) for the trimer, we can select arbitrarily the bond 1 → 2 to be cut

by the surface S, see Fig. 38, and consider thus I1,2 (increasing indexes follow

the counterclockwise direction around the circumference). Accordingly, the total

current looping around the CN amounts to:

I 	 =

Nk
∑

k=1

N×Norb
∑

B=1

fF (E
(k)
B )I

(k)
1,2(B) =

=

Nk
∑

k=1

N×Norb
∑

B=1

fF (E
(k)
B ) 〈ΨB,k(t)|I(k)

1,2(t)|ΨB,k(t)〉 .
(109)

The second sum in Eq.(109) is over the N × Norb band states for each k-point,

and the band energies E
(k)
B determining the Fermi occupancies in the sum refer

to the electronic eigenstates of the t = 0 Hamiltonian, in the initial distortion.
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The current contribution of a single band B can be separated as:

IB =

Nk
∑

k=1

fF (E
(k)
B )I

(k)
B =

=

Nk
∑

k=1

fF (E
(k)
B ) 〈ΨB,k(t)|I(k)

1,2(t)|ΨB,k(t)〉 .
(110)

The approach to the current calculation by integration of the Schrödinger

equation, described in Sec. 5, applies straightforwardly to the trimer model, as

we have shown, and provides the effective way to evaluate the current. The

application to CNs, however, requires further clarification. The generalization

would be entirely straightforward if the TB for carbon was orthogonal. However,

as discussed in Sec. 3.1.3, the NRL implementation of our choice is not. Taking

correctly into account the non-orthogonality of the TB scheme adopted here is

necessary to evaluate the current. The initial states in the Schrödinger equation

(72) must be the eigenstates of the corresponding Hamiltonian at t = 0. The

TB eigenvectors obtained as solutions of a generalized eigenvalue problem as in

Eq. (23), match a Schrödinger time-dependent equation equivalent to Eq. (72) for

example, by switching to the Löwdin basis, for the new Hamiltonian S−1/2HS−1/2

of Eq. (50). The implementation of the Schrödinger problem accounting for non-

orthogonality is the first needed development of the analysis conducted in the

present work, but could not be carried out for lack of time.

Once this time evolution is implemented, the coupling of the electronic sys-

tem to the rotating phonon is in principle analogous to the one discussed for the

JT trimer, with the two bands degenerate at the Fermi level in the undistorted

geometry taking the role of the states |x〉, |y〉, Eq. (82), in the equilateral trimer.

However, by the analysis of CNs band structures in the presence of phonons car-

ried out in Sec. 4, an important difference with the trimer case arises. Specific

configurations of the atoms preserve the CN mirror symmetries which imply a

gap closing. These ‘metallic points’ along the evolution could have important

consequences for the induced current. Indeed, the evolving states {|ΨB,k(t)〉} are

likely to undergo a dramatic change when a gapless symmetric atomic configura-

tion is retrieved along the phonon rotation. At such instants, the restored metal-

licity strongly alters the electrons distribution. In particular, this implies that

an a-priori distinction between adiabatic and antiadiabatic regimes is, strictly

speaking, no more possible. Even extremely small frequencies ω behave adiabat-

ically for most of the time, but in short intervals around the metallic points they

can induce abrupt reconfigurations of the electrons. Moreover, we note that the
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gap periodic oscillations as seen from the point of view of an electron in the π

or π∗ bands averages to zero in time, because at the gap closing the two bands

actually exchange. This is another major difference with respect to the trimer

case, where the gap oscillates weakly around an average value which depends on

the strength of the linear coupling with the phonon modes, see Fig. 33. By these

considerations it is apparent that the phenomenon of current induction is indeed

far more complex for the nanotubes, and calls for further investigation.

6 Discussion and conclusions

We develop a method to compute the circulating currents as driven by nonadia-

batic phonons in nanotubes. Implementation for a simple triatomic Jahn-Teller

system, confirms that we have realized an effective operational scheme to calcu-

late the current. The analysis started in the present work needs an important

generalization to account for a non-orthogonal TB parameterization such as the

one adopted here. A simpler approach possibly worth exploring is to resort to

a orthogonal parameterization as the one of Ref. [50] (at the price of limiting

to nearest-neighbor interactions) for preliminary calculations. Also interesting

could be investigating the full framework of the nanotubes sliding simulations of

Ref. [1], i. e. both a inner and outer tube, coupled together.

Considering typical phonon frequencies in the nanotubes (∼ THz), a prelim-

inary evaluation suggests that indeed sizable currents of order 10−3 µA/µm can

be induced by rotating phonons. The possibility to measure experimentally such

currents is rather unlikely. Direct measurement in particular is not easy. Also

an indirect measurement based on the produced magnetic field is likely to turn

out very difficult. The magnetic field inside the tube is of order 10−9 T, which

is sizeable. However, due to the tiny tube cross section, the associated flux is

extremely small (∼ 10−29 Tm2), below the sensitivity even of modern SQUIDs.

The theory could be improved by (i) taking beyond-nearest-neighbor hop-

pings into account, which could correct the obtained currents by approximately

10%; (ii) taking electron relaxation effects into account; (iii) constructing a more

realistic initial state. The preliminary calculations of the present work are how-

ever useful to outline the main features of the mechanism at play, to estimate

the frequency dependency of the quantities at hand, and to demonstrate the

feasibility of the method.
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A Appendix

The explicit matrix form of the operator U(t) defined in Eq. (101)

U(t) = N 2

[

U11 U12

U21 U22

]

, (111)

is given by:

U11 = k(k cos(ω−t) + i sin(ω−t) + cos(ω+t) − ik sin(ω+t)

U12 = k(−k sin(ω−t) − i cos(ω−t)) − sin(ω+t) + ik cos(ω+t)

U21 = k(k sin(ω−t) − ik cos(ω−t)) + sin(ω+t) + ik cos(ω+t)

U22 = k(k cos(ω−t) − i sin(ω−t) + cos(ω+t) + ik sin(ω+t) .

The current matrix of Eq. (103)

U †(t) σy U(t) = N 4

[

W11 W12

W21 W22

]

, (112)

is then:

W11 = 2k(k2 − 1)(cos(ω′t) − 1)

W12 = −i(k2 − 1)2 + i4k2 cos(ω′t) + 2k(1 + k2) sin(ω′t)

W21 = i(k2 − 1)2 + i4k2 cos(ω′t) + 2k(1 + k2) sin(ω′t)

W22 = −2k(k2 − 1)(cos(ω′t) − 1) .
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