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Abstract

The present thesis describes the simulations of selected 1D quantum
mechanical problems in the time domain. Starting off with a brief in-
troduction of the Quantum Mechanical formalism, we describe a numeri-
cal implementation of the time-dependent Schrödinger problem, comparing
between two different methods, namely the 4th order Runge-Kutta (RK4)
and first-order implicit Crank-Nicolson PDE integration algorithm on time-
dependent Schrödinger equation.

Next, we first review and then show simulation examples of time-dependent
perturbation theory. In particular, we obtain Fermi’s golden rule for weak
perturbations and analyze strong field effects. We also show examples of
Rabi oscillations in the infinite square well. The final problem is that of
the motion of an electron in a periodic potential: first with a stationary
electric field we obtain Bloch oscillations, and then with an oscillating field
we induce intraband and interband transitions.
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1 Introduction

In our everyday life, we experience classical mechanics and kinematics: the move-
ment of the extended objects we interact with during the daily life. The sense of
balance, the motion of falling objects and their bouncing on the ground, or the
oscillations hanging bodies: these are all everyday experiences helping us to at
least visualize the concepts of classical mechanics, and to understand its theory
and to extend it to unknown phenomena.

Figure 1: 1D Schrödinger represena-
tion of two wave functions, first with the
"phase as a color" complex representa-
tion, ant then with the superposition of
real (blue) and imaginary (red) parts.

When we deal with quantum ob-
jects however, it becomes complicated
to visualize in our minds the mechanics
of the system. Due to the superposi-
tion principle, in order to "see" a state,
we have to think it as a complex vec-
tor in usually an infinite dimensional
space.

The Schrödinger representation
can be helpful for visualization, since
it allows us to see a state as a complex
wave in space; a useful method to rep-
resent complex functions is to repre-
sent their modulus or square, while the
complex argument corresponds with
the hue of the color of the function as
in 1. In this work we focus on 1D sys-
tems, due to their simplicity to repre-
sent and speed of computation.

In QM, one of the most impor-
tant problems is to find the eigen-
values (spectrum) of the Hamiltonian
(energy) operator; this is due to the
fact that usually we do not care about
how the single particles (e.g. atomic
electrons) move, but rather observe
their absorption and emission spec-
trum when they transit between different energy eigenstates. However, in this
paper we want to actually consider the motion of a single particle in time and
thus we will care little about the calculation of any eigenvalue of any operator;
we will rather directly integrate numerically Schrödinger equation, interpreting
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quantum mechanics in a wave mechanical way.
We will see in this work that, with the help of a computer, it is possible

to visualize and verify several curious phenomena of Quantum Mechanics, which
might seem sometimes counterintuitive: an example is Bloch oscillations, in which
a particle in a periodic potential, under the effect of a constant force starts to
oscillate instead of accelerating indefinitely as a free particle does.

1.1 The simulation software

We built from scratch a new software tool for the execution of quantum physics
simulations. We named it QMStudio. We coded it in C] language. Its user in-
terface, a sample of which is represented in figure 2, allows, after setting time
and space resolutions and a few other parameters, directly expressing both the
potential of the system and its initial wave function in analytical form. The input
language is simple but powerful enough to express all the necessary formulas in-
cluding functions defined by logical conditions. Such expressions are analyzed by
a Parser, which understands their relationships to input arguments (e.g. distin-
guishing between time-independent and time-dependent potentials, by checking
the presence or absence of a t parameter in the formula). The expressions are
then transformed into data entities, and finally become evaluable expressions.

The system also allows to periodically store the generated data in order
to export them or to replay an experiment without need to recompute it. The
latter function was useful when the computation time was much longer than the
intended reproduction time of the simulation.

Several different representations of the wave function are supported: its
module, its squared module, and superposed real and imaginary parts, with the
possibility to add the "phase as a color" mode for the first two. Snapshots of
such views can also be exported either as SVG images or as raw data.

The main reason for designing a software from scratch was the following:
preexisting Quantum Mechanics simulation softwares usually allow one to simu-
late only one or a few specific systems, typically allowing little freedom on the
choice of initial conditions.

Using the developed integrated dynamical tool, on the contrary, makes it
straightforward to focus on the expression of wave function and potential for-
mulas, to execute and compare several simulations with often small or large dif-
ferences, and to visualize them in the most suitable way. In short, it allowed
to achieve that "intuitive comprehension" which is the main aim of the present
work.

Finally, our personal hope is that such a tool may "survive" the limited
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Figure 2: A screenshot of the QMStudio user interface. This simulation
software, was written from scratch for the present thesis.

scope of this thesis and find an application as a didactic tool that could help
teaching quantum mechanics.

2 Quantum mechanical formalism

Every state Ψ of every quantum mechanical system can be represented by a
ray of the separable Hilbert space of states H [3]. By taking advantage of the
postulates of quantum mechanics, starting from the classical Hamiltonian, we can
define the self-adjoint operator H = T +V of H . Using Dirac’s bra-ket notation,
and being |ψ〉 a vector of H , representative of the state Ψ, over time the system
obeys Schrödinger equation

i~ ˙|ψ〉 = H|ψ〉 (2.1)

For simplicity and ease of computation, we will study 1 dimensional single particle
systems, so that we can represent the state of the system at time t with a complex
wave function ψ(x, t), and concretely represent H as

H(x, t) = − ~2

2m

∂2

∂x2
+ V (x, t) (2.2)

In this way Eq. (2.1) translates into the linear partial differential equation

∂

∂t
ψ(x, t) =

i

~

(
~2

2m
ψ′′(x, t)− V (x, t)ψ(x, t)

)
, (2.3)
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which we will numerically integrate in the following sections.

2.1 Imaginary time evolution

Finding the eigenvalues of H, which means finding the stationary solutions of
(2.1) is an important and interesting problem and many solutions for different
equations are available in literature; however this is not the main purpose of this
work.

It is however possible, by using a simple trick, to obtain approximations of
the ground state of any time-independent Hamiltonian. Consider equation Eq.
(2.1) for a time-independent Hamiltonian,

∂

∂t
|ψ〉 = − i

~
H|ψ〉.

Since H is independent of t, it integrates to

|ψ, t〉 = e−iHt/~|ψ, 0〉. (2.4)

The trick consists in considering the evolution over imaginary time in order to
make equation (2.4) become, with the help of the positive real number z = −it,

|ψ, z〉 = e−Hz/~|ψ, 0〉 = I(z)|ψ, 0〉. (2.5)

Since H is self-adjoint its eigenvectors |En〉 form an orthonormal basis of H , so
it is possible to write

|ψ, z〉 =
+∞∑
n=0

e−Hz/~|En〉〈En|ψ, 0〉 =
+∞∑
n=0

cne
−Enz/~|En〉 =

+∞∑
n=0

εn(z)|En〉 (2.6)

and it is now clear that I(z) is not a unitary operator.
Assuming that all the eigenvalues En are positive, every coefficient of (2.6)

decays exponentially with z, proportionally to its energy. Thus, as z increases,
every higher energy Fourier coefficient εn(z) will decay to zero faster than the
ground state one ε0(z), making possible to state that, if c0 6= 0

|ψ, z〉 = I(z)|ψ, 0〉 z−>+∞−−−−−→ ε0(z)|E0〉 (2.7)

thus the ground state |E0〉 can be obtained after normalization of (2.7) with
exponentially increasing precision over z.

The same result is obtained even with the possibility of having negative
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eigenvalues En; this time the coefficients εn(z) for negative eigenvalues will diverge
exponentially at a rate proportional to the modulus of their (negative) energy, so
that

|ψ, z〉 ∼ ε0(z)|E0〉 for z → +∞ (2.8)

and again after normalization it is possible to get |En〉 with exponentially increas-
ing precision over time.

3 Numerical methods and implementation

3.1 Discretization: the Euler method

In order to nuerically integrate (2.3), it is necessary to discretize the problem over
a finite mesh of space-time. Using the definition of derivative based on increment
ratio, for small ∆x and ∆t we can perform the following discrete approximations

∂

∂t
ψ(x, t) ≈ ψ(x, t+ ∆t)− ψ(x, t)

∆t

ψ′′(x, t) ≈ ψ(x+ ∆x, t) + ψ(x−∆x, t)− 2ψ(x, t)

∆x2
(3.1)

If the spatial boundaries of the problem are
[
−a

2
, a

2

]
, we can index the x-mesh

and the t-mesh with k and n in such way that, given k = 0, . . . , K and ∆x = a
K

ψnk := ψ
(
k∆x− a

2
, n∆t

)
, V n

k := V
(
k∆x− a

2
, n∆t

)
.

It is then possible to re-write (2.3) as a system of K + 1 linear equations

ψn+1
k − ψnk

∆t
=
i

~

(
~2
(
ψnk+1 + ψnk−1 − 2ψnk

)
2m∆x2

− V n
k ψ

n
k

)
for k = 0, . . . , K. (3.2)

It is immediate to solve (3.2) for ψn+1
k for each k under the boundary condition

ψn0 = ψnK = 0 for all n, which is physically equivalent to setting the problem
inside an infinite square well of width L. Knowing the initial wavefunction ψ0(x)
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and the potential V (x, t) at all times, we obtain the set of equations
ψn0 = ψnK = 0

ψ0
k = ψ0

(
k∆x− L

2

)
ψn+1
k = ψnk +

i

~

(
~2
(
ψnk+1 + ψnk−1 − 2ψnk

)
2m∆x2

− V n
k ψ

n
k

)
∆t

for k = 1, . . . , K−1.

(3.3)
In this way, starting from the n-th iteration we are able obtain a new set of ψn+1

k

which approximate the exact solution of Eq. (3.2) as better as ∆x and ∆t are
made smaller.

This explicit method is called Euler’s method [1] and, although being ele-
gantly simple and historically important, it is in practice highly inefficient. Indeed
the single-step error on each ψk is O

(
∆t2
)
, leading to a global error at a fixed

step n of O
(
∆t
)
which makes it a "first-order" method. The computational cost

per step is O
(
K
)
, with an error which is O

(
∆x2

)
. For stiff equations like (2.3)

explicit methods tend in practice to diverge exponentially in time from the exact
solution.Therefore, in order to achieve a decent total integration time with an ac-
ceptable accuracy, it is necessary to reduce ∆t to extremely small values, leading
to a huge number of steps, thus prohibitively long computational times.

3.2 The Runge-Kutta method

The problems of Euler’s method discussed above led first C. Runge, followed by
the improvements of M. W. Kutta, to the development of a 4th-order explicit
method, which we review in this section.

The last equation of (3.3) is of the form

ψn+1
k = ψnk + Fk

(
ψnk−1, ψ

n
k , ψ

n
k+1, n∆t

)
∆t (3.4)

and more generally in vector notation

ψn+1
k = ψnk + Fk (ψn, n∆t) ∆t.

Here Fk a linear function of its first argument ψn. The Runge-Kutta 4th order
method (often abbreviated in RK4) simply consists in introducing the expressions

c1 = Fk (ψnk , n∆t) c2 = Fk
(
ψn + c1

∆t
2
, n∆t+ ∆t

2

)
c3 = Fk

(
ψn + c2

∆t
2
, n∆t+ ∆t

2

)
c4 = Fk (ψn + c3∆t, n∆t+ ∆t)
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and then substituting (3.4) with

ψn+1
k = ψnk + (c1 + 2c2 + 2c3 + c4)

∆t

6
. (3.5)

Even if the computational complexity of calculating each new ψn+1
k using Eq.

(3.5) is still O
(
K
)
, the single step error is now reduced to O

(
∆t5
)
and the total

error after a fixed number of steps n is O
(
∆t4
)
, allowing one to increase the size

of ∆t and consequently reduce the computational cost often by of many orders
of magnitude compared to Euler’s method.

Being RK4 an explicit method (i.e. a method in which the next step is
obtained by addition to the last one), while being stable when applied to diffusion
equations, it remains unstable for stiff equations as Euler’s method, diverging
exponentially sooner or later in time; Despite being RK4 a great improvement
over Euler’s method, it just postpones the exponential divergence in time, still
requiring a huge computational effort for longer integration times.

3.3 Crank-Nicolson

The need of a numerically stable integration algorithm for stiff equations led
to the development of implict methods of which Crank-Nicolson is a well-known
example. By writing Eq. (3.2) for each k in the form

ψn+1
k − ψnk

∆t
= Fk

(
ψnk−1, ψ

n
k , ψ

n
k+1, n∆t

)
=: F n

k (3.6)

it is trivial to notice that F n+1
k → F n

k for ∆t → 0. This is a consequence of the
continuity of Fk in ∆t, and that Euler’s method, for ∆t→ 0, must give the same
result going forwards or backwards in time.

Thus in the limit of small ∆t we expect the exact solution ψ to approach

ψn+1
k − ψnk

∆t
' F n

k (forward Euler)

ψn+1
k − ψnk

∆t
' F n+1

k (backward Euler)

Crank-Nicolson’s method idea is to take the average of forward and backward
Euler steps, obtaining the equation

ψn+1
k − ψnk

∆t
=

1

2

(
F n+1
k + F n

k

)
(Crank-Nicolson). (3.7)
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If we apply Eq. (3.7) to the discrete Schrödinger equation problem (3.2) we obtain

ψn+1
k − ψnk

∆t
=

i

2~

[
~2
(
ψnk+1 + ψnk−1 − 2ψnk

)
2m∆x2

− V n
k ψ

n
k

]
+

+
i

2~

[
~2
(
ψn+1
k+1 + ψn+1

k−1 − 2ψn+1
k

)
2m∆x2

− V n+1
k ψn+1

k

]
for k = 1, . . . , K − 1.

(3.8)

We isolate the (unkown) terms, related to the next (n+ 1) step in time

ψn+1
k − i∆t

2~

(
~2
(
ψn+1
k+1 + ψn+1

k−1 − 2ψn+1
k

)
2m∆x2

− V n+1
k ψn+1

k

)
=

= ψnk +
i∆t

2~

(
~2
(
ψnk+1 + ψnk−1 − 2ψnk

)
2m∆x2

− V n
k ψ

n
k

)
=: dnk .

The presence of unknown terms makes this method an implicit method. After
some algebra we get[

1 +
i∆t

2~

(
~2

m∆x2
+ V n+1

k

)]
ψn+1
k − i~∆t

2m∆x2

(
ψn+1
k+1 + ψn+1

k−1

)
= dni . (3.9)

Taking advantage of these useful shorthands

Un+1
k := 1 +

i∆t

2~

(
~2

m∆x2
+ V n+1

k

)
, α := − i~∆t

2m∆x2

equation (3.9) becomes

Un+1
k ψn+1

k + α
(
ψn+1
k+1 + ψn+1

k−1

)
= dni . (3.10)

Now, if the boundary conditions of (3.3)

ψm0 = ψmK = 0 ∀m, ψ0
k = ψ0

(
k∆x− a

2

)
(3.11)

are applied, for k = 1, . . . , K − 1 (3.10) becomes a system of K − 1 linear
equations which can be written as

D~ψn+1 = ~dn (3.12)

where D is a known tridiagonal (K − 1)× (K − 1) matrix, due to the exclusive
dependence on the spatial first-neighbors of ψn+1

k . Moreover, the off-diagonal
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elements are all equal to α, and consequently (3.12) expands into
Un+1

1 α 0

α Un+1
2 α

α Un+1
3

. . .
. . . . . . α

0 α Un+1
K−1




ψn+1

1

ψn+1
2

ψn+1
3
...

ψn+1
K−1

 =


dn1
dn2
dn3
...

dnK−1

 (3.13)

All tridiagonal matrix problems, including the inversion problem (3.13), can be
solved economically in O

(
K
)
steps, using the Thomas algorithm, reviewed in

Appendix A.
We first use (A.2) to calculate sequentially K − 2 new ck coefficients

ck =


α

Un+1
k

k = 1

α

Un+1
k − αck−1

k = 2, 3, . . . , K − 2

(3.14)

then we take advantage of (A.3) to get the K − 1 new dk coefficients

dk =


dnk

Un+1
k

k = 1

dni − αdk−1

Un+1
k − αck−1

k = 2, 3, . . . , K − 1.

(3.15)

At this point, it is possible to perform the backwards substitution (A.4)

ψn+1
K−1 = dK−1

ψn+1
k = dk − ckψn+1

k+1 k = K − 2, K − 3, . . . , 1 (3.16)

and now every ψn+1
k is retrieved.

Even though Crank-Nicolson might seem theoretically more complex than
RK4 due to its implicitness, once Eq. (3.8) is written in the (3.12) form and α is
computed, in practice each iteration just requires to compute each Un+1

k , dnk and
follow the O

(
K
)
steps (3.14), (3.15) and (3.16).

3.4 Application to imaginary time and Normalization

The discussion of Sect. 3.1 can be easily adapted to the imaginary-time evolution
discussed in Sect. 2.1. It is only necessary to rewrite (3.2) with the imaginary
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unit replaced by 1.

ψn+1
k − ψnk

∆t
=

1

~

(
~2
(
ψnk+1 + ψnk−1 − 2ψnk

)
2m∆x2

− V n
k ψ

n
k

)
for k = 0, . . . , K.

(3.17)
and then solve it normally with any of the previously discussed methods. As
discussed in section 2.1, ψ(x) will not generally preserve its norm under the
evolution generated by Eq. (3.17). As a result, every few steps in imaginary
time, it is recommendable to normalize ψ(x) to its original norm N0 equal to

N0 =

 +∞∫
−∞

ψ∗0(x)ψ0(x)dx

 1
2

, (3.18)

which in discrete form, needed for computation, can be approximated, e.g. as

N0 =

[
K∑
k=0

(
∣∣ψ0

k

∣∣2 ∆x

] 1
2

=

[
K−1∑
k=1

(|ψ0
k|2∆x

] 1
2

(3.19)

The fact that ψ is normalized to its original norm and not to unity is a choice that
was arbitrarily made: in this way the user does not have to insert a normalized
function as ψ0(x), and the final state will either way have a scale similar to the
initial one.

At each step n, after having calculated each ψn+1
k using the chosen integra-

tion method, to normalize the wave function we we just have to calculate its norm

Nn+1 =

[
K−1∑
k=1

∣∣ψ0
k

∣∣2 ∆x

] 1
2

(3.20)

and substitute the ψn+1
k with

Ψn+1
k =

N0

Nn+1

ψn+1
k

and use these new calculated Ψn+1
k as the initial wave function values for the next

step.
In general, also real-time evolution generates norm fluctuations due to the

errors introduced by the finite integration methods. For all the simulations con-
duced in this paper, the norm was always monitored in order to
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3.5 Comparison between the different methods

Crank-Nicolson and RK4 have the same O
(
K
)
per step complexity. We might

now illustrate the dramatic advantage of the first method over the second, due
to its stability on stiff equations like Eq. (2.3). An example is that, if the
initial wave function ψ0(x) represents an eigenstate of H, Runge-Kutta (RK4)
will sooner or later diverge exponentially, while Crank-Nicolson (CN) will stably
evolve the wave function, remaining close to the same eigenstate.

In order to quantitatively evaluate the error committed by the algorithms,
we simulated an electron-mass particle inside a a = 100 pm infinite square well,
with initial wave function in the ground state ψ0(x) = cos

(
πx
a

)
; the analytical

solution of (2.1) for the ground state is

ψA(x, t) = cos
(πx
a

)
e−2iπt/T (3.21)

where T = 4mea2

π~ . If we call ψ(x, t) the simulated evolution of ψ0(x) at time t, we
may define the error ε in this way

ε(t) =
‖ψ(x, t)− ψA(x, t)‖

‖ψ0(x)‖
. (3.22)

Figure 3 shoes a comparison of ε(t) for RK4 and CN, computed with the same
∆x = 2 pm and ∆t = 2 zm; the error for the RK4 method is much larger than for
the CN method, and after about 150 fs it explodes approximately exponentially
in time. Even after very long integration times (milions of femtoseconds), CN
was never found to diverge exponentially. The exponential divergence of RK4 is
actually the main limiting factor of the algorithm, since such behavior basically
puts a limit on the maximum integration time.

More notably, the initial slopes of the lines are

αRK = 8.4× 10−5fs−1

αCN = 9.6× 10−6fs−1

meaning that Crank-Nicolson integration is roughly 9 times more accurate than
RK, although having the same time and space discretization.

Other two studies on errors were done; the first consists in the evaluation
of ε(t) as the integration time step ∆t is changed: the result is visible in 4, and
shows that the delay of the exponential divergence of RK4 depends linearly on
∆t, while for Crank-Nicolson little time-dependence on the error was found for
this simulation, probably because the simulated state is stationary and the phase
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Figure 3: The integration error error ε(t) for the Runge-Kutta (solid)
vs Crank-Nicolson (dashed).

Figure 4: The integration error ε(t) in logarithmic t scale for Runge-
Kutta, as the value of the integration time step ∆t changes.

velocity error is caused mainly by the limited spatial step, thus the limited time
integration step error is not significant at these (low) spatial resolutions (however
necessary for RK to remain stable for decent times).

The second study consisted in the evaluation of ε(t) as the number K of
spatial steps ∆x was changed. Again, the result is visible in figure 5 and shows
that RK4 diverging behavior occurs much before if ∆x is increased, while for
Crank-Nicolson the only difference is in the slope of the error line. This of couse is
a very limiting factor for RK since the total computational time has to drastically
increase if more spatial resolution is required.

For this reason, while performing simulations for this paper, Runge-Kutta
has never been used.
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Figure 5: ε(t) for Runge-Kutta (top) and Crank-Nicolson (bottom), as
the value number K of spatial steps varies. It is possible to see that while
for Crank-Nicolson there is only a small difference in the linear rate of
growth of the error, Runge-Kutta divergence time strongly depends on
the number of steps K.
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4 Time-dependent perturbation theory

Time dependent Hamiltonians are very important, in particular because they
allow us to describe the semiclassical interaction between a charged particle and
the electromagnetic field. In this section we are going to study and then simulate
the effects of oscillating external fields on a quantum system.

Let us first rewrite equation (2.1), explicitly denoting the Hamiltonian of
the system H as a function of time

i~
d

dt
|ψ(t)〉 = H(t)|ψ(t)〉. (4.1)

Observe that, being U(t, t0) the unitary time evoution operator generated by
H(t), Eq. (4.1) can be written as

i~
d

dt
U(t, t0)|ψ(t0)〉 = H(t)U(t, t0)|ψ(t0)〉 (4.2)

and since (4.2) is valid for each vector |ψ(t0)〉, it corresponds to the operatorial
equation [2, p. 153]

i~
d

dt
U(t, t0) = H(t)U(t, t0) (4.3)

The formal solution of Eq. (4.1), obtained by integration, is

|ψ(t)〉 = e
− i

~
∫ t
t0
H(t′)dt′|ψ(t0)〉 = U(t, t0)|ψ(t0)〉 (4.4)

The exponential function of the right hand side of (4.4) can be expanded in the
Dyson series

|ψ(t)〉 =

[
1− i

~

∫ t

t0

dt1H(t1)− 1

~2

∫ t

t0

dt1

∫ t1

t0

dt2H(t1)H(t2) + . . .

]
|ψ(t0)〉.

(4.5)
Consider the decomposition of the Hamiltonian H(t) = H0 + εH ′(t), with H0

independent of time and ε a dimensionless parameter which will eventually be set
to unit. We adopt the Dirac interaction picture [, Dirac, p 239] by performing
the substitution

|ψ(t)〉 = e−
i
~H0(t−t0)|ψI(t)〉 = U0(t, t0)|ψI(t)〉 (4.6)

being U0 the unitary time evoution operator generated by the unperturbed Hamil-
tonian H0. Thanks to this substitution, it is possible to write Eq. (4.1) in the
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form

i~
d

dt
[U0(t, t0)|ψI(t)〉] =H(t)U0(t, t0)|ψI(t)〉

i~
dU0(t, t0)

dt
|ψI(t)〉+ i~U0(t, t0)

d|ψI(t)〉
dt

=H0U0(t, t0)|ψI(t)〉+

+ εH ′(t)U0(t, t0)|ψI(t)〉. (4.7)

From (4.3) we get that i~dU0(t,t0)
dt

= H0U0(t, t0), thus Eq. (4.7) becomes

i~U0(t, t0)
d|ψI(t)〉
dt

= εH ′(t)U0(t, t0)|ψI(t)〉,

and eventually

d

dt
|ψI(t)〉 = −iε

~
U †0(t, t0)H ′(t)U0(t, t0)|ψI(t)〉.

If we define H̃ ′(t) := U †0(t, t0)H ′(t)U0(t, t0), we arrive to the conclusion

d

dt
|ψI(t)〉 = − i

~
εH̃ ′(t)|ψI(t)〉. (4.8)

The Dyson series for the solution of Eq.(4.8) is

|ψI(t)〉 =

[
1− iε

~

∫ t

t0

dt1H̃
′(t1)− ε2

~2

∫ t

t0

dt1

∫ t1

t0

dt2H̃
′(t1)H̃ ′(t2) + . . .

]
|ψI(t0)〉

(4.9)
and until this point, no approximation was made, so (4.9) is exact. In the limit
of weak perturbation ε → 0, it is possible to approximate |ψI(t)〉 by truncating
the right-hand side of (4.9) at some finite-order in ε. For example, the first-order
approximated form of (4.9) is

|ψI(t)〉 '
[
1− i

~

∫ t

t0

εH̃ ′(t1)dt1

]
|ψI(t0)〉 = UI(t, t0)|ψI(t0)〉. (4.10)

If we consider the (orthogonal) eigenstates H0|Ef〉 = Ef |Ef〉 and H0|Ei〉 =

Ei|Ei〉 of the unperturbed Hamiltonian, the transition probability of the initial
state |Ei〉 evolving under the perturbed Hamiltonian H(t) to the final state |Ef〉
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is

Pf (t) =
∣∣〈Ef |U(t, t0)|Ei〉

∣∣2 =
∣∣〈Ef |U0(t, t0)UI(t, t0)|Ei

I〉
∣∣2

=
∣∣e−iEf (t−t0)/~〈Ef |UI(t, t0)|Ei〉

∣∣2 ' ∣∣∣∣〈Ef |1− i

~

∫ t

t0

εH̃ ′(t1)dt1|Ei〉
∣∣∣∣2 =

=
ε2

~2

∣∣∣∣∫ t

t0

〈Ef |H̃ ′(t1)|Ei〉dt1
∣∣∣∣2 =

=
1

~2

∣∣∣∣∫ t

t0

〈Ef |U †0(t1, t0)εH ′(t1)U0(t1, t0)|Ei〉dt1
∣∣∣∣2 =

=
ε2

~2

∣∣∣∣∫ t

t0

〈Ef |H ′(t1)|Ei〉ei(Ef−Ei)(t1−t0)/~dt1

∣∣∣∣2 . (4.11)

This result shows that the leading-order effect of the time-dependent perturbation
on the transition probability is a second-order term in the perturbation amplitude.
We are now ready to apply the approximate result of Eq. (4.11) to realistic
perturbations: since interaction with light and EM field is fundamental for the
investigation of the properties of atoms and condensed matter, we will study
electromagnetic transitions.

4.1 Oscillating Dipole perturbation

The next approximation we are introducing is the well known dipole approxi-
mation. In dipole approximation, the perturbation Hamiltonian of an incoming
monochromatic and coherent radiation having angular frequency ω and polarized
on the axis ê can be written as

H ′ = H ′(~r, t) = F~r · ê sin(ωt) = Hint sin(ωt) (4.12)

where F is a coupling coefficient between the system and the EM field; In vacuum
for an electron in an oscillating electric field of amplitude E the intensity is the
mean value of the Poynting vector I = c ε0E

2/2, so we have that

F = −qeE = −qe
√

2I

ε0c
.
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Figure 6: y(∆ω) = sin2(τ∆ω)

(τ∆ω)2
for different values of τ in units of 1/∆ω.

It is remarkable that y(∆ω) is significally different from zero only in the
region |∆ω| < π

τ

For the sake of notation brevity, we will stitch to the F symbol. With this
perturbation, Eq. (4.11) becomes

Pf (t) =
1

~2

∣∣∣∣∫ t

t0

〈Ef |F~r · ê sin(ωt1)|Ei〉ei(Ef−Ei)(t1−t0)/~dt1

∣∣∣∣2
=
F 2

~2

∣∣〈Ef |~r · ê|Ei〉
∣∣2 ∣∣∣∣∫ t

t0

ei(E
f−Ei)(t1−t0)/~ sin(ωt1)dt1

∣∣∣∣2
and calling ωfi = (Ef − Ei)/~, we get

Pf (t) =
F 2

~2

∣∣〈Ef |~r · ê|Ei〉
∣∣2 ∣∣∣∣∫ t

t0

i

2

(
ei(ωfi−ω)(t1−t0)/~ − ei(ωfi+ω)(t1−t0)

)
dt1

∣∣∣∣2
=
F 2

4~2

∣∣〈Ef |~r · ê|Ei〉
∣∣2 ∣∣∣∣ei(ωfi−ω)(t−t0) − 1

i(ωfi − ω)
− ei(ωfi+ω)(t−t0) − 1

i(ωfi + ω)

∣∣∣∣2
=

1

4~2

∣∣〈Ef |Hint|Ei〉
∣∣2 ∣∣∣∣ei(ωfi−ω)(t−t0) − 1

i(ωfi − ω)
− ei(ωfi+ω)(t−t0) − 1

i(ωfi + ω)

∣∣∣∣2 . (4.13)

Let τ = t − t0. Tthe structure of the square modulus in Eq. (4.13) we notice
that it is of the form

|A+B|2 = |A|2 + |B|2 + AB +BA
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where

|A|2 = 4
sin2(1

2
(ωfi − ω)τ)

(ωfi − ω)2
= τ 2 sin2(1

2
(ωfi − ω)τ)[

1
2
(ωfi − ω)τ)

]2 (4.14)

|B|2 = 4
sin2(1

2
(ωfi + ω)τ)

(ωfi + ω)2
= τ 2 sin2(1

2
(ωfi + ω)τ)[

1
2
(ωfi + ω)τ)

]2 . (4.15)

The mixed products AB +BA are of the order of the square root of the product
between |A|2 and |B|2. Fig. 6 shows the quantities of Eqs. (4.14) and (4.15) are
significantly different from zero only when ω differs respectively from ±ωfi by less
than 2π/τ . But since we are studying the limit of weak interaction, we assume
that the transition takes place after a very large number of weak oscillations, and
so it must indeed occur that the interaction time τ � 2π

ωfi
; this means that A and

B cannot be simultaneously significantly different from zero, thus we can neglect
the interference mixed terms AB +BA and write (4.13) as

Pf (t) '
1

4~2

∣∣〈Ef |Hint|Ei〉
∣∣2 τ 2

[
sin2(1

2
(ωfi − ω)τ)[

1
2
(ωfi − ω)τ)

]2 +
sin2(1

2
(ωfi + ω)τ)[

1
4
(ωfi + ω)τ)

]2
]
.

(4.16)
Moreover, the long-interaction-time limit τ � 2π

ωfi
is usually quite well respected

in optical transitions: spontaneously emitted photons usually have a spectral
width 1

τ
≈ 108 ÷ 109s−1, while optical frequencies are in the range ωfi ≈ 1014 ÷

1015s−1 although absorption and stimulated emission rates depend of course in the
radiation intensity level. Eq. (4.16) is a very important achievement, since the
two terms (4.14) and (4.15) that appear in the right-hand side are respectively
different from zero when ω ≈ ±ωfi: in the first case Ef > Ei and absorption
takes place, while in the other case Ef < Ei and stimulated emission occurs.
Of course, being Pf (t) a probability, it cannot exceed unity, while the expression
(4.16) can. This means that Eq. (4.16), originated by an approximated integral,
is valid only in the limit of small probabilities. It is also important to see (with
the help of Fig. 7) that, at the resonance ω = ±ωfi, the transition probability
(4.16) reaches the value

Pf (t) =
1

4~2

∣∣〈Ef |Hint|Ei〉
∣∣2 τ 2 (4.17)

meaning that in this approximation the transition rate is linear in time

γif =
dPf (t)

dt
=

1

2~2

∣∣〈Ef |Hint|Ei〉
∣∣2 τ. (4.18)
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Figure 7: y(τ) = τ 2 sin2(∆ωτ)
(∆ωτ)2

= sin2(∆ωτ)
(∆ω)2

for different values of ∆ω,
expressed in units of 1/τ . The dashed line is the resonant point for
∆ω = 0, resulting in the function the function y(τ) = τ 2.

We now evaluate the transition rate at arbitrary frequencies, following Eq. (4.16)

γif =
dPf (t)

dt
=

1

~2

∣∣〈Ef |Hint|Ei〉
∣∣2 [sin((ωfi − ω)τ)

ωfi − ω
+

sin((ωfi + ω)τ)

ωfi + ω

]
. (4.19)

4.1.1 Incoherent radiation and Fermi’s Golden Rule

The energy density u of the electric field E is [3]

u =
ε0

2
E2 (4.20)

so, Hint can be written as

Hint = −qeEx = −qe
√

2

ε0

u~r · ê.

By defining the electric dipole operator

~d = −qe~r,
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Eq. (4.19) becomes

γif =
2u

ε0~2

∣∣∣〈Ef |~d · ê|Ei〉
∣∣∣2 [sin((ωfi − ω)τ)

ωfi − ω
+

sin((ωfi + ω)τ)

ωfi + ω

]
. (4.21)

We can now consider a transition caused by an incoherent radiation: we
must take into account all the different incident frequencies, assuming a spectral
energy density ρ(ω) such that ∫ ∞

−∞
dωρ(ω) = u. (4.22)

A priori, each spectral contribution adds up to promote the |Ei〉 → |Ef〉 transi-
tions, with its individual rate. We can write the total transition rate as

γi→f =
2

ε0~2

∫ ∞
−∞

dω ρ(ω)
∣∣∣〈Ef |~d · ê|Ei〉

∣∣∣2 sin((ωfi − ω)τ)

ωfi − ω
. (4.23)

For τ � 2π/ωfi, Eq. (4.23) reduces to

γi→f =
2

ε0~2

∫ ∞
−∞

dω ρ(ω)
∣∣〈Ef |H|Ei〉

∣∣2 πδ(ωfi − ω)

γi→f =
2π

ε0~2

∣∣〈Ef |H|Ei〉
∣∣2 ρ(ωfi) (4.24)

which is remarkable because the transition rate from the initial to the final state
is constant, implying a mean transition time of 1/γi→f . How do Eq. (4.24) and
(4.18) reconcile? The transition rates cannot be at the same time linear in the
duration of interaction with radiation and independent of it! The result of Eq.
(4.18) (linear growth in time) applies when a finite energy density is appliede to
the molecular system in a single electromagnetic energy mode, e. g. as can be
done when the experiment is carried out in an electromagnetic cavity. On the
other hand, Eq.(4.24) (fixed transition rate) holds when an infinitely continuous
set of modes share the radiation energy, so that effectively each mode hods a
vanishingly small fraction of the total energy density u. This second situation
covers an open experimental setup, with an incoherent radiation source such as
a hot filament. Equation (4.24) is famous result known in literature as Fermi’s
golden rule for time-dependent perturbations [3, 4].
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4.1.2 Simulations on dipole perturbations

|ψ|(x, 0.000as)

x

|ψ|(x, 515.400as)

x

|ψ|(x, 825.000as)

x

|ψ|(x, 1170.000as)

x

|ψ|(x, 1620.600as)

x

x division 10pm

Figure 8: The simulation of a transition
|E1〉 → |E2〉, at the exact resonant fre-
quency, with period T = T1→2, with an
electric field amplitude of 86 GV/m.

We apply an oscillating dipole field to
an electron bound to remain inside a
1D box of length a = 100 pm. We
adopt the following numerical setup

• ∆x = 20 fm

• ∆t = 2 zs

The exact eigenenergies of such a sys-
tem are

En =
n2π2~2

2mea2
. (4.25)

Accordingly, the oscillation periods
of resonating perturbations which in-
duces transitions between two energy
eigenstates are

Tn→m =
2π~

Em − En
=

4mea
2

(m2 − n2)π~
(4.26)

Figure 8 shows a few snapshots of the
time evolution of a system, in a state
represented by the vector |ψ, t〉, ini-
tially in the ground state |E1〉 and be-
ing perturbed by the Hamiltonian

H ′(x, t) = qeEx sin(2πt/T ) = Fx sin(2πt/T ) = H sin(2πt/T ) (4.27)

which is the 1D version of Eq. (4.12). At first sight, in the final state, it is clear
that the wave function has no even component, menaning that it lost all of its
|E1〉 component.

In order to verify quantitatively the perturbative theory sketched in Sec. 4.1,
the transition probability P2(t) = |〈E2|ψ, t〉|2 is evaluated at each time t during
the evolution.

To start, it is possible to study off-resonance behavior, which should resemble
the curves of Fig. 7 for small probabilities: we check how the probability P2(t) =

|〈E2|ψ, t〉|2 changes as a function of time when the perturbation period T is
changed around the exact resonance value. As T approaches T1→2 the probability
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Figure 9: simulated transition probability P (|ψ, t〉 → |E2〉) as function
of time, changing under the effect of the perturbation of Eq. (4.27) with
E = 50 GV/m for different values of the perturbation period T indicated
over the colored lines in attoseconds. The dashed line is the parabola of
equation P (t) = 64q2eE

2a2

81π4~2 t2 = 4.6806[fs−2]× t2.

could approach the limit (4.17); for this specific system and for the transiton
|E1〉 → |E2〉 it equals

P2(t) =
1

4~2
|〈E2|H|E1〉|2 t2 =

F 2

4~2
|〈E2|x|E1〉|2t2

=
F 2

4~2

256a2

81π4
t2 =

64F 2a2

81π4~2
t2

=
64q2

eE
2a2

81π4~2
t2 (4.28)

The result, shown in Fig. 9 confirms quantitatively Eq. (4.28), and is quite
similar to Fig. 7. However, a small waviness in the the simulated probabilities
is clearly visible: by reducing the radiation intensity it is possible to arbitrarily
reduce this waviness effect, at the price of correspondingly increasing the overall
transition time (and as a direct consequence, the computation time). In most
real lab-conditions atomic transitions, the electric field of the incoming radiation
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is much weaker than the one we used for the simulation of Fig. 9. The transition
time is consequently much longer (of the order of nanoseconds).

Finally, other simulations shown in Fig. 10 were done, of other resonant
dipole transitions, namely |E2〉 → |E3〉 and |E1〉 → |E4〉.

4.2 Quadrupole transitions

|ψ|(x, 0.00as)

x

|ψ|(x, 318.00as)

x

|ψ|(x, 432.00as)

x

|ψ|(x, 763.00as)

x

|ψ|(x, 933.00as)

x

|ψ|(x, 1088.00as)

x

x division 10pm

Figure 11: Subsequent snapshot of a
simulated electric quadrupole transition
between the ground state |E1〉 and the
second excited state |E3〉 of a 100 pm-
wide infinite square well, for resonant in-
coming radiation period of T1→3 = 13.75
fs.

The approximate expression (4.11) for
the transition probability indicates
that any transition between two states
with the same parity is not possible if
the perturbation Hint is an odd opera-
tor, since the matrix element

〈En+2|Hint|En〉

vanishes. This means that, in our 1D
model, the transitions between the en-
ergy eigenstates |En〉 → |En+2〉 are
prohibited for dipole perturbations like
Eq. (4.12).

However, if we consider the 1D
perturbation Hamiltonian which repre-
sents the electric quadrupole moment
coupling with a charged particle

H ′Q = qeKx
2 sin(ωt) (4.29)

the matrix element 〈En+2|H ′Q|En〉
which appears in in (4.11) can be non-
zero, and transitions between states
with same parities are supported. This
kind of transitions are often neglected
since the electric quadrupole terms are
much weaker for typical optical wave-
lengths. Figure 11 shows the simula-
tion of an electric quadrupole transi-
tion for an electron inside a 100 pm-
wide infinite square well, with the fol-
lowing numerical setup:
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(b) the ground state and third excited
state |E1〉 → |E4〉.

Figure 10: Subsequent snapshots of simulations of the electric-dipole
transition between (a) the first and the second excited state, |E2〉 →
|E3〉; (b) the ground state and third excited state |E1〉 → |E4〉. For all
simuations an oscillating constant electric field of amplitude 200 GV/m,
and oscillating periods of (a) T2→3 = 22 fs and (b) T1→4 = 7.333 fs.

26



• x step = 20 fm

• t step = 2 zs

The coupling coefficient of (4.29) used in the simulation was K = 5× 1021V/m2,
which is many orders of magnitude larger than realistic quadrupole values for
radiative transitions. This choice of course is made in order to make the com-
putation time acceptable. For real electric quadrupole radiative transitions, the
transition time is of course much longer than the simulated one, of about 50
periods, and might require much more orders of magnitude of incoming radia-
tion periods, but the qualitative behavior of the wave function is expected to be
basically identical.

4.3 Rabi Cycles

Consider the problem of a two-level (|E1〉 and |E2〉) system interacting with a
coherent dipole radiation like the one treated in section 4.1 for a long interaction
time τ . As discussed in Sec. 4 were valid only for low final transition probability,
not just due to the first order transition of the Dyson series, but also due to
the fact that this relations neglect the a possible backwards transition from the
excited state.

From the theory of Bloch equations [3, pp. 301-305], it is possible to confirm
that the sinusoidal behavior of Eq. (4.16) is valid for any final transition proba-
bility (still remaining in small dipole perturbation limit). The only difference is
that, while Eq. (4.16) reduces to a parabola for the resonance limit, the proba-
bility during the Rabi Cycle evolves sinusoidally, with the same concavity of the
parabola at null interaction time τ = 0. Therefore the transition probability to
the excited state for the system initially in the ground state

P2(t) = |〈E2|U(t, t0)|E1〉|2 (4.30)

for resonant radiation at angular frequency ω12 = (E2 − E1)/~, becomes

P2(t) = sin2(Ωt) (4.31)

where Ω is called Rabi (angular) Frequency and must equal to the square root of
the coefficient of Eq. (4.17) in order to have both probabilities reach the same
limit for small perturbations. Hence we have

Ω =
|〈Ef |H|Ei〉|

2~
=
qeE|〈Ef |d|Ei〉|

2~
. (4.32)
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In another way, this means that (4.17) can be seen as the 2nd order Taylor
expansion of (4.31).

This theory is valid only in weak perturbation limit; this means that we
expect ω12 � Ω hence the oscillating transition between the two levels happens
as a consequence of many oscillations of the perturbing field. It is however inter-
esting to simulate numerically the system for arbitrary strong perturbations and
evaluate the transition probability P2(t) as a function of time.

4.3.1 Simulations on Rabi Cycles and strong field effects

For the simulation that of the theory of Rabi cycles, we used the following setup

• x step = 50 fm

• t step = 10 zs

Energy eigenstates and respective eigenvalues of this system are indicated with
|En〉 and En, and the ground state is indicated with |E1〉. The eigenenergies
are given by Eq. (4.25). Although this problem as far more than two energy
levels, it is convenient because the distances between energy levels increase with
n, and the energy distance between the eigenvalues E2 and E3 almost doubles
the distance between E1 and E2; therefore we expect, for a resonant incoming
radiation of angular frequency ω12, that all transitions different from |E1〉 −⇀↽− |E2〉
are significantly off resonance and occur at negligible rate.

Fig. 12 shows the time evolution of P2(t) = |〈E2|ψ, t〉|2, for different in-
tensities of the perturbation compared with the value predicted by (4.31) super-
imposed. The different simulations are classified by the number Z of periods
Tif = 2π

ωif
it takes to reach the first maximum of P2(t). For the first two graphs

(Z = 65, Z = 13) the predicted and simulated values are almost totally superim-
posed: this verifies the correctness of (4.31) and Rabi frequency (4.32). However,
while (4.31) is valid in the limit of large Z. Fig.12 illustrates how P1(t) changes
when moving away from this limit. Apart for the wiggles, the main effect o a
strong coupling is a slowing down of the Rabi oscillation compared to the pertur-
bative regime. A second remarkable feature is that while for large Z the maximum
of P2(t) is always basically 1, when the perturbation gets stronger (roughly at
Z ≤ 2)the top probability never reaches 1, indicating that other excited states
components of the infinite well are significantly different from zero, even though
such transitions are off resonance. Moreover, for Z ≤ 2 it becomes clear that the
overall oscillation period starts to become longer than the one of the superim-
posed sine with Rabi frequency Ω, indicating that the sinusoidal approximation
begins to fail.
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Figure 12: simulated Rabi cycles (blue) for different values of the number
of transitions Z, with a superimposition (black) of the weak-field limit
prediction (4.31). The oscillation period of the perturbation is T =
36.6667 as, and the respective values of the oscillating electric field are,
in order, 50, 100, 250, 500, 1000, 1500, 2000, 3000 and 4000 GV/m.
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5 1D Periodic potentials

5.1 Bloch oscillations

One of the most interesting and counterintuitive consequences of Bloch’s Theorem
is a phenomenon called Bloch oscillations [5, 6] observed experimentally only in
recent times [7]. If in a periodic potential we consider a wave packet of Bloch
states of the same band j, its group velocity is

vj(k) =
∂

∂k

Ej(k)

~
=

∂

∂k
ωj(k). (5.1)

Since k is the Boch’s wavenumber, ~k is called crystal momentum, which reduces
to the classical momentum for the free particle band. In analogy with classical
Newton’s third principle, it is possible to calculate its derivative with respect
to time when an external force F , constant over the size of the wave packet, is
applied:

∂

∂t
~k = F. (5.2)

This relation is of course valid only when the external field E is not strong enough
to induce interband transitions, which would lead to breakdown effect involving
mixing of states belonging to different bands. The latter phenomenon will be
simulated and studied later.

If an initially k = 0 wave packet, in a periodic potential (e.g. the potential
of a 1D crystal) with period a, is under the effect of an external constant electric
field, equation (5.2) applied to the system is

∂

∂t
~k = −qeE k(t) = −qeE

~
t

meaning that k increases linearly in time. However, due to the periodicity of the
reciprocal lattice, Bloch’s wavenumber of such a wave packet will be identical to
itself modulus 2π/a, meaning that once k exceeds the limit of the first Brillouin
Zone (BZ), the behaviour of the system will be identical to having k re-entering
from the opposite side of the BZ, leading to an oscillatory behaviour. The period
of this Bloch oscillation is expected to be

TB =

∣∣∣∣∣∆kBZ∂k
∂t

∣∣∣∣∣ =
2π~
qeEa

. (5.3)
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5.1.1 Numerical simulation
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x

|ψ|(x, 10.3423fs)
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x division 1nm; V division = 10eV

Figure 13: The total potential V (x),
Eq.(5.5) for E = 2 GV/m and the sim-
ulated ψ(x, t) at successive instants of
time. The gray line represents the prob-
ability current in [fs−1].

The following simulations of Bloch
electrons were run with the following
numerical set up

• ∆x = 2 pm

• ∆t = 0.1 as

The first simulation’s purpose
was to verify (5.3); thus the chosen po-
tential of the system, which we will call
V0, is an array of N = 50, a = 200pm-
wide parabolic potential wells, roughly
25 eV deep. The explicit of equation is

U(x) =

{
Kx2 x ∈ [−a/2, a/2]

0 x /∈ [−a/2, a/2]

V0(x) =
N∑
k=0

U

(
x−

(
k − N − 1

2

)
a

)
(5.4)

with K = 2.5 × 1021eV/m2 and the
usual condition of null wave function
at the boundaries. W added a static
electric field contribution VE = qeE,
for different values of E, in order to
simulate the results predicted by the-
ory. The overall potential expression is
so

V (x) = V0 + qeEx; (5.5)

the initial wave function ψ0(x) is pre-
pared by making the Gaussian

g0(x) = e−
(x−µ)2

2σ2 (5.6)

(with µ = 20pm, σ = 10pm) evolve
over a short imaginary time under the
potential V0, in order to exponentially
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trim all high energy higher bands components of the state, like mentioned in Sec.
2.1.
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k
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Figure 14: Evolution of |ψ〉 in momen-
tum space at successive instants in time.

We now turn on a static electric
field E = 2 GV/m. The resulting
Bloch period is Tb = 10.34 fs, accord-
ing to Eq. (5.3). Figure 13 shows a
few snapshots of this evaluation: the
oscillation pertiod is indeed quite con-
sistent with the prediction. In the sim-
ulation, at time t ≈ 10.35 fs the wave
packet returns to its initial position
completing the first period of an os-
cillatory movement.

It is also interesting to see (fig-
ure 14 the time evolution of the state
|ψ0〉 in momentum representation. At
the inversion time, 5.17 fs, the mo-
mentum distribution (in modulus) is
again perfectly symmetric. The expec-
tation value of momentum is therefore
equal to zero, but remarkably the zero-
momentum component vanishes. This
means that the wave packet does not
stop because it is slowed down, but on
the contrary because it is a superposi-
tion of two components moving in op-
posite directions. The probability cur-
rent at the inversion point is indeed
null, as shown in Fig. 13.

In order to test Eq. (5.3) for dif-
ferent values of E„ we ran several sim-
ulations. To monitor the return to the
starting state, we compute the overlap
between the evolved wave function and
the initial one

P (t) = |〈ψ(x, t)|ψ(x, 0)〉|2 . (5.7)

Figure 15 shows this quantity for 3 different values of the electric field E:
the result confirm the prediction of Eq. (5.3).
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Figure 15: The return probability P (t) = |〈ψ(x, t)|ψ(x, 0)〉|2 for different
values of E (Red line: E = 2 GV/m; Yellow line: E = 3 GV/m; Blue
line: E = 4 GV/m). Therefore, as predicted by (5.3), all 3 functions
back in phase after respectively 2, 3 and 4 periods.

5.1.2 Breakdown
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x
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|ψ|(x, 1.01769fs)

x

|ψ|(x, 1.06077fs)
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|ψ|(x, 0.76900fs)

x
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Figure 16: Breakdown after few Bloch
oscillations for different external electric
fields. (Respectively from top) E = 20
GV/m, E = 30 GV/m, E = 40 GV/m
and E = 100 GV/m. All the simulations
share the same periodic unperturbed po-
tential V0 described in Eq. (5.4)

As discussed above, if the static elec-
tric field E added to the periodic
potential periodic potential is strong
enough, it can induce interband tran-
sitions, consequently invalidating Eq.
(5.1) (which holds only for single-band
wave packets).

Phenomenologically, we observe
that part of the wave packet "tun-
nels" after Bloch oscillation inversion.
Hence, as the field increases in inten-
sity:

• Bloch oscillation frequency in-
creases, as predicted by (5.3)

• The tunneling part of the wave
function increases in magnitude

• The reflected part of the wave
function reduces in magnitude

if the field is too strong, the re-
flected part becomes insignificant and
the Bloch oscillation effect disappears.
an increasingly larger part of the wave
packet "tunnels" after the inversion of
the Bloch oscillation.
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The simulation is displayed in figure 16 shows the breakdown phenomenon;
the numerical parameters were the same of 5.1.1. The tunneling part of the wave
function acquires a great momentum and consequently a high wavenumber k:
this means that the complex argument of ψ(x) varies rapidly with the spatial
coordinate x, thus making the function appear on the plot as grayish instead of
colored.

5.1.3 The discrete-domain wave function artifact
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|ψ|(x, 8.8800fs)
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|ψ|(x, 10.3500fs)

x
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Figure 17: the discrete wave function
artifact for an electron Gaussian wave
packet in a constant electric field of
20GV/m

An effect almost identical to Bloch Os-
cillations is actually always obtained
when dealing with discrete-domain
wave functions. More generally, for
any discrete-domain function Bloch’s
k cannot exceed π/∆x, where ∆x is
the resolution of the mesh on which the
function is evaluated.

For the same reason which causes
Bloch Oscillations, if an external con-
stant field is applied to a wave packet
evaluated on a finite mesh, we expect
that as k exceeds the limits of the first
Brillouin zone [−π/∆x, π/∆x], we ex-
pect the packet to stop and start mov-
ing backwards as in a periodic poten-
tial.

We simulated this example for an
electron-like particle in a constant field
of 20 Gv/m with a rather poor reso-
lution ∆x = 0.2 nm; this leads to a
predicted Bloch period (5.3) equal to
the one predicted in section 5.1.1, in
good accord with simulation. Figure
17 shows several snapshot of the simu-
lation for these oscillations.

The presence of this artifact, which basically happens in a setup which can
be seen as a tight-binding model with only one "atomic" complex value of the
wave function per lattice cell, besides being theoretically interesting, could be
seen as a caveat for anybody is trying to simulate a system on a finite mesh were
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particle are allowed to acquire a large momentum: one must remember that the
mesh step of the system has always to be smaller than the de Broglie wavelength
λ = h/p of the particle.

5.2 Transitions in periodic potentials

As seen in Sec.4, an external time-dependent perturbation can make a system
initially in an eigenstate of the unperturbed Hamiltonian H0 generally evolve
in a superposition of eigenstates of H0. In section 5 we saw how, in periodic
potentials, the energy eigenstates form contiuous bands, separated by energy
gaps. We expect transitions between states of the same band, called intraband
transitons, to have a much lower energy with respect to transitions between states
of two different bands, known as interband transitions. The latter are the optical
transitions which take place in semiconductors: they are responsible for instance
of the photon emission of a LED or the change in resistance of a photo-resistor.

5.2.1 Intraband transitions

The simulation we are going to see now has the following numerical setup:

• ∆x = 5 pm

• ∆t = 1 as

and consists in the transition between the ground state of an array of N = 50,
100pm wide 100pm separated 54eV deep square wells, located inside of an infinite
well of width A = 5nm, and some excited states of the same "band". The term
"band" is not correct for a finite array of wells, since the periodicity in this
potential can only be discrete; this means that for each "band" there will be 1
different energy eigenstate for each well (N = 50 orthogonal eigenstates in this
case); the Bloch wavenumber for such states will be

kn =
2nπ

A
(5.8)

In figure 18 it is possible to see the simulated dipole transition between the
ground state and two different excited states.
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Figure 18: simulation of the intraband transition between the ground
state and the first (18a) and third (18b) excited states of the system
described in 5.2.1, for an oscillating constant electric field of respectively
10MV/m and 90MV/m. The oscillating periods, of respectively 101.5fs
and 20.3fs were found tentatively.
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5.2.2 Interband/Optical Transitions

We now are going to simulate a transition between two states belonging to dif-
ferent bands. The setup is the following:

• ∆x = 5 pm

• ∆t = 5 zs

and the potential is an array of N = 25, 100pm wide, 100pm separated 200eV
deep square wells. starting from the ground state we expect to get a transition
in which the final state wave function has one node per each cell of the lattice;
we will therefore call this band the N = 1 band, and the ground state band the
N = 0 band. The simulated final state, visible in figure 19 was quite messier
than the other simulations of this paper: the reason is that many transitions
to different final states of the excited band happen at the same time, and the
resulting final state is a superposition of orthogonal energy eigenstates of the
excited band, which in not a stationary state.

|ψ|(x, 0.00000fs)

x

|ψ|(x, 1.11750fs)

x
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x
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|ψ|(x, 4.74938fs)
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Figure 19: simulated interband transition between the ground state and
the k = 0 state of the N = 1 band of the system described in 5.2.2, for
an oscillating field of 40GV/m with a period of 23.5as. The final state is
not symmetric and stationary due to the fact that the final states of the
N = 1 band are very close in energy with respect to the energy of the
transition, thus many states will be close enough to resonance and will
be partially involved in the transition.
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6 Discussion and Conclusion

At this point, we might recall the main results emerging from this work: through-
out this paper, we have seen how Runge-Kutta PDE integration algorithm is not
suitable for Schrödinger-like equations due to its instability, while the Crank-
Nicolson method gives a much better result within the same computational com-
plexity.

We have numerically simulated 1D dipole and quadrupole transitions and
verified Time-Dependent perturbation theory predictions on the transition prob-
ability; after simulating a quadrupole transition, we have successfully verified the
theory of Rabi Oscillations for weak perturbations and gradually increased the
intensity of the perturbation in order to see the effects of an oscillating strong
field.

Simulations also involved periodic potentials: we successfully simulated Bloch
oscillations for an electron-like particle in a periodic potential and verified the
theoretically predicted Bloch frequency; afterwards, by simulating the effects of
a strong static electric field we have seen how the electron wave function partly
escapes the oscillation range and breakdown happens. An intriguing result was
the artifact which happens when a discrete domain wave packet is accelerated: a
phenomenon analogous to Bloch oscillations happen, this time due to the limited
spatial resolution of the wave function. Finally, both intraband and interband
transitions in periodic potentials were succesfully simulated. As further develop-
ment of this work, we might consider applications to the optimal control theory
of quantum systems in connection with ultrashort LASER pulses now avaliable
in Free Electron Laser sources [8].
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Appendix A Thomas algorithm

A tridiagonal linear system of equations of n unknowns
b1 c1 0

a2 b2 c2

a3 b3
. . .

. . . . . . cn−1

0 an bn




x1

x2

x3

...
xn

 =


d1

d2

d3

...
dn

 (A.1)

can be solved by first obtaining a set of n−1 new coefficients c′i using the following
recursive relation

c′i =


ci

bi
i = 1

ci

bi − aic′i−1

i = 2, 3, . . . , n− 1

(A.2)

and then, by using these new c′i coefficients, calculating a set of n new coefficients
d′i via the formula

d′i =


di

bi
i = 1

di − aid′i−1

bi − aic′i−1

i = 2, 3, . . . , n.

(A.3)

The solution of (A.1) is obtained by performing the backward substitutions

xn = d′n

xi = d′i − c′ixi+1 i = n− 1, n− 2, . . . , 1. (A.4)
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