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Abstract

We investigate a model consisting of an hexagonal 2D harmonic

crystal in contact with a decagonal quasicrystalline corrugation po-

tential. We analyze its energetics, investigating the presence of a

optimal angular orientation following an extension of the traditional

Novaco-McTague theory. Selecting the optimal angular orientation,

we also study the frictional response of such crystal by driving it

laterally through a constant force applied uniformly to all particles.

By increasing this force in tiny steps, we identify the static-friction

threshold, and evaluate it for various ratios of the spacing between

the particles and spacing between the well, and as a function of the

corrugation amplitude. We identify two distinct situations: a ”lat-

tice matched” condition and a ”lattice mismatched” condition. Both
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configuration lead invariably to a finite static friction for the corru-

gation amplitude we investigate, thereby bringing no evidence of an

Aubry-type transition for this 2D model in the region investigated.
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Chapter 1

Introduction

Friction in physics is a widely known phenomenon with an important techno-

logical relevance. At macroscopic scales it is been thoroughly studied, and it is

known that, when observing the interaction between two surfaces in contact two

types of friction can arise: static and dynamic friction. At the atomic scales, the

situation becomes quite different. Nanotribology is the branch of tribology that

studies these phenomena at the nanoscale. At this level, the commensuration or

incommensuration [1] of the surfaces sliding against each other, leads to various

behaviours.[2, 3]. For example, superlubricity [4] can occur in the interaction

between incommensurate surface lattice structures. The misfit angle between the

two surfaces play a vital role for these phenomena [5], as shown in Fig.1.1. This

simple example of two ”egg-box” surfaces may offer intuitive insights regarding

the origin of this relation between friction and commensurability. When trying to

shear two commensurate sheets, all unit cells have to cross the physical barriers

simultaneously, resulting in a stick-slip motion leading to a high friction state.

Otherwise, if the lattices are rotated with respect to each other, resulting in a

incommensurate state, all unit-cells have to cross much smaller barriers at any

point in time, leading to considerably reduced resistance towards sliding. An-

other interesting topic of nanotribology regards the study of quasicrystals and

their peculiar properties. Quasiperiodic matter is an example of aperiodic mat-

ter that maintains a long-range organization. Quasicrystals have the property to

produce sharp X-ray or electron diffraction figures, with discrete Bragg spots, like

periodic arrays of atoms. They also have a variety of technological applications,

and are known to exhibit low sliding friction [7]. Due to the lacking of period-

icity, it is easier to find two quasicrystals or a crystal and a quasicrystal in an

incommensurate contact between each other. A big step forward in the field of

nanotribology is the use of colloidal particles crystal trapped in laser interference

fields [8, 9]. This mechanism can cast new light on elementary frictional processes

1



2 CHAPTER 1. INTRODUCTION

Figure 1.1: (a) Tilted view of a single triangular ”egg-box” lattice. (b)-(f) Sliding

of two commensurate lattices. All particles cross the physical barrier at the same

time, leading to a large static friction. (g) Incommensurate mutual orientation

of the two lattices leading to much lower friction. Adapted from ref. [4].

in ideally controlled sliding systems [10]. Colloidal friction provides an unprece-

dented real-time insight into the basic dynamical mechanisms at play, observing

the true motion of every individual particle during sliding, that, so far, have been

a prerogative of molecular-dynamics simulations.

In this thesis, inspired by the experiments of Ref. [11, 12], see Fig. 1.2,

we study the static and dynamic interaction between a 2D hexagonal lattice of

colloids and a quasi-periodic substrate by means of computer simulations. There

are two main goals in this work: the first is the determination of equilibrium ge-

ometry of the colloidal sample in contact with the quasiperiodic corrugation, that

is achieved by means of static relaxation via FIRE minimization [13]. The second

goal is to study friction by means of the application of an external force dragging

the system. Specifically, we intend to verify, while increasing the corrugation-

potential amplitude, if the system undergoes an Aubry-type transition, i.e. tran-

sition between a superlubic state, in which we observe sliding even at the smallest

forces, and a ”pinned-unpinned” state, in which we observe a statically pinned

lattice at small forces that slides only after the pushing force goes beyond the

static friction. This Aubry transition has originally been identified in the Frenkel-

Kontorova model [14] which is a simple 1-dimensional model useful to capture

the essential of this transition. One should be aware however that 2D is not the
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Figure 1.2: Colloidal monolayer subjected to 5-beam interference pattern. From

ref. [11]

same as 1D, and quasicrystalline symmetry is not the same as crystalline: these

differences may make a significant change in the transition, or even remove it

altogether.

1.1 The Frenkel-Kontorova Model

The Frenkel-Kontorova model is a 1D model used to described a 1D chain of

interacting particles on a periodic potential substrate, as shown in Fig. 1.3.The

FK theory predicts two particular types of excitation phenomena, known as kinks

and antikinks, see Fig. 1.4. The simplest formulation of FK model consist in a

chain of particles in a sinusoidal potential, interacting harmonically with their

first neighbors. This model’s Hamiltonian is:

H =
N∑
i=1

[
pi

2m
+

K

2
(xi+1 − xi − acoll)

2 +
U0

2

(
1− cos

(
2π

apot
xi

))]
. (1.1)

Here acoll is the rest distance of the harmonic interaction and apot is the potential

spacing. It is straightforward to define a mismatch ratio ρ = apot
acoll

, that can be seen

as the number of atoms divided by the number of potential wells. When ρ = 1 we

have a lattice-matched system, with one particle in each well. In this condition,

at T = 0 the static friction force is maximum, and it equals π U0

apot
. If we add a

particle to this chain there must be a well shared by two particles. This topological

excitation is a kink or a soliton. Once the particle is added to the chain, it pushes

out of their wells few surrounding particles and the equilibrium configuration is

characterized by a local compression of the chain, called kink; on the other hand,

the subtraction of an atom leaves a well empty and the equilibrium configuration

is characterized by a local expansion of the chain, called antikink. The FK model
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Figure 1.3: A sketch of the Frenkel-Kontorova model showing the competing

length scales of the system and the interaction parameters.

Figure 1.4: A kink (a) and an antikink (b) sliding under the action of a weak

rightward force F acting on all atoms

has drawn a lot of interest because it can be solved exactly in its continuum

approximation, the sine-Gordon equation [15], and provides a standard model for

soliton excitation.

In the commensurate case, where the number of atoms matches the number

of minima, kinks and antikinks sprout as excited states under the action of a

driving force. Intuitively, under a driving force F , kinks and antikinks slide more

easily than regular atoms at register over the potential because their are composed

of particles farther from the potential minima.

From eq. (1.1) one can obtain the equation of motion:

m

(
d2xi

dt2

)
− U0

π

apot
sin

(
2π

apot
xi

)
−K(xi+1 + xi−1 − 2xi) = 0, (1.2)
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a

b

Figure 1.5: The idea of the Pierre-Nabarro barrier: (a) the stable configuration

at lower energy and (b) the saddle configuration at higher energy.

that can be rewritten as a dimensionless equation as:

d2xi

dt2
− sin (xi)− g(xi+1 + xi−1 − 2xi) = 0. (1.3)

The resulting dimensionless coupling constant

g = K
(apot/2π)

2

(U0/2)
(1.4)

means that the FK physics is determined by a dimensionless ratio between the

spring energy Kapot and the corrugation energy U0. From the continuum limit

(xi − iacoll) → u(x, t) we obtain the sine-Gordon equation:

d2u

dt2
− sin (u)− d2u

dx2
= 0. (1.5)

A soliton solution for this equation has the form:

uσ(x, t) = tan −1(e−σγ(v)(x−vt)). (1.6)

σ is the topological charge of the excitation: +1 for kinks and−1 for antikinks.The

sine-Gordon equation provides a good qualitative description of the excitation but

cannot account for effects due to the discreetness of the model. A specific property
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arising from the discrete lattice is the Peierls-Nabarro potential VPN(X), which

describes the effective potential felt by a kink at position X. Considering the

atomic coordinates xi = uσ(i−X), where uσ is a function describing the shape of

the soliton X, the kink center position, is defined by the self-consistent equation:

X = − 1

apot

∫
dxu′

σ(x−X). (1.7)

The PN potential defines the energy barrier against the kink sliding EPN . Intu-

itively, it is the energy difference between the stable configuration of the kink 1.7

and the unstable one where its center is at a point of null-derivative, as we can

see in fig.1.5.

For suitable spacings apot and acoll and in the limit of an infinite chain, ρ

can become an irrational number and the system is said to be incommensurate.

This case is particularly interesting: the competition between the two interactions

terms (called length scale competition or frustration) [16] gives rise to non-periodic

spatially modulated structures and results in a rich phenomenology both in static

and dynamical proprieties. The system ground state is composed by a sequence

of local compressions or expansions of the chain (kinks or antikinks, see Fig. 1.4)

that tries to locally match the potential without paying a too large elastic energy.

1.2 The Aubry Transition

In the incommensurate case, the FK model shows an interesting transition as a

function of the dimensionless ratio g of Eq. (1.4). Above a well defined value gc
the chain can slide freely over the substrate under the action of an arbitrarily small

driving force, i.e. the static friction Fs vanishes. In contrast, below this critical

gc, the system shows a finite Fs which must be overcome to start sliding. This

transition, defined as transition by breaking of analyticity was studied in great

detail by Serge Aubry [18, 19], and it is therefore widely known as the Aubry

transition. Even though we have characterized it in terms of dynamical response

to an applied driving force, this transition is actually a structural transition for

the model’s ground state. The rest configuration {xi} that minimize the energy

∂H({xi})
∂xi

= 0, (1.8)

as a function of the xi has the property that:

U0
π

apot
sin

(
2π

apot
xi

)
−K(xi+1 + xi−1 + 2xi) = 0, (1.9)
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The GS configuration is described by a solution that is a hull function fp(x), a

function that is strictly increasing and step-periodic, i.e. fp(x + 1) = 1 + fp(x).

Below the transition, this function is continuous and the ground state is defined

as, for every real α

xi = fp(iρ+ α) (1.10)

This means that when the hull function is analytic the set of ground states is

continuous, and therefore free to slide, often called “sliding”: starting from a

GS configuration, one can obtain infinitely many other energetically equivalent

configurations by varying the parameter α. In real space, one can change one

configuration into another by means of continuous displacements of the atoms;

this results in a supelubic state that can slide at no energy cost and, thus, has

static friction Fs = 0. A simple explanation of this free-sliding state is that

for every atom going up the substrate landscape, there is always another atom

somewhere in the infinite chain going down, resulting in an exact energy balance

[6]. The same can be said for the PN barriers of individual kink/antikinks. Below

a critical value gc, which depends on the mismatch ratio, ρ, the function fp(x) is

no longer analytic, but it becomes a step-like function; this is why this transition

is called transition ”by breaking of analyticity”. In this non-analytic phase, the

presence of forbidden configurations, inaccessible to the system by means of a

continuous displacement of the particles, is what actually gives rise to a finite

static friction. Aubry-type signatures were recently observed in finite 1D linear

laser-cooled ion-chains on corrugated potentials [20, 21].

The 1D FK model was then extended to model a more realistic 2D contact in

several investigations. Braun et al. have thoroughly studied nonlinear dynamics

in generalized FK models [15, 17]. Friction and pinning have been studied in

various works [22, 23] even with a quasiperiodic potential [24]. A group of papers

have investigated the 2D square-lattice case [25, 26, 27] and the hexagonal case

[28] with a periodic external potential. In our work we want to do the same,

exploring the behaviour of a 2-dimensional harmonic hexagonal lattice but here

interacting with a quasi-periodic substrate.

With a 2D problem a new degree of freedom arises, as the layer and the

substrate can mutually rotate along the out-of-plane axis. The orientation epitaxy

of a monoatomic layer has been studied by A. D. Novaco and J. P. McTague

[31, 32] in the crystalline case. In their work, they characterize the link between

the overlayer energy and the substrate misalignment angle using linear-response

theory. The quasiperiodic case has been studied via numerical simulations in

recent years [35, 36, 37] and seems to lead to a generalization of the NM theory

to the quasicrystalline case.
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1.3 The Novaco-McTague theory

Following the NM approach [31, 32], we consider a crystalline harmonic mono-

layer under the influence of a quasi-crystalline potential. The Hamiltonian in the

harmonic approximation for the monolayer is written as:

Ĥ = Ĥ0 + Ĥ1 =
∑
j

p̂2

2M
+

1

2

∑
(jj′)

ϕαα′

jj′ ujαuj′α′ +
∑
j

V (x̂j). (1.11)

where uj denotes the displacement from a regular lattice equilibrium position Rj,

so that the coordinates of the j-th atom is r = Rj +uj and V (r) is the potential

due to a rigid substrate which we will take to have the general form of a possibly

quasi-periodic lattice:

Ṽ (r) = −V0

∣∣∣∣∣
Ns∑
m=1

eikm·r

∣∣∣∣∣
2

= − V0

Ns

2
(∑

G

e−iG·r +Ns

)
, (1.12)

that can be transformed as:

V (r) = − V0

N2
s

∑
G

e−iG·r, (1.13)

thus removing a factor −V0/Ns. km are defined as:

km = K

(
cos

2π(m− 1)

Ns

, sin
2π(m− 1)

Ns

, 0

)
(1.14)

To represent a quasi-crystal with pentagonal symmetry, we will take Ns = 5.

Following McTague and Novaco [31, 32], we take the one-phonon approxi-

mation. Considering e−iG·r = e−iG·Rj+uj , it is possible to expand the exponential

e−iG·ûj ∼ 1 − iG · uj. The term with 1 drops out because
∑

j e
−iG·Rj = 0 if G

does not accidentally coincide with one of the reciprocal lattice vectors τ . Taking

a variational approach, the one-phonon energy can then be written as: ϵ1−ph = − V 2
0

2MN4
s

∑BZ/O
q

∑
s=L,T

|fq,s|2
ω2
q,s

fq,s =
∑

G

∑
τ G · ϵq,s e−iτ ·R0δq,G−τ .

(1.15)

Here q are the wave vectors in the reciprocal space, ϵq,s are the phonon polar-

ization vectors. Finally, ωq,s is the frequency related to the harmonic vibration,

while s = L, T labels the longitudinal and transverse modes of vibration of the

free monolayer. The energy obtained is still a function of R0 and θ, which is the

orientation of the τ -reciprocal lattice, relative to theG-Fourier (quasi)-crystalline
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points. In the energy expression, the denominator tends to favor small-q trans-

verse modes, that have a lower sound velocity; these, in turn, tend to rotate the

overlayer in order to maximize the term G · ϵq,s.
For the crystalline case, in the first BZ, for every τ there is an associated

G and therefore a q. The energy expression can be rewritten, considering the

rotational symmetry of the (q,G) sets, as:

ϵ1−ph = − V 2
0

2MN4
s

∑
s=L,T

(G · ϵs)2

ω2
s

(1.16)

We can write an explicit expression for the product G · ϵs such as G · ϵL =

−|G| cosϕ and G · ϵT = |G| sinϕ. Notice that sinϕ = |τ |
|q| sin θ. In the small |q|

limit is possible to approximate ωL,T as ≃ cL,T |q|. Here we have introduced cL
and cT , that are the longitudinal and transverse sound velocity.

From the minimization of this energy with respect to θ in the crystalline

case we obtain the Novaco-McTague formula for the optimal angle

cos (θNM) =
1 + ρ2(1 + 2δ)

ρ(2 + δ(1 + ρ2))
. (1.17)

Here we called ρ = |τ |
|G| =

apot
acoll

and δ =
(

cL
cT

)2
− 1. The validity of the NM theory

is restricted to a weak interaction between the overlayer and the substrate.

1.4 Experiments with colloids

Many experiments have investigated 2D extensions of the FK model and the

physics of NM theory, for example Ref.[8, 30]. A recent experiment reported

in Ref.[12], in which the occurrence of the Aubry’s transition was demonstrated

experimentally, in a two dimensional triangular-on-triangular system, using a

colloidal monolayer on an optical laser interference pattern acting as the peri-

odic external potential. In this experiment, the Aubry transition was studied

by investigating an extended colloidal layer driven over the laser-generated pe-

riodic potential, where every relevant physical parameter could be controlled in

situ. The experiment was performed at T0 = 298 K with a suspension of micron-

sized polystyrene particles interacting via a repulsive screened Coulomb potential.

Previous simulation works [35, 36, 37] simulated precisely that particle-particle

interaction. In the absence of interaction with the substrate corrugation, the col-

loids form a 2D hexagonal crystal with lattice constant acoll at the bottom of the

sample cell. In the experiment periodic substrate is created by making 3 coherent

partial laser beams interfere. The substrate potential amplitude could be tuned
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by changing laser intensity. The laser lattice constant apotis set by the intersec-

tion angle of the laser beams and allows the authors to adjust the mismatch ratio

ρ = apot
acoll

. Particle positions were tracked by video microscopy with a resolution

of about 50 nm. A controlled driving force F of the monolayer was exerted by

viscous Stokes forces which arise when the sample cell is translated horizontally

relative to the interference pattern. For large V0 the monolayer is observed to be

strongly pinned to the substrate and remains immobile until F exceeds a certain

threshold, namely the static friction force Fs. For practical purposes, the authors

defined Fs as the driving force where the mobility µ exceeds 10% of its value 1
mγ

typical of a free sliding. Below a certain corrugation amplitude (in this experi-

ment, V0 ≤ 38 kbT0) the monolayer becomes mobile already at a minute driving

force (in this case Fmin = 1 fN). This indicates a transition from a pinned to a

superlubic state, in agreement with the Aubry theory. This experiment [12] also

showed that in this 2D configuration, the Aubry Transition is of first order,i.e.

structural. Observations show that, at intermediate corrugation amplitude V0

and finite temperature, pinned and superlubic regions coexist. [33]

1.5 This work

In the present work we adopt an harmonic interparticle potential, in contrast

with recent simulation works [35, 36, 37], which adopted a more realistic screened

Coulomb interaction. An harmonic potential is a very unrealistic model for the

interaction between colloids, but has the advantage of remaining closer to the

1D FK model and the NM theory, by drastically mitigating anharmonic effects.

Thus we study an hexagonal harmonic lattice interacting with a quasiperiodic

substrate. In Chap. 2 we discuss the physical model describing our system. In

Chap. 3, we describe how we implement this model for the simulations, and

what algorithms we use. In Chaps. 4,5 we present the results of our studies, first

showing the static results and those concerning the friction properties.



Chapter 2

The Model

In our model we consider a 2D colloidal monolayer moving in a fluid, interacting

with a quasi-periodic substrate. Every colloid can be considerate as a point-like

object. Therefore our model describes only the translational degrees of freedom

of each colloidal particle’s center of mass. This is the Hamiltonian of our system.

Htot = Ĥ0 + Ĥ1 =
∑
j

p2j
2m

+ Ucc + Uext + UF . (2.1)

Ucc and Uext will be discussed in the next section. UF is the potential associated

with the external driving force. The equations representing the jth colloid motion

are:

mr̈j(t) = −mγṙj(t) + ηT (t)−∇rn(Ucc + Uext) + F x̂ (2.2)

The term −mγṙj(t) is the damping term accounting for the viscous dissipation of

energy into the solvent. This damping prevents the system from gaining unlimited

kinetic energy under a driving force, indicated in the equation by F x̂. This force

is of course introduced in order to probe the frictional response of the colloid

system. The term ηT (t) is a random variable with a Gaussian distribution which

represents the random thermal scattering of the colloid with the implicit solvent

particles.

2.1 Potentials

As said before, our model consists in a 2D colloidal monolayer moving in a fluid

and interacting with a quasiperiodic substrate. The interaction between particles

is harmonic and the equilibrium nearest-neighbor distance is acoll = 5.8 µm. This

11
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Physical quantity value

apot 5.2 µm, 5.516 µm

acoll 5.8 µm

m 31.0593 fkg

K 0.1 zJ/µm2

γ 5 · 103 µs

Table 2.1: Parameters characterizing our simulations

interaction is given by:

Ucc =
1

2
K
∑
n,n′

(|rn − rn′ | − acoll)
2 (2.3)

whereK is the spring constant,K = 0.1 zJ/µm2. We adopt this value to be coher-

ent with previous works, where the interaction between particles was a screened

coulomb potential [35, 36, 37].

The quasiperiodic substrate corrugation is treated as a local potential, see Fig.

2.1:

Uext =
N∑
j

V (rj). (2.4)

Here rj is a two-dimensional vector defining the position of the jth-colloidal

particle relative to the center of the supercell in the adsorbate plane.

The general form of the corrugation potential is given by:

Ṽ (r) = −V0

∣∣∣∣∣
Ns∑
m=1

eikm·r

Ns

∣∣∣∣∣
2

= − V0

N2
s

(
∑
G

e−iG·r +Ns), (2.5)

with:

km =
2π

apot

(
cos

2π(m− 1)

Ns

, sin
2π(m− 1)

Ns

)
, (2.6)

and Ns = 5. For our work we decide to use:

V (r) = Ṽ (r) +
V0

Ns

= − V0

N2
s

∑
G

e−iG·r, (2.7)

thus removing the −V0/Ns additive constant, so that mean value of V (r) is zero.

The Gs stand for:

G = km − km′ . (2.8)

As shown in Fig. 2.3, the Gs come in ten pairs of opposites. They have two

different lengths, which can be evaluated by some simple trigonometry. The
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Figure 2.1: Density plot of a portion of the 5-fold symmetrical potential V (r) for

apot = 10 µm.

result is:

|G1| =
2π

apot

√
2
√
5

1 +
√
5

and |G2| =
2π

apot

√
5 +

√
5

2
. (2.9)

These explicit expressions will be later useful to single out the apot value in or-

der to distinguish the commensurate geometries from the incommensurate ones.

Note that the ratio |G2|/|G1| is the golden mean, a common feature of five-fold

quasicrystalline symmetry.

The NM theory for the periodic case Ns = 3 can predict analytically the

right misalignment corresponding to the minimum energy configuration but. In

contrast, in the quasi-periodic case, we must compute the optimal angle value

numerically. In both cases it is possible to reduce the angular range that need

investigation, because of the geometric properties of our system. The coupling

between the 10-fold symmetry produced by the Gs and the hexagonal pattern of

the colloidal overlayer creates a 12◦ periodicity for the total energy, that can be

reconducted to the study of a 6◦ range, due to the θ → −θ symmetry.
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Figure 2.2: Construction of a 5-fold tiling. From [11]

Figure 2.3: (a) geometric construction of the G vectors from the km vectors.

(b) the 20 G vectors of a 5-fold quasicrystalline potential generate a decagonal

symmetry characterized by two different scales.



Chapter 3

Implementation

In this chapter we present the technical details regarding how we implement the

physical system discussed above in our simulations.

First of all, we adopt a circular sample to study static and dynamic proper-

ties. To do so we generate, through a c++ program, a portion of a rectangular

hexagonal lattice with lattice spacing acoll, that we subsequently cut into a circu-

lar sample using a python script. We use LAMMPS to add the nearest-neighbor

bonds to the initial perfect-lattice configuration, see fig.3.1. LAMMPS is also the

software we use to perform minimizations and dynamics studies. It is a molecular

dynamics simulation software with a focus on materials modeling [34].

3.1 FIRE Minimization

The FIRE Minimization is a computational relaxation method. FIRE stands for

Fast Inertial Relaxation Engine, and is well described in Ref. [13]. It is based on

the discrete version of the equation:

v̇(t) =
F

M
− γ(t)|v(t)|

(
v(t)

|v(t)|
− F(t)

|F(t)|

)
. (3.1)

where F = −∇U(x). Here U = Ucc + Uext. The last term at the right side

of equation is added to the standard equation of motion for damped dynamics,

and allows one to introduce an acceleration in a direction which is steeper than

the current direction of motion, via γ(t), when the power P (t) = F(t) · v(t)
is positive. Instead, the velocity is set to zero to avoid uphill motion as the

power becomes negative. The velocity can be modified also via inertial correction

v → (1− α)v + α|v|F̂ based on the parameter α = γδt. Initially, increasing and

decreasing dimensionless parameters finc > 1 and fdec < 1, whose role is clarified

below, are set and initial conditions x = 0, v = 0, αstart and δt are given. At this

15
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Figure 3.1: Example of a circular sample with its rigid corral. Blue particles are

treated as a whole rigid body, while pink particles are free-to-move particles. In

this sample containing N = 5815 particles, the rigid-corral ones are Nr = 228.

point, an integration step is carried out. Then, the algorithm evaluates P , sets

v = (1−α)v+α|v|F̂ and re-evaluates P : if P has been positive for more than a

given Nmin number of steps it increases δt → min(δtfinc, δtmax). If the power is

negative, instead, FIRE decreases the time step δt → δtfdec, freezes the system

setting v = 0 and sets α back to αstart. Then, it performs the integration and

restarts. It is been observed that for most systems the following parameter values

are suitable: Nmin = 5, finc = 1.1, fdec = 0.5. The remaining tunable parameter is

δtmax: for atomic systems that need a typical MD integration timescale ≃ 10−15

s one can estimate δtmax ≃ 10δtMD. We follow the same approach, using a

different δt, because the objects we deal with are colloids, that are far heavier

and slower than atoms. Specifically, in our FIRE minimizations we use a δts of

500 ms, which is the highest value of timestep that preserves the total energy

conservation. The algorithm uses different parameters to decide if the system has

reached or not the energy minimum. If the energy lowering or the force acting on
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the particles decreases below a certain threshold, the simulation stops. Here we

use various force thresholds, depending on the corrugation amplitude V0 and on

apot. Generally its value is around 10−4 zJ. We do not use the energy threshold,

since it fails to terminate the minimization for any reasonable choice of its value.

3.2 Simulated Annealing

The simulated annealing is a technique used to find global minima in the presence

of different local minima. The name of the algorithm comes from annealing in

metallurgy, a technique involving heating followed by a controlled cooling of a

material to alter its physical properties. The goal is to bring the system, from

an arbitrary initial state, to a state with the minimum possible energy. To do so,

after choosing a initial temperature T , the heated system is cooled of in steps until

T = 0. At each step, the simulated annealing considers some neighboring state s∗

of the current state s, and probabilistically decides between moving the system

to state s∗ or staying in state s. These probabilities, on average, ultimately lead

the system to move to states of lower energy. Typically this step is repeated

until the system reaches a state that is good enough for the application, or until

a given computation budget has been exhausted. To do so, it is important to

choose carefully an initial temperature value T that allows the system particles

to exit local minima, if needed, but does not give them too much energy and does

not require an enormous time to cool off. In our work, we tested different initial

temperatures, for example T = 10 K, T = 5 K, but these values were too high

for our system, causing the particles energy to grow too much, thus leading us

to choose a smaller value, namely T = 0.1 K. Once we single out the appropriate

value of initial temperature, we can proceed with the simulated annealing by

running a linear decreasing T -ramp down to 0. Every step in these simulations

lasts t = 50 µs. We verify that the total number of steps is Nstep = 106 is

sufficient to find the global minimum with sufficient confidence. In total, the

entire simulation lasts ttot = 50 s.

3.3 Sliding Simulations

When studying the frictional properties of the system, it is important to identify

a state in which the variables (other than the center-of-mass position) that define

the behaviour of the system do not change systematically over time, called the

steady state. In many situations the steady state is quite evident, and is charac-

terized by small relatively fast fluctuations of all particle velocities around some
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well-defined mean value, with the center-of-mass position drifting following a uni-

form rectilinear motion to a very good approximation, see Fig. 3.2. However, in

other situations, it can be difficult to identify a steady state. With the system

going into an out-of-equilibrium dynamics, it is not certain that a steady state

is reached, especially when the driving force is small, comparable to the static

friction. In this condition, depinning could occur locally, with most of the sam-

ple remaining pinned, and avalanche-type depinning modes which take very long

time to develop, and can perhaps stop or slowly evolve into a metastable state,

possibly followed by new avalanches departing after some relatively quiet time.

This eventuality is particularly likely in a nonperiodic (quasiperiodic) geometry

as the one that we consider in the present work.

Anyway, if the sample does move, it can usually reach a steady state after

an initial transient. For our studies is important to tell apart the transient phase

from the steady state one. Of course, in some cases, it is really hard to clearly

identify a steady state, because if one could, hypothetically, let the simulation

run for a much longer period of time, it would be impossible to be sure that the

dynamical trajectory would not change completely compared to the simulated

interval. In many cases, especially far from the depinning threshold, the steady

state is obvious and the transient time can be easily identified and discarded.

In our simulation protocol, we study the tribological proprieties of the system

dynamics by applying a constant driving force to each colloid. We keep F constant

for a sufficiently long time to reach a steady state and we characterize it, then we

increment F in small steps. After every step we need to take into account that a

fraction of the simulation is discarded, being a transient. In practice it can be a

tricky task, especially for small driving forces, to tell apart a slow steady sliding

of the whole system from a slow transient rearrangement of the contact’s weak

points.

3.4 Rigid Corral

In preliminary simulation tests we noticed that sometimes the under-coordinated

particles at the edge of the circular sample would behave in unexpected ways,

which led to various problems with the sample itself. Often the sample would

globally shrink or change shape, as shown in Fig. 3.3 so that the purpose of our

simulation to study a well-defined overall spacing ratio ρ would be frustrated.

With the harmonic interaction of Eq.(2.3), as the distance between to particles

tends to zero, the energy required to bring them closer grows but remains finite.

Therefore a strong enough force can displace the particles and can occasionally

force two or more particles into the same potential well. In certain relaxations the
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Figure 3.2: (a) Example of a clearly pinned state and (b) example of a clear

sliding state. The corrugation amplitude is V0 = 0.5 zJ, apot = 5.2 µm, N =

5185 particles. We observe that in panel (a), after a small rearrangement of

the particles, the xcm position does not change. This simulation is carried out

with a force F = 8.229607692307710−3 zJ, which is F = 0.02F1s. In panel (b)

the sample is clearly moving alongside x̂. This simulation is performed with

F = 3.7033234615384610−2 zJ, i.e. F = 0.09F1s.

circular sample would globally shrink or expand as shown in Fig. 3.3. To prevent

these difficulties we decided to treat the particles at the edge of the sample as a

single rigid corral. As shown in Fig. 3.1, the blue particles belong to this corral,

treated as a rigid body, while the pink particles are standard particles. With this

expedient we not only prevent the sample collapse illustrated in Fig. 3.3, but

also control the overall angular alignment of the sample with great precision.

3.5 The Force Ramp

Dynamical studies require the application of a constant external driving force

F to each colloid. Different substrate potentials, i.e. different values of V0, have

different scales for forces and velocities of the monolayer. The forces are naturally

measured in units of the elementary barrier F1s, the minimum force needed by

a single colloid to exit the potential well at the origin. In the following we

conveniently express driving forces in units of F1s. To find this force we simply

look for a maximum in the steepness of the potential, namely, its derivative, that

amounts to:

F1s = z
V0

apot
(3.2)

where z = 4.279396 ± 0.000001. This value is obtained by numerically comput-

ing the second derivative of the external potential V (r), evaluated in the first
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Figure 3.3: Successive snap-

shot of the simulated anneal-

ing of N = 5815 particles,

all left free to move (no rigid

corral) in a corrugation am-

plitude V0 = 0.1 zJ starting

from T = 10 K. The color of

each particle expresses the lo-

cal value V (r), as indicated in

the color bar. (a) The initial

uniform state. (b) An inter-

mediate annealing step, after

t=25 s and for T = 5 K, where

an overall size shrinkage is vis-

ible already.(c) The final T =

0 minimized configuration, at

the end of the 50 s simulated

annealing. The overall energy

has decreased substantially, at

the price of a global shrinkage,

with multiple occupancy of the

deepest local minima of V (r).
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inflection point. The equation is:

V0

N2
s

∑
G

G2
xe

−iG·r = 0. (3.3)

Once we establish the value of F1s, for each substrate amplitude value V0, we have

a reference for the values of forces that we can apply in the driving simulations.

At first, we apply a relatively strong force to the sample, namely F = 0.1F1s

and increase F in steps of 0.1F1s, applying each force to the sample configura-

tion obtained from the previous one. This procedure gives us a gross interval

in which we can observe the depinning transition. For relatively large values of

V0, namely values above V0 = 0.5 zJ we expect we could find a pinned state

even at these forces, while for small corrugation amplitudes, increments of 0.1F1s

are definitely too large to observe a pinned-unpinned transition, resulting almost

always in a sliding system for all simulated F > 0. When operating with rel-

atively strong forces, it is possible to simulated the dynamics for smaller times

compared to weaker forces, that usually needs more time to discern the transient

to the steady-state. For example, a strong-force simulation could give us precise

dynamic information with a simulation time of t = 50 s (i.e. 106 timesteps), while

a weak-force one could need t = 250 s or even t = 500 s to reach steady sliding

of the whole sample after a long transient rearrangement of the contact’s weak

points. For each applied force, the minimum duration ttot of a simulation is such

that even in free-sliding conditions (vCM = F/(mγ)), the sample can advance by

an amount ttotvCM = ttotF/(mγ) greater than a few times apot. Once we find the

interval between increments that shows clearly a transition between pinned and

unpinned state, we can refine our search, increasing the force in steps by 0.01F1s,

starting from the last pinned configuration. As the corrugation amplitude de-

creases, the forces at play get smaller, so that we need longer times and smaller

force increments to investigate properly the dynamics of the system. For lower

V0 values we find that, for forces in the order of 0.1F1s, the sample is almost

always sliding, so we need to restart our search for the depininng transition from

F = 0, because we only have an upper boundary of the depinning threshold. For

such small values of V0, even the intervals 0.01F1s might turn out too large. If

they do not allow us to and after we bracket the pinned-unpinned transition, we

need to refine even more the search, starting from the last pinned configuration

and increasing the force in steps of 0.001F1s. When the lower boundary is still

zero, this is no trivial task because, as the force gets smaller and smaller, the

simulation time increases. This makes it quite hard to obtain, as it is harder to

find a clear evidence of superlubricity or of a pinned-unpinned transition.
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Chapter 4

Static Properties

4.1 Finite Size Effects

In order to characterize the static properties of the system, we need to take into

account the finite-size effects that affects our model. Fig. 4.1 shows the total

unrelaxed potential energy as a function of the misfit angle θ, for three circular

samples of different sizes, N = 1303, N = 40015, N = 200329. We observe

that the energy amplitude variation for N1 = 1303 is relatively large.This energy

fluctuation decreases as the sample grows. At the same time, the frequency of

these energy fluctuations increase remarkably with N. This effect is observable

also in calculations that take relaxation into account, that we discuss in the next

sections. Fig. 4.2 shows the the fluctuation width of the total external energy

in a logarithmic scale as a function of the sample size N . This fluctuation is

caused by the particles at the edge of the sample. As the sample grows in size,

the number of edge particles grows as
√
N , therefore we expect the fluctuation

of the total potential energy to also grow as
√
N , and therefore the fluctuation

energy per particle to follow the power law decay N− 1
2 . Indeed, we observe that

the curve obtained by fitting our data follows quite well the slope of the N− 1
2

curve.

Finite-size effects affects also friction simulations, but this topic is discussed

more thoroughly in Chap. 5.

4.2 Static Properties

In order to verify the NM theory, the first study we carry out is aimed at evaluat-

ing the validity range of the theory. To do so, we search the relation between the

total energy lowering and the corrugation amplitude V0, see Fig. 4.3. We minimize

23
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Figure 4.1: The total potential initial energy of unrelaxed circular sample for

three different sizes as a function of the rotation angle θ. As the sample grows

the fluctuations in energy amplitude decrease, but the frequency of its variation

tends to increase. This calculation does not dependent on V0.
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Figure 4.2: Fluctuation width ∆Uext ≡ [maxθ Uext(θ)]− [minθ Uext(θ)] of the total

per particle external energy of the unrelaxed crystalline circular sample (see Fig.

4.1), obtained as the difference between maximum and minimum values in the

θ = 0◦ − 6◦, expressed in units of the corrugation amplitude, as a function of the

number of particles in a logarithmic scale. By comparison, the dashed line is the

power law N− 1
2 . We see that the data follow this power law decay, matching the

number of particles at the sample edge.
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Figure 4.3: Relaxation energy dependence on the corrugation amplitude. The

black line is the total energy difference ∆Utot between unrelaxed (perfect crystal)

and relaxed configuration. The red dashed line is a fit of the points relative to

V0 < 0.1 zJ, with ∆Utot = AV 2
0 . A = 0.0232 zJ−1. These simulations were

carried out for circular samples of N = 117475 particles, with apot = 5.2 µm, at

the optimal misalignment angle θ = 4◦.

the sample potential energy for various values of V0 ranging from V0 = 10−4 zJ

up to V0 = 10 zJ, finding for each value the optimal colloid displacement that

minimizes the potential energy. Fig. 4.3 shows the minimization data and the

curve obtained by fitting the data in the range V0 = 10−3 : 10−1 with a simple

power law: ∆Utot = AV 2
0 , as foreseen by the NM theory, Eq. (1.16). Note that,

to reduce the effect of the trivial energy fluctuations due to the boundary (those

illustrated in Fig. 4.1), in Fig. 4.3, rather than reporting the absolute energy, we

report the energy lowering. We observe that at ∼ 0.1 zJ simulated data deviate

from the fitted line, moving above it for values between 0.1 zJ and 1 zJ, and then

dropping below it for large values of corrugation amplitude: ∼ 1 − 10 zJ. This

is where non-linearity kicks in. It is important to identify the linearity-response

range in order to know what corrugation amplitude value is appropriate for our

successive studies.

After identifying the linear-response range, we proceed to verify the NM
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Figure 4.4: (a) The initial (regular lattice) configuration, and (b) the final relaxed

configuration after a FIRE minimization. This calculation is done on a relatively

small size sample consisting of N = 5815 particles rotated at its Novaco angle

θ = 4◦. This is a mismatched configuration, with apot = 5.2 µm and V0 = 0.1 zJ.

The particles are colored according to the value of the local potential, with the

same color coding as show in Fig. 3.3. We can see that after the minimization a

significant fraction of red particles have turned blue or light blue.

theory for the quasi-crystalline case. We carry out the relaxation of our sample

for the matched and the unmatched geometry, respectively apot = 5.516 µm and

apot = 5.2 µm, using FIRE minimization. Figs. 4.4, 4.5 shows snapshots of

before and after the relaxation. Fig. 4.6 shows one of the features predicted

by NM theory, which is the typical stripe pattern generated by the q vectors,

defined as q = G−τ . When the difference G−τ is very small (i.e. close to zero)

the deformation generated by q vectors grows larger and becomes clearly visible.

This is the case of the matched geometry, in which the stripe pattern is obvious,

Fig. 4.6 (b). We also verify that the distance between stripes λ is λ = 2π
q

in

agreement with NM theory prediction.

The most important prediction of NM theory is the predicted optimal misfit

angle, which is identified by the lowest value of minimized energy in the range

θ : 0◦−6◦, Figs. 4.7, 4.8. To reduce finite-size effects we use a very large sample of

N = 444397 particles, but they still affects our simulations, as we can see in Fig.

4.7, where the energy fluctuations are clearly observable. For both geometries,

matched and unmatched, we minimize the sample energy via FIRE minimization,

and we use a very small angular step, increasing the angle in steps of 0.01◦. As

we can observe, the simulated data are in decent agreement with the theoretical

prediction.
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Figure 4.5: Similar to Fig. 4.4 but for a near-matched case, with apot = 5.516 µm

and V0 = 0.1 zJ. The color scheme is the same as the one of Fig. 3.3.

4.3 Hysteresis

Previous studies [29, 12] and experiments have shown the existence of hysteresis

in extensions of the FK model. In particular, the 3D model for colloids on the

periodic triangular potential shows that the Aubry transition is first order and

accompanied by the coexistence of two different phases: a pinned and a super-

lubric one. Their energies cross at the transition corrugation. We need to find

out if anything of this sort occurs in the quasicrystalline geometry too. This

coexistence can show up in an hysteresis as the corrugation V0 is cycled up and

down. Hysteresis indicates the coexistence of different minima. When we mini-

mize our system energy through FIRE starting from crystalline geometry, we end

up in a local minimum that could or could not be the global one, depending on

the corrugation amplitude V0. Therefore, to leave this configuration and reach a

deeper minimum, we need to adopt a simulated annealing. Thermal fluctuations

provide the particles enough thermal energy to leave their minima, climbing up

the potential well, in order to fall into a deeper well. This means following a

trajectory in the 2N -dimensional space of all possible configurations. To achieve

this, starting from V0 = 0 and reaching V0 = 0.03 zJ in 100 steps, we do a series of

FIRE minimizations as we increase the corrugation amplitude value for each step.

Once the final configuration is reached, we apply a langevin thermostat with a

very low initial temperature T ≃ 0.1 K that slowly decreases to 0 K, in order to

get out of a local minimum to fall in a deeper one. Indeed this simulation reaches

a deeper minimum than FIRE, as we can clearly see in first panel of fig. ??.

Starting from that minimum, we decrease the corrugation potential amplitude in
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(a)

(b)

Figure 4.6: Blowups of Fig. 4.4 (b) and Fig. 4.5 (b) but marked the stripe

pattern generated by the shortest q-vectors, compatible with the extended No-

vaco theory. (a) The corrugation amplitude is V0 = 0.1 zJ and N = 5815

particles with apot = 5.2 µm. The q-vector generating this pattern is q =

(0.1356731356789289,−0.06568323464610226) (µm)−1. (b) The corrugation am-

plitude and the sample size are the same, while apot = 5.516 µm. The q-vector gen-

erating this pattern is q = (0.13071082303462708, 0.09499395877326688) (µm)−1.
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Figure 4.7: Comparison of the relax total potential energy difference ∆Utot per

particle, obtained through the extended NM theory, Eq. (1.15), and through the

FIRE minimization of a sample of N = 444397 particles. Here we consider a

mismatched geometry apot = 5.2 µm, with a rather small corrugation amplitude

V0 = 0.01 zJ. The NM angle θ = 4 agrees with the minimization data, which

are affected by visible energy fluctuations due to the finite size, similar to those

illustrated in Fig.4.1.

small steps until it reaches zero. We observe that near the region V0 ≃ 0.001 zJ

the curves are equivalent.
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apot = 5.516 µm. The predicted optimum angle θ = 6◦ matches the simulated
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Figure 4.9: (a) Total potential energy increasing (black line) and decreasing (red

line) the corrugation amplitude step by step. Starting from V0 = 0 zJ the sample

undergoes a FIRE minimization, then the corrugation amplitude is increased by

3 · 10−4 zJ. After increasing the corrugation the sample undergoes another min-

imization, and does this for every step until it reaches V0 = 0.03 zJ. Starting

from the final configuration obtained by increasing the corrugation amplitude,

the sample undergoes a simulated annealing from a relatively low temperature

T = 0.1 K and reaches a lower minimum while the temperature is lowered lin-

early down to zero. From this new minimum the corrugation amplitude is slowly

decreased following the same procedure as the black curve, down to V0 = 0 zJ.

(b) The contribution Uext of the quasicrystalline potential to Utot of panel (a).

(c) The bond energy contribution, Ucc, to Utot of panel (a). For these simulations

we use apot = 5.2 µm, N = 5815 particles at the misfit angle θ = 4◦.
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Chapter 5

Dynamical Properties

In order to study the dynamical properties of the system, we apply a constant

driving force F along the x-axis to each colloid. The x axis happens to be

a symmetry direction of the quasiperiodic potential. Under the action of this

force, in general the system is not characterized by an equilibrium state, but

can reach a steady state eventually. The initial transient time must be identified

after every change of F and discarded, in order to compute the real steady-state

properties. The Langevin thermostat attempts to keep the colloids close to the

thermal equilibrium, in our case at T = 0, i.e. static. As the time constant

of the Langevin thermostat is γ−1, this implies that the transient lasts for at

least γ−1, but in practice can be much longer. Different substrate potentials,

i.e. different values of V0, have different scales for forces and velocities of the

monolayer. We define F1s as the minimum force needed by a single colloid to

exit the potential well at the origin, as seen in eq.(3.2). In our work we focus on

two examples of relative matching between the colloids and substrate potential

length scales: a matched case with apot = 5.516 µm, and apot = 5.2 µm that

represents the incommensurate case. Both studies are carried out at the Novaco

angle, θ = 6◦ and θ = 4◦ respectively. The initial approach is identical in both

cases. Starting from the initial relaxed configuration, we turn on an external force.

First we increase the force in large steps of 0.1F1s to identify roughly where the

depinning transition occurs, then we go back to the last pinned configuration and

increase the force ”adiabatically” with smaller steps of 0.01F1s. For large values

of the corrugation and small forces, the layer moves briefly and stops, remaining

statically pinned. When the force is strong enough, the layer keeps on sliding,

thus demonstrating a pinned-unpinned transition, Figs. 3.2.

For low corrugation, a peculiar unpinned condition is the superlubric state,

where forces can be arbitrarily small and the monolayer slides without any static

friction threshold. This phenomenon have been investigated in the crystalline
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(a) (b)

Figure 5.1: Snapshots of a dynamic simulation of a un-matched case apot = 5.2

with N = 5815 particles. Here (a) and (b) still represents the beginning and

the last snapshot of the simulation, lasting t = 250 s. The color coding is the

same as in the scale of 3.3, i.e. red for the highest values and blue for the

lowest. The corrugation amplitude is 0.2 zJ. The force applied to the sample is

F ≃ 4.93 · 10−24N , namely 3% of F1s.

case, but has not been proven yet for the 2D crystal interacting with a quasi-

periodic potential. The transition between superlubric and pinned state for in-

creasing corrugation is know as the Aubry transition in the 1D FK model.

5.1 Depinning Transition

Forces of different magnitude drive the system to different velocities. In the

simple case of a single free-sliding colloidal particle, the steady-state velocity is

proportional to the driving force:

vs =
F

mγ
. (5.1)

For the purpose of understanding the dynamical properties of the system, we are

not interested in the sliding velocities of the system themselves, rather we want

to compare them to that of the free-sliding single colloid. Being vs proportional

to the force F , following the tradition of the field, we define the average mobility

as:

µxx =
⟨vcm⟩x
F

, (5.2)

where ⟨vcm⟩ is the center-of-mass average velocity and F is the x-directed force.

Thus, according to (5.1), µxx = 1/(mγ). Fig. 5.3 and Fig. 5.4 illustrate the com-

puted mobility along the x-axis µxx, respectively for a nearly-matched geometry,
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(a) (b)

Figure 5.2: Same as Fig. 5.1 but in a matched case, apot = 5.516.The force

applied to the lattice is F ≃ 9.31 · 10−24 N = 6% F1s. The displacement of the

sample both alongside the horizontal axis, and in the direction perpendicular to

the driving force result in a directional locking toward the direction perpendicular

to the stripes visible in Fig. 4.6.

apot = 5.516 µm, and an unmatched one, apot = 5.2 µm. Figs. 5.3 5.4 also show

the off-diagonal mobility µyx, defined as:

µyx =
⟨vcm⟩y
F

, (5.3)

and the ratio µyx/µxx = ⟨vcmy⟩/⟨vcmx⟩, which represents the tangent of the angle

of motion α. Whenever this alpha remains constant over a broad range of param-

eters (e.g. the driving F ), it means that we are in the presence of a directional

locking (DL), [39, 40]. The first notable difference between the two geometries

is that the nearly-matched one is strongly affected by the directional locking,

while in the mismatched case, only minor perpendicular motion components are

observed, Fig. 5.1, 5.2, 5.3, 5.4. In the near-matched system, the mobility µxx

is significantly affected by the mobility plateau imposed by the DL, as indicated

by the wide flat plateau of Fig. 5.4 panel (c). A significant component of the

CM velocity is directed toward the y-axis. The power that the force F provides

needs to be shared between working against viscous friction in both the x and y

directions, thus reducing the x-mobility for medium-low values of F . When the

force reaches F ≃ 0.3F1s the DL is broken, because the driving force is strong

enough to overcome the corrugation potential barriers and drag the system in the

direction of the force, without following the DL favored direction. As a result we

observe a fractional increment of µxx, that tends to reach the free-mobility value.

This phenomenon is not present in the incommensurate geometry, as shown in

Fig.5.3. Here the ⟨vcmy⟩ is still present, but there is no locking, as we do not
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Figure 5.3: Mobility alongside (a) the driving horizontal axis µxx, (b) the trans-

verse axis µyx and (c) the ratio µyx/µxx, as a function of the driving force, for

a mismatched case apot = 5.2 µm, N = 5815, computed at the misfit angle

θ = 4◦. This configuration shows no clear evidence of the directional locking,

but a perpendicular motion component is clearly established nonetheless. The

pinned-unpinned state transition is easily seen in the V0 = 0.5 zJ line. The

simulations, for each V0, lasted 100 s, even if, in the strong V0 simulation, this

computational time is probably

.

observe any angular-plateau. This vertical velocity effects on µxx are almost neg-

ligible as the corrugation amplitude grows. The µxx values move closer to the

free-mobility depending of V0. For weak V0 values the mobility tends to reach

quickly the free particle mobility value, while for strong corrugations the process

is significantly slower.

Both Figs. 5.3, 5.4, especially for the V0 = 0.5 zJ curve, the transition

between a statically pinned state and an unpinned one is evident. For several

small values of the driving force F , the mobility remains zero, thus indicating a

solidly pinned state for both geometries. We observe that the depinning transition

occurs sooner in the mismatched geometry, as in this case we find a non-zero µxx

value for F/F1s ≃ 0.055, while for the matched geometry we find a non-zero µxx

value for F/F1s ≃ 0.075. Once the driving force is strong enough, the depinning
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transition occurs, and the system starts to slide. This phenomenon is similar

in the unmatched and near-matched geometry. For V0 = 0.5 zJ we did not

investigate stronger forces as they would modify permanently the sample shape,

thus invalidating our studies.

At the opposite end of V0, at relatively small corrugation like V0 = 0.05 zJ

in both geometries we could measure a small but nonzero static friction, and

we identify the depinning transition at F ≃ 0.0035F1s for the mismatched case,

and F ≃ 0.0045F1s for the matched geometry. This topic will be discussed more

thoroughly in the next section.

5.2 The Aubry Transition

A particular unpinned condition is the superlubic one, in which the driving force

can be arbitrarily small, and the sample still slides without any static friction

threshold. The transition between a superlubic state and a pinned-unpinned

state, as a function of V0 can be called, for similarity with the 1D FK model, an

Aubry transition. Studying the Aubry transition is not a simple task. One of the

difficulties encountered throughout this work are the finite-size effects. These ef-

fects can force our sample to be statically pinned even at the smallest investigated

corrugation, as we can see in Fig. 5.5 (a). This effects are mitigated by scaling

the size of the sample, because pinning at the boundary becomes comparatively

smaller and smaller, and so this is what we did in our work. Another problem is

the computational time needed to perform the simulations at the smallest forces.

An amount of time, inversely proportional to the applied force, is required to

reach the steady-state and therefore be sure to be observing a superlubic regime,

or just a temporary rearrangement of the particles.

We investigated the same two geometries discussed in Chap. 4 for the static

properties. In Fig. 5.5, we report the depinning threshold Fs as a function of

the corrugation V0. This threshold is identified by the average between the force

of the highest pinned configuration and the lowest sliding one. In the Aubry

superlubric state one should have Fs = 0. Of course, no finite simulation time can

ever guarantee that F1s really vanishes, and we do not find signs of an Aubry-type

transition, even before the region V0 ∼ 0.1 zJ. We can see that at V0 = 0.05 zJ the

static friction is really small, but never zero for both sizes. We also notice that,

in the mismatched geometry, the bigger sample undergoes a depinning transition

for a smaller F value, namely F = 0.0025F1s. This result leads us to think that,

if we could investigate even bigger sizes at smaller corrugation amplitude like

V0 ≃ 0.001 zJ, we could hypothetically find signs of an Aubry-type transition

in the incommensurate geometry. In the commensurate case, Fig. 5.5 (b) is
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a different story. For both sizes, the residual pinning is significant even at the

smallest investigated force. For a nearly-matched case, the pinning is stronger,

as a result of a nearly-commensurate system. These observation could explain

the non-zero value of the static friction force at the lowest investigated values of

the corrugation. We also observe that, in the matched geometry, the finite size

of our samples does not affect the depinning transition. The depinning values for

N = 5815 and N = 29335 in this geometry are very similar to each other.

As a consequence of the studies of Chap. 5, we decided to investigate the

aubry transition starting from a configuration obtained through simulated an-

nealing. In Fig. 4.9 we show how a simulated annealing reaches lower minima

as compared to FIRE minimization. Therefore we expect to find the depinning

transition at bigger values of F , as the particles sit in deeper minima. The blue

line in Fig. 5.5 (a) and (b) shows the depinning values obtained starting from an

annealed configuration.
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Figure 5.4: Mobility alongside the horizontal axis µxx, alongside the vertical axis

µyx and the ratio µyx/µxx, as functions of the driving force, for a near-match case

apot = 5.516 µm, for N = 5815 particles, computed at the misfit angle θ = 6◦.

The ratio µyx/µxx, represents the tangent of the angle α, tanα = µyx/µxx =

⟨vcmy⟩/⟨vcmx⟩. For relatively small values of the force F , the mobility is heavily

influenced by directional locking. For moderate driving force, the sample moves

along a favorite direction which is not the direction the force is applied to, but

it is the direction perpendicular to the stripe pattern generated by the q-vector,

see Fig. 4.6. Therefore, the x-mobility, turns out smaller than in the mismatched

case, Fig. 5.3, because of the power dissipated for the y motion. In the same

interval, the transverse mobility µyx either has a plateau or reaches a maximum,

then rapidly decreases to zero, when the force value becomes large enough and the

directional-locking, signed by the plateau of panel (c) is broken. At large force,

eventually the x-mobility tends to reach the free particle mobility value (dashed

brown line). For V0 = 0.5 zJ the mobility shows quite well the pinned-unpinned

transition, being zero for different values of F and depinning at F = 0.008F1s.

Each simulation, for each force value and every V0, lasts 100 s.
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Figure 5.5: (a) Static friction force Fs as a function of the corrugation amplitude

V0, at the Novaco angle θ = 4◦. Simulations are carried out forN = 5185 andN =

29335 particles. (b) Static friction force Fs for the matched case apot = 5.516 µm

as a function of the corrugation amplitude V0, at the Novaco angle θ = 6◦. Both

in the mismatched and matched case we find a pinned-unpinned transition even

at the lowest investigated V0. With a finite-size sample there is always going to

be a certain pinning, and in the commensurate geometry is certainly accentuated

by the matched configuration. The blue curve in both panels represent the data

obtained starting from a better initial state, prepared through annealing.
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Conclusions

In this work we adopt a harmonic model for the colloid-colloid interaction, and

investigate (i) the Novaco energetics as a function of the twist angle theta, and

(ii) the depinning transition and, in an incommensurate condition, the Aubry

transition to a superlubric state. The obtained results are rather preliminary.

We found that the FIRE minimization leads to the proper local minimum only

for extremely weak corrugation V0 ≤ 0.001 zJ. For the larger values of corrugation

that we can practically address in friction simulations, a better minimization is

needed to identify the lowest energy minimum. We tried simulated annealing,

but it is quite possible that other algorithms (e.g.: conjugate gradients) lead to

even better minima. Starting friction simulation from a non-optimum minimum

has the effect of systematically favoring the depinned state. We do not find su-

perlubric sliding for the smallest investigated corrugation V0 = 0.05 zJ, especially

when starting from the annealed initial point, for the mismatched configuration.

This result does not rule out the possibility for an Aubry-transition to exist, but

to find it we probably need to investigate weaker potential and bigger sizes, which

was not possible to simulate for our current computational setup. Hopefully this

could be a starting point for future simulations in the search of an Aubry transi-

tion in the region we could not properly investigate. For the matched simulation

we expect to find a pinned state even at the smallest investigated corrugation,

and our simulations confirm this hypothesis, as we do not expect a superlubic

state for the commensurate geometry.
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http://materia.fisica.unimi.it/manini/theses/tateo.pdf

[39] M. Balvin, E. Sohn, T. Iracki, G. Drazer and J. Frechette, Phys. Rev. Lett.

103, 078301 (2009).

[40] X. Cao, E. Panizon, A. Vanossi, N. Manini, C. Bechinger, Nat. Phys. 15,

776–780 (2019).

http://materia.fisica.unimi.it/manini/theses/pizzamiglio.pdf
http://materia.fisica.unimi.it/manini/theses/pizzamiglio.pdf
http://materia.fisica.unimi.it/manini/theses/salvalaggio.pdf
http://materia.fisica.unimi.it/manini/theses/salvalaggio.pdf
http://materia.fisica.unimi.it/manini/theses/raiteri.pdf
http://materia.fisica.unimi.it/manini/theses/raiteri.pdf
http://materia.fisica.unimi.it/manini/theses/tateo.pdf

	Introduction
	The Frenkel-Kontorova Model
	The Aubry Transition
	The Novaco-McTague theory
	Experiments with colloids
	This work

	The Model
	Potentials

	Implementation
	FIRE Minimization
	Simulated Annealing
	Sliding Simulations
	Rigid Corral
	The Force Ramp

	Static Properties
	Finite Size Effects
	Static Properties
	Hysteresis

	Dynamical Properties
	Depinning Transition
	The Aubry Transition

	Conclusions
	References


