
A COMPUTATIONAL STUDY OF THE PHONONS OF α-QUARTZ

Abstract

In this thesis we report an ab-initio evaluation of the dispersion relation of the phonons of α-
quartz.  We  use  the  methods  implemented  in  the  software  package  named  Quantum 
Espresso, namely density functional theory (DFT), to compute the fully relaxed geometry of 
the crystal, i.e. the minimum of its adiabatic potential. Using density functional perturbation 
theory, we then evaluate the dynamical matrix at the equilibrium configuration. The normal 
modes  are  then  evaluated  by  means  of  the  diagonalization  of  the  dynamical  matrix, 
obtaining the phonon dispersions and displacement eigenvectors.
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1. Introduction

The  ab-initio  calculation  of  the  crystal  phonon  frequencies  is  a  standard  method  in 
condensed  matter  research.  In  particular,  quartz  is  an  insulating  crystal  with  broad 
applications  and  relatively  complicated  crystalline  structure.  This  structure,  involving  9 
atoms per cell leads to complicated phonon dispersions, see, for example, Ref. [1,8]. In the 
present thesis we compute the phonons of  α-quartz with a similar DFT methods. We are 
particularly interested in the splitting between transverse and longitudinal optical  modes 
near q = 0, namely in the long-wavelength limit. Indeed, as well known [2] and as studied 
recently in Ref. [3], this splitting arises because of long-range unscreened electromagnetic 
forces.  More  in  general,  we  intend  to  understand  how  the  long-range  forces  play  a 
significant role in the atomic displacements generating macroscopic fields in the crystal and 
how the fields affect atomic motions.



2. The structure

To start the simulation we need an initial configuration of the structure. We take it from 
experiment  [4].  The  primitive  cell  of  quartz  contains  nine  atoms (three  silicon and six 
oxygen). It has the form of a right prism with rhomboidal basis. Two of the primitive vectors 
(a and b) form an angle of 120°. The third one (c) is orthogonal to the plane in which a and 
b lay. Table 1 reports the experimental lengths of the three primitive vectors measured at 
standard conditions of temperature and pressure (300 K and 1 bar).
Table 2 reports the fractional coordinates of one silicon and one oxygen atom. From the 
positions of these two atoms in the primitive cell we can derive, by means of symmetry 
transformations, the positions of all nine atoms.

2.1 Atomic positions

We take  a  and  b  in  the  x-y  plane  and  c  perpendicular  to  this  plane,  pointing  in  the  z 
direction. Accordingly, we choose the primitive vectors as  

a  =  
1
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a x  −  √3
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a y
(2.1)

b  =  
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ax  +  √3
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a y (2.2)

c  = c z . (2.3)

With these primitive vectors we can derive the basis of atomic positions. We call these 
atomic positions Bi  (i = 1, … , 9) and identify the silicon atoms as the first three (i = 1, 2, 3) 

and the oxygen atoms the others (i = 4, … , 9). From Ref. [5] we see that they are expressed 
in terms of the primitive vectors as 
 

B1  =  x1 a  +  
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B3  =  −x1 a  −x1 b        (2.6)

B4  = x2 a  +  y2 b  +  z2 c (2.7)
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3

 −  z2 )c              (2.12)

where  x1,  x2,  y2 and  z2 are suitable parameters. Thus, the three silicon atoms in Cartesian 
coordinates are located at 
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 B3  =  −x1 a x .       (2.15)

Comparing these three silicon positions with the one reported in Table 2 we see that B3 is 
our known position. Then we obtain

x1  =  -0.4697 .          (2.16)

The Cartesian positions of oxygen atoms are
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Comparing,  for  example,  B4 with  the  oxygen position  given  in  Table  2  we  obtain  the 
remaining parameters  x2, y2, z2, 

x2  =  0.25887      (2.23)

y2  =  0.56753      (2.24)

z2  =  0.11890 .      (2.25)

Given these parameters, we obtain all atomic positions by means of the explicit expressions 
(2.4)-(2.12).  Quantum Espresso  requires  us  to  insert  these  data  in  units  of  a.  For  this 
purpose, we simply divide the resulting Cartesian coordinates by a.

Table 1. Experimental lengths of the primitive vectors of the hexagonal structure from [4].
 

a b c

pm 491.37 491.37 540.47

Atomic units 9.2855 9.2855 10.2134
  



Table  2.  Fractional  coordinates  of  a  silicon  atom and  an  oxygen  atom in  the  α-quartz 
structure, from Ref. [5].

x / a y / a z / c

Si 0.4697 0.0000 0.0000

O 0.4133 0.2672 0.1188

3. The simulation method

The simulation of the vibration of the  α-quartz require the evaluation of the equilibrium 
crystal  structure  and  of  its  derivatives  around  this  equilibrium  point.  To  evaluate  the 
adiabatic potential we adopt the Kohn-Sham implementation of DFT, expanding the single-
electron wave function as combinations of plane waves. 
We adopt the computer package named Quantum Espresso (QE) [6,10], a standard plane-
waves  code,  where  core  electrons  are  treated  as  pseudopotentials.  For  the  exchange-
correlation functional, we use a generalized gradient approximation, named PBE [7].  We 
use  projector augmented wave (PAW) pseudopotentials and we adopt a scalar relativistic 
combination, well suited for a material involving light elements.

3.1 Convergence tests

Given the pseudopotentials we must choose the right kinetic energy cutoff that determines 
the size of the plane-waves basis used to expand wavefunctions. We do this separately for 
oxygen and silicon placing a single atom in a simple cubic lattice structure.  The larger 
kinetic energy cutoff the more converged the total energy is. We choose the lowest value of 
kinetic energy cutoff, such that the total energy is converged within 10-3 Ry (more or less 
13.6 meV) of the infinite-cutoff energy. 

We vary the cutoff in steps of  5  Ry from 10 to 95 Ry. The first total energy value in the 
converged range, corresponds to a cutoff kinetic energy of 20 Ry (Figure 1).
For oxygen we do the same and we find that the first acceptable value is 60 Ry (Figure 2). 
However, we take 70 Ry as our cutoff which is quite similar and its total energy is quite well 
converged there. This will take only slightly larger computational time but will produce a 
safer convergence.

For quartz, containing both silicon and oxygen, we must adopt the higher cutoff, namely 70 
Ry of kinetic energy cutoff, that we adopt for all calculations in the following.



Figure 1. The total 
energy of one Si 
atom, as a function of 
the kinetic-energy 
cutoff. An acceptable 
value of this cutoff 
keeps the total 
energy within a range 
of order ± 10-3 Ry 
from the converged 
value (horizontal 
dashed lines). 

Figure 2. Same as 
Figure 1 but for one 
oxygen atom.

Now we must choose an appropriate number of k points in order to sample accurately the 
electronic bands. As the hexagonal cell has quite similar side length  a and  c,  we take a 



Monkhorst-Pack mesh of n×n×n k points. We test n = 2, … , 10. 
For the k point convergence we use the same method as for the cutoff energy with the same 
convergence threshold, 10-3 Ry (Figure 3).  The first acceptable number of points is  n = 2 
but, preferring to be safer we chose n = 4, i.e. 4 k points for each direction. We see, indeed, 
that with a 4×4×4 k points the total energy is practically identical to that obtained with the 
10×10×10 mesh.

Figure 3. The 
convergence of the 
total energy of α-
quartz for increasing 
number n of k points 
in a n×n×n mesh. 
Dashed lines are ± 
10-3 Ry convergence 
threshold.

3.2 The simulation protocol

Starting from the experimental  structure  discussed in section 2 we want  to,  first  of  all, 
minimize the adiabatic potential to obtain the equilibrium configuration. For this purpose, 
we need to move the atoms away from their initial positions until  they find the lowest-
energy configuration. This minimization is carried out allowing also the cell parameters  a 
and c to relax. After reaching the equilibrium configuration we choose a mesh of q points in 
the first Brillouin zone where we compute phonons. We expect to find special degeneracies 
at Г point, namely q = (0,0,0).

3.3. Equilibrium configuration

In the initial configuration described in section 2 we solve the Kohn-Sham equations until 
self consistency is reached to check if the system has the right symmetries and what are the 
initial conditions of force and pressure. We notice from the diagonal of the total stress tensor 



that  the  initial  structure  is  particularly  compressed.  Indeed,  the  DFT adiabatic  potential 
produces a total positive pressure of 539.83 kbar. We also notice that the total force acting 
on  the  atom  is  0.812679  Ry  (a.u.)-1,  a  relatively  large  value. The  perfect  equilibrium 
situation would have zero pressure and zero force acting on the atoms. 

At this point we want to determine the minimum of the adiabatic potential. For this purpose, 
we perform a relaxation of the system, displacing the atomic positions in such a way as to 
reduce the total energy, and to make the total force and total pressure vanish. In QE we can 
iterate this minimization until the desired tolerance has been achieved. If the calculation 
does not converge it will finish after a certain number of iterations prefixed. The fact that 
the computation converges or not depends on the thresholds that we set on energy, pressure 
and  force.  We  set  plausible  thresholds  on  the  total  force,  total  energy  and  in  the 
selfconsistency  in  solving  the  Kohn-Sham  equations.  The  convergence  threshold  for 
selfconsistency is 10-10 Ry. The convergence threshold on forces is 10-4 Ry (a.u.)-1 and that 
on  total  energy  10-5 Ry.  This  means  that  the  calculation  will  converge  when  all  these 
conditions are satisfied.
 
At the end of this first relaxation we have new values of the cell parameters and atomic 
positions  that  we use  to  change the  structural  parameters  in  order  to  perform a  second 
relaxation  starting  from  an  almost  converged  configuration.  This  time  we  set  the 
convergence  threshold  for  electronic  selfconsistency  to  10-12 Ry.  At  the  end  we  obtain 
optimized atomic positions and cell  parameters  which we use to define  the  equilibrium 
structure from which we can compute phonons. 
The final relaxed configuration is reported in Table 3. The final total pressure equals -0.09 
bar, and the total force has dropped to a negligibly small value.

Table 3. Structural  parameters  obtained at  the end of a full  relaxation of the crystalline 
structure of α-quartz.

a(pm) c(pm) x1 x2 y2 z2

501.89 551.69 -0.47655 0.41459 0.15892 0.12819

3.4. Phonon calculation

At  the  best  approximation  to  the  equilibrium  position  we  now  execute  a  single  self-
consistent calculation, solving the Kohn-Sham equations, in order to have the electronic 
wavefunctions at this equilibrium positions. These wavefunctions are needed to compute 
matrix  elements  of  the  dynamical  matrix.  Using  these  wavefunctions,  we  perform  the 
phonon calculation, whose aim is to compute normal modes at specific q points by means of 
a method named density-functional perturbation theory (DFPT).
We take an automatic grid of 3×3×3 points. QE begins to compute phonons at the Г point. 
To obtain the phonon at arbitrary q points, QE evaluate the inter-atomic force constants. We 
compute the phonon frequencies along the standard path displayed in Figure 4.



The Г point is at the center of the hexagonal cell, the other points are at the boundaries of 
the first Brillouin zone. Their Cartesian coordinates in units of  2п/a are:
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 Figure  4.  The  First  
Brillouin Zone of the  
rhomboidal  prism  in  
direct  space:  an  
hexagonal  prism.  In  
the  phonon  
calculation,  we  
follow  the  path  
through the following  
sequence  of  high-
symmetry points:  Г − 
M − K − Г − A − L − 
H −  A. 

4. Results

Figure 5 shows the phonon-dispersion branches of the  α-quartz. In particular we notice a 
discontinuity  along  the  high  symmetry  direction  Г-A given  by  long-range  forces,  as 
expected. For example, at frequencies near 500 cm-1 there are two optical branches that 
change discontinuously, one increasing its frequency and the other decreasing it, see, for 
example, Figure 6. Thus, we observe, as in Ref. [8], a non-analytic behavior of the phonon 
frequencies  at  Г  due  to  the  long-range  Coulomb field.  The  modes  at  Г  occur  in  three 
symmetry representations: A1, A2 and E, where the last one is degenerate. This degeneracy 
vanishes along low-symmetry directions because of the splitting between longitudinal and 
transverse modes.
Comparing the phonon frequencies at Г with the experimental results in Ref. [9] we notice a 
systematic discrepancy. In Table 4 we report the phonon frequencies at Г, compared with 
experiment and relative error.   



We  note  a  systematically  larger  discrepancy  at  low  frequencies.  We  also  note  a  large 
discrepancy in the higher-frequency of the A1 symmetry label (at 1201 cm-1). 
Table 5 reports atomic displacements of two frequencies: the one at 161 cm -1 and the one at 
1201 cm-1. Figure 7 and 8  show atomic displacements for the modes reported in Table 5.

Figure 5. The 27 
phonon-
dispersion 
branches of α-
quartz along the 
path depicted in 
Figure 4. 

Figure 5. The 
discontinuities in 
the phonon- 
dispersion 
branches of α-
quartz along the 
K – Г – A path, 
zoomed near Г. 



Table 4. Comparison between experimental frequencies at  Г point  from [8] and computed 
frequencies in this thesis.

Symmetry Experimental 
frequencies (cm-1)

Calculated frequencies 
(cm-1)

Relative error %

A1

207 161 - 22 %

356 340 - 4 %

464 454 - 2 %

1085 1201 + 11 %

A2

364 350 - 4 %

495 474 - 4 %

778 750 - 4 %

1080 1055 - 2 %

E

128 116
116

- 9 %
- 9 %

265 246
247

- 7 %
- 7 %

394 373
380

- 5 %
- 4 %

450 415
432

- 8 %
- 4 %

697 663
664

- 5 %
- 5 %

795 761
772

- 4 %
- 3 %

1072 1038
1044 

- 3 %
- 3 %

1162 1136
1138

- 2 %
- 2 %



Table  5.  The  atomic  displacements  at  1201  cm-1 a)  and  at  161  cm-1 b).  These  two 
frequencies have the largest discrepancy with experimental values.

a) 

Mode at 161 cm-1 x y z

Si -0.09 0.00 0.15

Si -0.09 0.00 -0.15

Si 0.17 0.00 0.00

O 0.09 0.00 -0.29

O 0.21 0.00 0.22

O -0.30 0.00 0.07

O 0.09 0.00 0.29

O -0.30 0.00 -0.07

O 0.21 0.00 -0.22

b)

Mode at 1201 cm-1 x y z

Si -0.27 0.00 -0.15

Si -0.23 0.00 -0.09

Si -0.19 0.00 -0.15

O 0.00 0.00 -0.08

O 0.24 0.00 0.32

O 0.32 0.00 -0.00

O 0.16 0.00 0.28

O 0.40 0.00 0.04

O 0.07 0.00 -0.04



Figure 7. Atomic displacements (in arbitrary units), for the mode at 161 cm-1 of Table 5 a). 

a) View of the x-y plane.

 

b) Prospective view.



Figure 8. Atomic displacements (in arbitrary units), for the mode at 1201 cm-1 of Table 5 b).

a) View of the x-y plane.

b) Prospective view.



5. Conclusions

As expected we notice a discontinuity in the optical branches near Г point. This should led 
to the conclusion that in the long wavelength limit, atoms move in such a way to generate 
long-range forces in the crystal. These long-range forces are responsible for macroscopic 
fields that act in such a way to balance the atomic displacements around their equilibrium 
position. These long-range forces can also cause the splitting in the degenerate frequencies 
in the E group representation. 
Comparing  with calculated frequencies  of  Ref.  [1,8]  we note  a  larger  discrepancy with 
experiment  in  A1 symmetry  label.  We  notice  a  substantially  similar  discrepancy  with 
experimental results in the frequencies with E and A2 symmetry labels.
The reason for the worst agreement with experimental frequencies compared to previously 
published research [1] using a very similar method is presently unclear.
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