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Abstract

In this work we study finite-size effects of nanoscale lubricant 2D droplets

(or islands) by molecular dynamics. A small lubricant droplet is confined

between two 2D crystalline layers; the bottom layer is static, while the

top one slides rigidly. Simulations show that small nearly-lattice-matched

islands can snap to commensuration entirely, changing their initial particle-

particle distance ap to match the closest-in-registry lattice spacing ab so

as to place epitaxially each lubricant particle in one energetically conve-

nient hollow site of the bottom surface. For strongly mismatched islands

instead, a solitonic pattern can remain trapped within the island, which

deforms to a triangular-like shape. An overall droplet rotation during the

snapping process is also observed under certain circumstance. Studying

islands dragging phenomena, we find that commensurate snapped to com-

mensuration droplets remain pinned to the bottom layer even when the

top layer advances; while, when solitons are present and under favorable

circumstances, the lubricant advances at some intermediate speed.

Advisor: Prof. Nicola Manini

Co-Advisor: Prof. Giuseppe Santoro
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Figure 1: The Lennard-Jones interaction energy, with ε = 2 and

σ = 1.7.

1 Introduction

Recent works [1, 2, 3, 4, 5] studied the lubricant friction problem for 2D infinite

lubricant layers, and 1D finite-size chain [6, 7]. In the context of boundary lubri-

cant, in this work we study finite size effects of nanoscale lubricant 2D droplets

or islands by molecular dynamics. A lubricant island is represented by clas-

sic point-like Lennard-Jones (LJ) atoms, arranged in an approximately circular

shape. The lubricant is sandwiched in between two substrates, represented by

perfect 2D crystals. Each lubricant particle interacts with the other lubricant and

substrate particles through a LJ potential. Lubricant particles are free to move in

any direction, while the bottom layer is static and the top layer moves rigidly as a

whole. We investigate how the snapping-to-commensuration phenomenon affects

nearly-matched finite-size islands. Once we identify strongly mismatched islands

which do not snap to commensuration and should therefore remain more mo-

bile, we make the top layer slide, and verify under which conditions the lubricant

droplets advances in between. While solitonic lines generally favor sliding, the

presence of non parallel solitonic lines in mismatched islands can hinder lubricant

dragging phenomenon.
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2 The model

We represent the confining solid surfaces by two perfect crystalline 2D rigid lay-

ers, with hexagonal lattices representing, e.g. the (111) face of a cubic crystal.

Between these rigid layers we insert a circular-shaped island of mobile lubricant

atoms. Each atom composing the drop-like lubricant island is treated as a classical

particle of unit mass (m = 1). While the reciprocal positions of top and bottom

substrate atoms are fixed, the atoms composing the lubricant island move freely

under the action of pairwise LJ interactions between lubricant atoms themselves

and between the lubricant atoms and the ones forming the top and the bottom

layer. For the LJ interaction energy (see Fig. 1) we consider the expression

φLJ(r) = ε

[

(σ

r

)12

− 2
(σ

r

)6
]

, (1)

characterized by a minimum of depth ε at r = σ. We truncate the interaction at

a cut-off radius Rc = 2.5σ and shift the 2-body potential energy to eliminate the

energy discontinuity as follows:

φ(r) =

{

φLJ(r)− φLJ(Rc) r ≤ Rc

0 r > Rc

. (2)

The motion of the j-th lubricant particle is ruled by the following equation:

m~̈rj = −
Nt
∑

it=1

∂

∂~rj
φt,p (|~rj − ~rit |) +

−

Np
∑

j′=1,j′ 6=j

∂

∂~rj
φp,p (|~rj − ~rj′|) +

−

Nb
∑

ib=1

∂

∂~rj
φb,p (|~rj − ~rib |) +

+~fdamp j + ~fj(t), (3)

where ~rj is the position of the j-th lubricant particle; ~rit and ~rib are the position of

top and bottom atoms, Nb, Np and Nt are the numbers of bottom, lubricant and

top particles, and φb,p, φp,p and φt,p are the truncated 2-body potential energies

for the pair interaction between bottom-lubricant, lubricant-lubricant, and top-

lubricant particles, respectively, characterized by specific σ and ε parameters.

The gradient is computed as

∂

∂~rj
φ (|~rj − ~rj′|) =

~rj − ~rj′

|~rj − ~rj′|

∂φ(r)

∂r

∣

∣

∣

∣

r=|~rj− ~rj′ |

. (4)
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By convention, we select the reference frame where the bottom layer is static.

The top layer can be forced to move rigidly along x axis at a fixed horizontal

velocity ṙtopxit
(t) ≡ vext. The top layer also moves rigidly along the y and z axis

(its inertia equals the total mass of its atoms) under the interaction between the

top itself and the lubricant layers. For these y and z components, the motion of

it-th particle of the top layer is described by the following equations:

Ntmr̈topyit
= −

Nt
∑

i′t=1

Np
∑

j=1

∂

∂ry
φt,p

(
∣

∣ ~ri′t − ~rj
∣

∣

)

, (5)

Ntmr̈topzit
= −

Nt
∑

i′t=1

Np
∑

j=1

∂

∂rz
φt,p

(
∣

∣ ~ri′t − ~rj
∣

∣

)

, (6)

As all equations for rtopzi
and rtopyi

are the same, irrespective of it, in practice their

solution only differs for the initial arrangement ~rtopit ≡ ~rtop + ~rinitit . Here ~rinitit are

the initial positions of the rigid top 2D lattice, and only the equations for ~rtop are

integrated.

2.1 Friction work and thermostat

The total force needed to maintain the top layer motion at fixed velocity is given

by the action-reaction principle: it equals the total force which the top exerts on

the lubricant:

Ffrict =

Np
∑

i=1

Nt
∑

j=1

∂

∂rxi

φt,p (|~ri − ~rjt|) . (7)

The work of this friction force

Wfrict =

∫ τ

0

Ffrictvextdt = τvextF̄frict (8)

represent the total Joule heat that the advancing top layer pumps into the me-

chanical system over an interval τ . To remove this Joule heat, reach a steady

state, and control the lubricant temperature of this driven system, we use a stan-

dard implementation of the Langevin dynamics, derived by the damping term and

the Gaussian random force ~fj(t) added to the deterministic force acting on each

lubricant particle at the end of Eq. (3). The damping force includes symmetric

contributions representing the energy dissipation into both individual substrates

~fdampj = −η~̇rj − η
(

~̇rj − ~̇rtop
)

. (9)

Taking into account this twofold contribution to the η-dissipation, the null-

average Gaussian random force satisfies the relation:

〈fjx(t)fjx(t
′)〉 = 4ηkbTδ(t− t′), (10)
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and similarly for the y and z components, such that in a non-sliding regime

(vext = 0) the Langevin thermostat leads to a stationary state characterized by

standard Boltzmann equilibrium average kinetic energy of the lubricant:

〈Ek〉 =
3

2
NpkbT. (11)

This method represents a simple yet numerically stable and effective phenomeno-

logical approach to describe energy dissipation into the substrate occurring through

the excitation of phonons and (in the case of metals) of electron-hole pairs. For

lack of time, in the present work we will only simulate T = 0. To guarantee a

detailed force balance (Newtons’s third law), we add the following force term:

η

Np
∑

i

(

~̇ri − ~̇rt

)

= ηNp

(

~vcm − ~̇rt

)

(12)

to the equation for the motion of the top layer. While the y and z components

of this additional term have a real influence on the motion of the top layer,

the x components only adds to the external force Ffrict [Eq. (7)] required to

maintain the top velocity x component constant and equal to vext. For faster

island relaxation we adopt a large η = 0.25, while for dynamical simulations we

use η = 0.05, leading to a highly under-damped regime.

2.2 Length scales and units

The system involves three generally different kinds of materials characterized by

specific lattice spacings: ab, ap, at. We take LJ lengths σtt = at and σbb = ab.

These LJ lengths are used only to determine σtp and σbp by means of the Lorentz-

Berthelot mixing rules:

σtp =
1

2
(σtt + σpp) , σbp =

1

2
(σbb + σpp) . (13)

We take εbp = εtp = ε for all pairwise coupling terms, while εpp can assume

different values. The relation between σpp and ap will be discussed in Section 3.1.

We consider a set of ”natural” units in terms of ε (energy), ab (length), and

m (mass). All quantities are then expressed as dimensionless numbers, under-

standing that their value is referred to the natural units. To obtain a physical

quantity in its explicit dimensional form, one should multiply its simulated nu-

merical value by the corresponding natural units listed in Table I.

The spacing ab, ap, at and the angles of relative rotation, define the initial

conditions for the substrates and the lubricant island. Each layer is initially a
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Physical quantity Natural units Typical value

length ab 0.2 nm

mass m 50 a.m.u = 8.3 · 10−26 Kg

energy ε 1 eV = 1.6 · 10−19 J

time abm
1/2ε−1/2 0.14 ps

velocity m−1/2ε1/2 1400 m/s

force a−1

b ε 0.8 nN

Table 1: Table I: Natural units for several mechanical quantities in

a system where length, mass and energy are measured in units of ab,

m, ε = εbp = εtp. Typical physical values are also reported.

perfect 2D hexagonal lattice, with the lubricant layer cut out in an approximately

circular form.

The three different spacings ab, ap, at give rise to two independent ratios

affecting the lattice mismatches:

rt =
at
ap

, rb =
ab
ap

. (14)

We perform the numerical integration of Eqs. (3), (5), (6) by means of an

adaptive fourth-order Runge-Kutta-Fehlberg method.

2.3 Boundary conditions

To be able to explore many different configurations and to follow their evolution

long enough, simulations must involve a number of atoms Np ≃ 103, negligible

compared to those involved in the realistic interface of macroscopic pieces of

matters (easily of the order of 107 in a µm2): such a large number of atoms

would require massive computational resources. To alleviate this problem and

impose precise lattice-spacing ratios, we use periodic boundary condition (PBC)

in the xy plane for the top and bottom layer: the particles are enclosed in a box

generated by two vectors ~acelli of length L. This supercell is replicated infinitely

by means of rigid translations.

In the simple case in which the crystalline directions of the bottom and top

lattices are parallel, it is straightforward to construct the appropriate supercell,

which has the same alignment as the other lattices, and its side L is taken as

an integer multiple of both the top and bottom lattice spacing. The lubricant

island, significantly smaller than L in diameter, is not affected by the PBC, thus

ap needs not be in any special relation to L.
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Figure 2: The average nearest-neighbor distance of an isolated finite

size lubricant island at mechanical equilibrium as a function of the LJ

minimum distance σpp. Initial particles distance ap = 1, η = 0.25. In

the calculation of 〈dpp〉 for the N = 2499 island, only inner particles

have been considered in order to avoid island-edge effects. Data are

red, the green line represents the linear regression. An arrow indicates

the intersection between linear regression and 〈dpp〉 = 1 line, at σpp =

β = 1.0083.

3 Results

We come now to study the behavior of LJ finite-size droplets in the presence and

even in the absence of confining perfect crystal layers. In particular we investigate

the existence of the snapping-to-commensuration phenomenon and the droplets

movement under the effect of a sliding top layer for different island sizes.

3.1 Relaxed island inter-particle spacing

The lubricant-bottom interaction is entirely ruled by pairwise couplings, which

tend to favor the ”hollow” surface site compared to the ”bridge” and ”top” ad-

sorption sites. The bottom-particle and particle-particle interaction defining pa-

rameters are εbp, εpp, σbp, σpp. While εbp = 1 and εpp is arbitrary, σbp is fixed ac-
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cording to the Lorentz-Berthelot mixing rules. As said above we assume σbb = 1,

and we tune σpp. We should first relate σpp to the droplet equilibrium geometry.

In order to study snapping-to-commensuration phenomenon, we compare the lu-

bricant particles spacing ap in ideal conditions, where no interaction with any

other layer is present, to the situation when only the interaction with the bottom

surface is present.

First of all, we want ap to represent the equilibrium particles distance of a

non interacting relaxed lubricant island. The relaxed nearest-neighbor distance of

an isolated island depends on the σpp value. We study an isolated lubricant island

with initial particle spacing ap = 1, and determine its average nearest-neighbor

particles distance 〈dpp〉 at equilibrium as a function of σpp. This procedure allows

us to evaluate the σpp value (indicated by β) that makes the particles distance ap
equal to unity.

We carry out simulations with different island size Np. A quick Np = 102

simulation allows us to locate the approximate relevant σpp-range. We then carry

out a Np = 2499 simulation. Figure 2 reports the resulting 〈dpp〉 in the Np = 102

and Np = 2499 island simulations. In the larger island, inner particles interact

very weakly with particles at the island edge. Because of that we will focus on

Np = 2499 island result as the most representative of the bulk case. By means of

a linear fit of the Np = 2499 nearest-neighbor distance, we evaluate the value β

of σpp which produces a final equilibrium distance 〈dpp〉 = 1. The obtained data

are compatible with β = 1.0083. This factor allows us to obtain a proportionality

relation between σpp and the nominal equilibrium spacing ap, namely σpp = ap ·β.

3.2 Snapping to commensuration

We come now to study the snapping to commensuration phenomenon. A de-

formable lubricant island interacts with a rigid-lattice mismatched crystal sur-

face. The island is initially laid symmetrically around the supercell center in

order to produce a round shape, with initial particle-particle distance ap and

nominal mismatch ratio rb. An example of initial and final relaxed configurations

is shown in Fig. 3. The island and the bottom-layer crystal surface are initially

parallel and aligned. Since the island does not reach across the periodic boundary

conditions, and the island is small enough to remain inside the crystal supercell

for all simulation time, it is allowed to undergo an overall relaxation, if energeti-

cally convenient. The system configuration is initially perfectly two-dimensional.

Afterward island particles can relax along z as well as in the lattice plane.

Simulations for Np = 102 particles islands are carried on until the system

reaches its mechanical equilibrium, namely when its total potential energy has

11



Figure 3: Unrelaxed initial (left) and relaxed (right) configuration

of a NP = 999 lubricant particles droplet (blue) on a perfect crystal

surface (red). The initial mismatch ratio is rb = 1.064.

reached a local minimum. On this state we measure the final average spacing,

and thus the resulting mismatch ratio r′b. Island particles change their relative

distance, at the same time maintaining an approximately bidimensional round

shape. For nearly-matched values of rb the islands maintain almost perfectly

their shape, while for under-matched and over-matched values of rb the overall

shape changes a little due to a soliton pattern remaining trapped inside the island.

An example is shown in Fig. 4. This island relaxes in a non-circular configuration

where atoms are confined by a triangular pattern of solitonic lines.

The r′b dependency on rb in Fig. 5 shows the tendency to snapping to com-

mensuration. For a nearly-matched island a nearly-flat plateau in r′b indicates

that snapping has occurred. In the Np = 102 island, this plateau in r′b extends

over the 0.935 < rb < 1.087 region, for an intermediate-strength inter particle

interaction εpp = 1.0. The plateau extends more in the over-dense rb > 1 region

than in the rb < 1 region, because the rb < 1 region is characterized by islands

with ap > ab which means that, to snap, lubricant particles should decrease their

relative distance and match the bottom-layer lattice spacing. The LJ potential is

highly repulsive below its minimum, see Fig. 1, thus decreasing lubricant particle

distance is energetically more costly than increasing it. For lower values of rb we

find no evidence of snapping to commensuration, although the system tends to

decrease potential energy reducing the particle-particle distance slightly. Over-

dense islands show several extra snapping to partial-commensuration plateaus.

These far-from-commensuration islands snap to fractions of bottom lattice spac-

12



Figure 4: Initial (left) and relaxed (right) configuration of a Np =

102 lubricant particles island, with rather large mismatched ratio

rb = 1.205. During the relaxation the island deforms and forms a

triangular-shape solitonic line.

-700

-650

-600

E
to

t

0.9 1 1.1 1.2
r
b

0.9

1

1.1

1.2

r’
b

Figure 5: Final lubricant total energy (upper panel) and nearest-

neighbor particle spacing (lower panel) for Np = 102, εpp = 1.0 relaxed

islands.
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Figure 6: Final relaxed island particle spacing for a Np = 102 lubri-

cant particles island. Results for different values of εpp are compared.

ing, showing a step-shaped curve trend. We observe partial-commensuration

plateaus at height r′b ≃ 1.064, 1.087, 1.124. We find no evidence of partial-

snapping plateaus for rb > 1.205, but we did not investigate the rb > 1.25 region.

The deeply overdense region is hard to explore because islands tend to abandon

the epitaxial configuration and reconfigure in a three-dimensional bulky shape.

The total relaxed energy reported in Fig. 5 shows that a snapped plateau tends

to mark a local minimum of this energy, with the central region near commen-

suration gaining the most epitaxial energy, and paying smallest tribute to elastic

deformation energy.

3.2.1 Dependence on self-binding-intensity

As we can expect, different values of the lubricant self-binding interaction energy

εpp lead to different results, reported in Fig. 6. The snapping to commensuration

phenomenon is always observed, with the following differences. More rigid islands,

εpp = 1.5, show a smoother r′b(rb) dependence, with a more sloping central plateau

that extends over a smaller interval, here 0.943 ≤ rb ≤ 1.075. Partial-snapping

plateaus for overdense islands disappear, while the underdense region shows the

same behavior as before. Softer islands, εpp = 0.5, exhibit a flatter snapping-to-
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Figure 7: Final island particle spacing for a Np = 504 lubricant

particles island. Results for different values of εpp are compared.

commensuration plateau at the nearly-matched region, extending over a broader

interval, here 0.943 < rb < 1.111. The overdense region now displays a single

broad partial-commensuration plateau, rather than several small plateaus. This

plateau extends over the 1.124 < rb < 1.205 interval and it is centered around

r′b = 1.087. Even in the underdense region we now detect two small partial-

commensuration plateaus, one in 0.917 < rb < 0.926 at mean spacing r′b ≃ 0.935

and the other in 0.893 < rb < 0.909 at mean spacing r′b ≃ 0.909.

3.2.2 Number of particles dependence

We come now to investigate the size dependence of the snapping-to-commensuration

phenomenon, composing larger islands. In a island made of Np particles, Np ∝ r2,

where r is the circular island radius, while the number of particles on the edge

is Ne ∝ r. So, for larger droplets, fe = Ne

Np
is smaller than for smaller ones.

Edge particles have less neighbor particles to interact with, which means they

are weakly bounded to the rest of the island than those near the center. Because

of that we could expect a stronger and sharper snapping-to-commensuration ev-

idence for bigger islands. In order to snap-to-commensuration, a large island

needs to move the atoms far from island center further away from their initial
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Figure 8: Relaxed island particle spacing for a Np = 999 particles

island. Results (squares) for different values of εpp are compared.

Crosses and diamonds represent relaxed island particle spacing for ini-

tially bottom-commensurate lubricant configurations. Cross indicates

a more energetically favorable relaxed configuration and diamond in-

dicates a energetically unfavorable relaxed configuration, compared to

squares data.

position than a small island. This forces large droplets to relax in configurations

that represent local minimum of their potential energy. Such configurations are

partially commensurate and usually contain solitonic patterns.

The epitaxial tendency of a larger island produces a flatter plateau in r′b(rb).

Figures 7 and 8 show the relaxed spacing for Np = 504 and Np = 999. The

central plateau extends in 0.971 < rb < 1.064 interval for the Np = 504 particle

island and in the narrower 0.980 < rb < 1.053 interval for the bigger Np = 999

island. In the over-dense region the Np = 504 particles droplet shows a partial-

commensuration plateau in 1.190 < rb < 1.235 range at r′b = 1.205, together

with several smaller partial-commensuration steps, producing a typical staircase.

The Np = 999 particles island shows a broad partial-commensuration plateau for

1.087 < rb < 1.124 at r′b = 1.053. Both islands exhibit several small partial-

commensuration steps in the under-matched region. Fig. 9 shows two partial-

commensurate droplet configurations, characterized by a pattern of solitonic and
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Figure 9: Relaxed configuration for a Np = 999, rb = 1.111 (left)

and rb = 0.935 (right) island. Three lubricant soliton (left) and anti-

soliton (right) atoms occupy top sites, and several solitonic (left) and

antisolitonic (right) lines are present.

antisolitonic lines.

Figure 10 combines the results for all three different Np and different εpp.

Calculations show that the central commensurate plateau becomes flatter and

shorter as the island size grows, and the partial-commensuration phenomenon

become more well defined. Even though larger islands gain more energy in the

snapping process, this process requires the displacement of more atoms when the

island gets larger. Thus, underdense and overdense islands stabilize themselves

by snapping to a partial commensuration, trapping solitons inside, when they are

large enough. This is the reason why larger islands show shorter and stronger

central snapping plateaus and multiple partial-snapping smaller steps. The εpp
dependence seems to play a small role in the snapping phenomenon than the size

dependence, except for the smallest Np = 102 particles island, where small εpp
favors a broader partial-snapping plateau in the over-dense region, of which there

is no evidence in larger islands.

For comparison, we carry out simulations for N = 999 εpp = 1 islands

for rb near the edge of the central snapping plateau (0.943 < rb < 0.971 and

1.064 < rb < 1.111), with a different initial configuration. We prepare the initial

island configuration with the lubricant particle-particle distance equal to ab = 1,

instead of ap as done before. The LJ particle-particle length is taken the same we

used for previous simulations, σpp = βab/rb. The initial lubricant spacing is now

energetically favorable to the lubricant-bottom interaction, but energetically un-
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Figure 10: Relaxed particles distance for different Np and εpp.
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Figure 11: Initial and final configuration of aNp = 102 particles island

with mismatch ratio rb = 0.840 and εpp = 1.0. With relaxation the

island turns around the z axis. The counter clock rotation is selected

randomly.

favorable to the lubricant inter-particle interaction. These simulations, see Fig. 8

(crosses and diamonds), lead to a wider central plateau in r′b(rb), composed by

lubricant relaxed configurations characterized by different mechanical lubricant

energy than before. These new relaxed nearly-matched configurations are less

energetically favorable in the overdense region near and outside the plateau’s

edge, and more energetically favorable in all the underdense region and inside the

plateau at the overdense side.

3.2.3 Rotations

Other works [8, 9] demonstrated the possibility of orientation transition in incom-

mensurate structures and crystalline surface. Final configuration images indicate

that certain islands rotate by a small angle α around the z axis during relaxation.

Even the pattern of Fig. ?? indicates a local tendency to rotations. Figure 11

shows a clean example of a global-rotation phenomenon. Np = 102 particles is-

lands exhibit the following rotation angles α(rb): α(0.840) ≃ 3◦, α(0.847) ≃ −6◦,

α(1.220) ≃ −7◦, α(1.235) ≃ 7◦, α(1.250) ≃ 7◦. Np = 504 particles islands set-

tle on generally smaller rotation angles, e.g. α(0.847) ≃ 0.5◦, α(0.855) ≃ 0.5◦,

α(0.862) ≃ 3◦. As far as our simulations can tell, even larger islands (N = 999),

do not exhibit the spontaneous global rotation phenomenon. Instead for a num-

ber of islands the inner particles tend to rotate, while the outer ones remains

stuck near their initial alignment. It would be instructive to explore the relax-
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Figure 12: Movement of Np = 102, rb = 1.149 island under the effect

of a at = 3.0, vext = 0.01 sliding top layer (green). From left to right

and up to down t = 0, t = 1500, t = 3000, t = 4500, t = 6000,

t = 7500, frame is shown.

ation from initially rotated configurations, especially for large islands. However

for lack of time this phenomenon is not investigated further.

3.3 Sliding top lattice

Several works [1, 2, 3, 4, 5, 6, 7] on sliding friction pointed out that a mismatched

elastic layer confined between two crystalline surfaces can be dragged onto the

bottom surface when the top surface moves under the effect of an external force.

This is the standard behavior expected of a lubricant, but recent works [1, 2]

found that under suitable conditions the lubricant layer moves at velocity vcmx

such that its velocity ratio to the top speed vext given by the following relation:

ω =
vcmx

vext
= ωquant = 1−

1

rb
. (15)

For infinite layers, this phenomenon was interpreted as lubricant solitons created

by the inertia with the bottom layer being dragged along by the moving top layer.
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We call asol the solitonic spacing. Solitonic lines represent in a certain way

the excess (or lack) of lubricant particles with respect to the bottom particles.

As one can easily verify, the solitonic spacing is related to the lubricant-atom

spacing through:

asol =
ap

ab − ap
ab. (16)

Introduced the θ = at
asol

length ratio, it was shown that best results of sliding

phenomenon are obtained when θ is unity, or at least a simple natural ratio of

small integers [1, 2].

Here we investigate for the first time the sliding phenomenon for a finite

lubricant island. This island does not need to satisfy the same supercell PBC

as the top and bottom layers, and can therefore relax globally, as discussed in

Sec. 3.2 above. Accordingly, for the asol determination, in Eq. (16) for ap we do

not use its initial nominal value, but rather the effective average spacing ab/r
′
b

determined by relaxation. As a result, no lubricant dragging is to be expected in

the snapped plateaus.

We tested a number of islands with solitons. However, generally simulations

done for Np = 102 islands and θ = 1 show no sliding phenomenon. Using θ = 0.5

leads to the same results. The sliding phenomenon is not observed because at =

θasol is still comparable to the island radius. The top only perturbs the island

crossing it, but is not dense enough to drag particles along.

Using a denser top layer, at = 3.0, with vext = 0.01 leads to different results.

Snapped to commensuration islands still remain pinned to the bottom surface,

while incommensurate islands are strongly perturbed by the top layer. Solitonic

lines can follow the top layer movement if they are not parallel to ~vext. Parallel

lines tend to remain pinned on the bottom surface. Accordingly, the island usually

deforms, but eventually remains pinned to the bottom surface. Rotated islands

are eventually rotated back to α = 0◦ under the action of the sliding top layer. In

the case rb = 1.149 we find a peculiar reaction to the sliding top layer, illustrated

in Fig. 12. The upper half of the island advances, with the 60/120◦ soliton lines

following the top layer, while the lower half remains pinned to the bottom surface.

This is because the upper half contains ready-to-move soliton lines and the lower

half holds only a soliton line parallel to ~vext. After the detachment from the lower

half, the upper half moves at velocity ω = 0.080, close to ωquant = 0.083 obtained

based on r′b. Thus we find scarce but nonnull evidence of quantized velocity even

for finite-size lubricant islands. Using even denser top layer, at = 2.4, and adding

an external vertical load force fload = −0.1 leads to very similar results. Few

islands rb = 1.176, 1.190 (upper half), 1.205 (upper half) initially move, but stop

after a certain amount of time, when they run into a locked configuration. For
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at = 2.0 and fload = −0.5, the rb = 1.190 island (upper half) initially moves,

but stops after a while. This difficulty of dragging the Np = 102 islands can

be attribute to island edge particles, which are dominant for this small size.

Edge particles are free to occupy energetically favorable sites and oppose to the

movement of the solitonic lines, which are disposed non-parallel and too short to

push efficiently forward the lubricant island.

We also carry out simulations for larger droplets, Np = 999, for partial-

commensurate relaxed configurations, rb = 0.885, 0.893, 0.901. We adopt a top-

layer spacing at near to fraction of solitonic spacing asol(r
′
b), namely values of

θ = 1, 0.5, 4/3. None of these configuration shows a lubricant-droplet movement.

4 Discussion and outlook

We find some preliminary evidence that under suitable conditions an island of

finite size can realize the quantized sliding state. Furthermore systematic in-

vestigation is necessary to clarify the conditions for the presence/absence of the

quantized sliding state.
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