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Abstract

We investigate the energetics of a monolayer of mutually repulsive col-

loidal particles interacting with an external corrugation potential charac-

terized by five-fold quasicrystalline symmetry. We study its static prop-

erties as a function of a global translation of the monolayer and of the

rotation angle between the monolayer lattice and the symmetry axes of

the corrugation potential. We use FIRE minimization to explore the re-

laxed energetics of the monolayer, as a function of its global translations

and rotations. Using classic molecular dynamics we study the frictional

properties of the monolayer, identifying the Aubry transition between a

frictionless superlubric state and a state characterized by finite static fric-

tion.
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1 Introduction

In tribology, the branch of physics studying friction and adhesion phenomena,

scientists are usually interested in periodic commensurate or incommensurate in-

terfaces between solids. Low friction can occur whenever the crystal unit cells

facing each other are not compatible. The contact between two interfaces has

been described within the Frenkel-Kontorova (FK) model [1] which provides an

excellent starting point to understand the key features of this physics. This one-

dimensional (1D) model predicts two particular type of excitations phenomena

known as kinks and antikinks [2], whose enhanced mobility can reduce friction

significantly. To better understand this kind of excitations, we can consider the

simplest formulation the FK model, a 1D chain of classical particles, interacting

harmonically with their first neighbors and with a sinusoidal corrugation poten-

tial. By adding an atom to a chain with as many particles as sinusoidal-potential

wells, the resulting configuration has two particles forced to share the same poten-

tial well: we call this topological excitation a soliton or kink. A kink pushes the

surrounding particles out of their minimum, predisposing them to move across

the underlying potential, if they are driven by an externally applied force. An

antikink (or antisoliton) is obtained by removing a particle from the chain, re-

sulting in local expansion of it. The main difference between this two kinds of

excitations is that, under a driving force, the kinks move forward while antikinks

move backward. Therefore both move mass in the direction of the force.

The system we study here is a 2D extension of the standard formulation

of the FK model. This problem has not yet been studied analytically, thus our

approach is mainly based on numerical methods. The first difference we can high-

light from the 1D model is the presence of a new global degree of freedom: the

substrate and overlayer lattices can be mutually rotated around the vertical axis.

In the crystalline case, the orientational epitaxy of a monoatomic layer has been

studied by A. D. Novaco and J. P. McTague (NM) [3, 4]. In their work, they char-

acterize the link between the energy of the overlayer and the misalignment angle

with the substrate using linear-response theory. If working with atoms, the main

experimental difficulty is the impossibility of observe directly their motion. This

difficulty is circumvented in experiments done with a layer of colloids, which are

visible under the microscope. T. Bohlein, J. Mikhael and C. Bechinger have been

the first to investigate the frictional properties of a colloidal monolayer driven

across a periodic or quasiperiodic potential [5]. They observed a stick-slip mo-

tion for commensurate conditions, while for the incommensurate case they noticed

a superlubric regime, under specific conditions. The validity of the NM theory

has been tested in colloidal layer interacting with a periodic external potential
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[6], and observed experimentally in the same context [7]. The theory describes

approximately our system for weak interaction between the overlayer and the

substrate. The quasiperiodic case has been studied with numerical simulations

in recent years [8, 9, 10, 11] and the results are converging to a generalization of

the NM theory to quasicrystalline systems.

2 The model

In our model we consider a colloidal monolayer composed of charged particles

suspended in a fluid. We treat the colloids as charged point-like particles because

their mutual repulsion keeps the distance between their centers well above their

diameters.

The interactions of the considered system are mainly two, the colloid-colloid

repulsion and the adsorbate-substrate interaction. The repulsive interaction be-

tween colloids is assumed to be a two-body potential.

Ucc =
1

2

N∑︂
j ̸=l

U2B(rj,l), (1)

where rj,l = |rj − rl| is the inter-colloid distance. For the two-body interaction

we use the Yukawa potential [12], also known as screened Coulomb potential:

U2B(rj,l) =
Q

rj,l
e

−rj,l
λ . (2)

For our simulations we adopt the following values: Q = 1011 µm·zJ and λ = 0.2

µm. The quasiperiodic substrate corrugation is treated as a local potential

Uext =
N∑︂
j

V (rj). (3)

Here rj is a two-dimensional vector defining the position of the jth colloidal

particle relative to the center of the supercell in the adsorbate plane.

The general form of the corrugation potential is given by

V (r) = −V0

⃓⃓⃓⃓ Ns∑︂
m=1

eikm·r

Ns

⃓⃓⃓⃓2
= − V0

N2
s

(︄∑︂
G

e−iG·r +Ns

)︄
, (4)

with

km =
2π

apot

(︃
cos

2π(m− 1)

Ns

, sin
2π(m− 1)

Ns

)︃
. (5)

4



Figure 1: (a): geometric construction of the G vectors from the 5 km

vectors. (b): the 20 G vectors of a 5-fold quasycristalline potential gen-

erate a decagonal symmetry characterized by two different lengths, eq.

(7).

Here V0 represents the corrugation amplitude of the substrate potential, while the

integer Ns denotes the Ns-fold symmetry of the potential. In this specific case

we take Ns = 5. The sets of Gs is shown in figure 1. They come in ten pairs of

opposites with two lengths. Their expression is obtained from:

G = km − km′ for m ̸= m′ . (6)

With some simple trigonometry we can evaluate the modules of the Gs:

|G1| =
2π

apot

√︄
2
√
5

1 +
√
5

and |G2| =
2π

apot

√︄
5 +

√
5

2
. (7)

Their precise expression will be later useful when choosing the apot value in order

to distinguish the commensurate cases from the incommensurate ones, relative to

the lattice spacing. The total Hamiltonian is then given by

Ĥ tot = Ĥ0 + Ĥ1 =
∑︂
j

p̂2
j

2M
+ Û cc⏞ ⏟⏟ ⏞

Ĥ0

+Û ext. (8)

In the static minimizations we neglect the kinetic energy
∑︁

j

p̂2
j

2M
, as we consider

the static problem of evaluating the minimum potential energy E = min{rj}(Ucc+

Uext). We explore how global properties of the layer, namely the angle between
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the adsorbate and the substrate potential and an overall translation of the mono-

layer, affect the total potential energy, which we obtain by letting the colloidal

particles relax and computing the optimal static energy Ucc + Uext at the end of

the relaxation.

The Novaco-McTague theory [3, 4] predicts analytically, for the periodic

substrate case Ns = 3, the mutual misalignment angle corresponding to the min-

imizing configuration, but in the quasiperiodic case there is no shortcut and the

angle must be evaluated numerically. In both the crystalline and the quasicrys-

talline case the dependence from the misalignment angle θ shows a periodicity

generated by the geometric properties of the considered system. The coupling

between the 10-fold symmetry produced by the Gs and the hexagonal pattern

of the colloidal overlayer creates a 12◦ periodicity for the total energy, that can

be reconducted to the study of a 6◦ range, due to the θ → −θ symmetry. For

our calculations we focus on acol = 5.8 µm, a previously investigated inter-colloid

distance [5]. At this distance, the mutual inter-colloid repulsion for two nearest

particles is ≃ 0.0044 zJ, corresponding to a repulsive force of ≃ 0.0227 fN.

2.1 The Novaco-McTague theory

Following the NM theory of [3], with a variational approach and two standard

approximations (linear-response and one-phonon, introduced in Ref. [4] and well

explained in Ref. [10]), we obtain a prediction of the energy lowering per colloid

as: ⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
∆E = − V 2

0

2MN4
s

BZ\0∑︂
q

∑︂
s=L,T

|fq,s|2

ω2
q,s

fq,s =
∑︂
G

∑︂
τ

G · ϵq,s e−iτ ·R0δq,G−τ .

(9)

M is the colloid mass, R0 is a global shift of the lattice away from a crystalline

configuration with one particle at the origin. q are the wave vectors in the

reciprocal space, τ are the reciprocal lattice vectors of the undistorted monolayer

crystal and ϵq,s are the phonon polarization vectors. This energy needs to be

further minimized as a function of the two remaining variables, R0 and θ. The

latter defines a rotation of the entire lattice, and therefore of the τ set. ωq,s is

the frequency related to the harmonic vibration, s = L, T label the longitudinal

and transverse modes of vibration of the free monolayer. In the small-|q| limit

ωL,T ≃ cL,T|q|, where cL,T are the phonon propagation velocities. The validity

of the NM theory is strictly dependent to the approximations mentioned above.

From previous studies [11] we know that the energy gain per particle increases

linearly with V 2
0 , when the corrugation amplitude stays below ∼ 0.05 zJ. We call
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this region of couplings: linearity range.

3 Technical implementation

3.1 The FIRE minimization

FIRE stands for Fast Inertial Relaxation Engine [13]. It is a computational relax-

ation method to find mechanically stable equilibrium configurations of atomistic

systems. It is an optimization method based on Molecular Dynamics (MD): while

MD is based on the integration of the equations of motion, usually with a fixed

time step δt, FIRE is able to tune δt to optimize the minimization process. It is

based on a discrete form of the equation:

v̇(t) =
F

M
− γ(t)|v(t)|

(︃
v(t)

|v(t)|
− F(t)

|F(t)|

)︃
, (10)

where F = −∇E(x). The final term at the right side of equation (10) is added

to the standard equation of motion, and allows to introduce an acceleration in a

direction that is steeper than the current direction of motion, via γ(t) , when the

power P (t) = F(t)·v(t) is positive. Instead, the velocity is stopped to avoid uphill

motion as soon as the power becomes negative. The integration trajectory is

continuously tuned relying on two velocity modification rules: the just mentioned

stop to avoid uphill motions and an inertial correction v → (1−α)v+α|v|F̂ based

on the parameter α = γδt. Initially, increasing and decreasing dimensionless

parameters finc > 1 and fdec < 1 are set and initial conditions x = 0, v = 0,

αstart and δt are given. At this point, an integration step is carried out. Then,

the algorithm evaluates P , sets v = (1 − α)v + α|v|F̂ and re-evaluates P : if

P has been positive for more than a given Nmin number of steps it increases

δt → min(δtfinc, δtmax). If the power is negative, instead, FIRE decreases the

time step δt → δtfdec, freezes the system setting v = 0 and sets α back to

αstart. Then, it performs the integration and restarts. It is been observed that for

most systems the following parameter values are suitable: Nmin = 5, finc = 1.1,

fdec = 0.5. The only tunable parameter is δtmax: for atomistic systems that need

a typical MD integration timescale ≃ 10−15 s one can estimate δtmax ≃ 10δtMD.

We follow the same approach, using our δt = 0.1 ms, because the objects we deal

with are colloids, that are far heavier and slower than atoms. In our case we set

the algorithm to stop when either the total force acting on the colloids or their

kinetic energy becomes smaller than a suitable fixed thresholds, namely 10−10 fN

for the force and 10−16 zJ for the energy. We observe that in most cases the

minimization ends because of crossing the energy threshold.
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Physical quantity value

acoll 5.8 µm
apot 5.2 µm
Q 1011 µm zJ

λD 0.2 µm
N 251001 or 249001

mcoll 31.0593557697 fkg

Table 1: Parameters characterizing our simulations.

3.2 Supercell and parameters

The number of colloids of a real system is much larger than what can be treated

with molecular-dynamics simulations. However, simulating a small, finite-size

sample, could introduce unexpected and unwanted effects due to the bound-

aries. To mitigate the problem we use periodic boundary conditions (PBC), a

mathematical artifice to mimic the presence of an infinite lattice. The simulated

system is enclosed in an appropriate supercell, which is repeated infinite times

periodically throughout space. This method is far from perfect, but it gives less

unwanted effects than, e.g., circular confinement, as was attempted in Ref. [10].

The supercell is defined by the colloidal lattice symmetry and spacing. For

a 2D triangular lattice, the length of the cell side is a multiple integer of the

lattice spacing acoll. We use the parameters listed in table 1 and an odd multiple

of acoll for the dimensions of the cell, as suggested in Ref. [11]. In figures 2 and

3 we show N = 144 colloids in the supercell appropriate for an hexagonal lattice

arrangement. Figure 2 reports the initial unrelaxed configuration. Figure 3 has

the final configuration after relaxation in a corrugation potential with quite large

amplitude V 0 = 10 zJ.
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Figure 2: Initial configuration of the colloids arranged in a triangular

lattice. The represented portion illustrates an example of a tiny 12 × 12

simulation cell. The numerical samples simulated in this work are much

larger.

Figure 3: The same colloids as in figure 2, but after the relaxation on a

potential with very strong corrugation amplitude (V0 = 10 zJ).
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4 Results

4.1 Translational independence

The Novaco-McTague theory, for the infinite-size crystalline case, does not pre-

dict that the energy is dependent of a global translation of the origin R0 of the

overlayer relative to the corrugation potential. Intuitively, a translation of an in-

finite layer should not change the overall behavior of the colloids on the potential,

because the average adsorbate-substrate interaction does not change. This argu-

ment can be applied on both incommensurate periodic and quasiperiodic cases,

but for a finite-size supercell there is no clear evidence that confirms it. If we

manipulate the expression of the energy, eq. (9), it turns out that the sum over q

is really restricted to a finite number of points through the Kröneker-delta present

in fq,s. Precisely there is one q in the first Brillouin-zone for each G vector of

the potential. When we take the square module of the fq,s term, the phase factor

in equation (9) (where R0 is present) disappears and the information about the

global translation of the overlayer in the energy is lost.

In our preliminary simulations we noticed a moderate dependence of the

energy for a relatively small 50 × 50 layer. Thus we increase the supercell size

to a relatively large approximately 500 × 500 colloids, see table 1, to control

the relative importance of boundary effects. For θ = 0, even with this massive

supercell, a significant dependence of the relaxed energy on R0 seems to remain,

as shown in figure 4. The comparison of two samples of very similar size proves

that there is still a large effect of the boundary. The more plausible reason is that

the θ = 0 orientation of the adsorbate happens to match some regularity of the

potential in its unrotated high-symmetry direction. Therefore, as we translate

the overlayer vertically, an entire row of colloids can cross a peak of the potential,

producing the observed sharp changes in the energy.

In view of this observation we executed a second round of minimizations,

but this time with a nonzero angle, θ = 2.5°, of rotation between colloids and

substrate. Looking at the energy scale in figure 5 compared to figure 4 we conclude

that the energy variations for θ = 2.5° in figure 5 are negligible compared to the

previous case. We tested other nonzero angles, with similar results.

Since in the linear-response regime the energy lowering per colloid is linear

in V 2
0 , we can test this prediction by dividing our data by V 2

0 , while changing

only the corrugation amplitude in otherwise identical minimizations. Figure 6

shows this comparison and, except for minor differences, we can say that the two

sets of data are consistent with each other. To show more consistent evidence of

translational independence on a broader angle range, we have done three further
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Figure 4: Energy lowering per colloid divided by V 2
0 : comparison of

two periodic supercells that differ by only two colloids per side. These

simulations explore only the yCM coordinate, keeping xCM = 0. V0 =

0.01 zJ.

sets of minimizations in a range θ = 0− 6°. In each simulation we have changed

significantly the R0 position. Figure 7 reports the results in comparison with

the predictions of linear-response theory. A shift by approximately 0.08 zJ−1 of

unknown origin is always present.

The main conclusion that we can gather from the data is that boundary

effects depend strongly on the mutual rotation angle, and become especially dom-

inant at the special angle θ = 0. For θ ̸= 0 the expected lack of dependence of

the total energy per colloid on a lateral translation R0 is fairly well confirmed by

our numerical simulations.
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Figure 5: Same as figure 4, but with θ = 2.5°. Looking at the energy

scale, we can conclude that there are only little fluctuations compared to

the θ = 0° case.
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Figure 6: A verification of the deviations from linearity in our model. We

compare two sets of relaxation energies carried out with two different cor-

rugation amplitudes V0 = 0.01 zJ (squares) and V0 = 0.005 zJ (circles),

as a function of the misalignment angle θ, and for R0 = (10, 10) µm,

N = 251001. Both numerical curves look nearly identical, so we can

assume that, if present, nonlinear effects are quite small at this corruga-

tion amplitude. Black solid curve: prediction of the NM linear-response

theory, shifted by −0.08 zJ−1.
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Figure 7: An illustration of the translational independence of the energy

lowering. The three datasets represent the energy gain per colloid as a

function of the angle obtained with three sets of simulations carried out

with the center of mass R0 far away one from another. The parameters

used are V0 = 0.01 zJ and N = 251001. Solid curve: prediction of the

linear-response theory.
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4.2 Fourier analysis of the displacements

To further test the NM theory and the harmonic approximation over the linearity

range we can use the Fourier-transform of the colloids displacement from their

equilibrium positions. This comparison should tell us if the overlayer’s distor-

tions are produced by the q vectors predicted by the linear-response theory, and

also how well the predicted amount of distortion matches. The two-dimensional

Fourier-transform of the displacements uj is defined as:

uq =
1

N

∑︂
j

uje
−iq·Rj , (11)

where Rj is the initial lattice position of the j-th colloid. In the calculation of

this FT we must remember that having PBCs applied to a finite-size overlayer

imposes a discrete nature to the allowed wave-vectors:

qn1,n2
=

n1

N1

b1 +
n2

N2

b2, (12)

with n1 = 0 . . . N1 − 1, n2 = 0 . . . N2 − 1. These coefficients derive from the size

of the rhombic PBC supercell in the two-directions N1a1 and N2a2. This discrete

nature is generally not compatible with the wave-vectors imposed by the delta

condition in the Novaco effect, eq. (9), namely q = G− τ . Another factor that

we have to consider is |q|, which can produce misleading results in the Fourier

transform when it becomes too small. Again, this is a well known consequence of

having PBC on a supercell interacting with a non-periodic potential. Accordingly,

we cannot trust the Fourier peaks produced by q vectors near the origin of the

reciprocal space.

Figure 8 shows the comparison between the positions of the predicted q

vectors and |uq| from our minimization. The position of the Fourier peaks is in

remarkably good agreement with the linear-response theory. An explicit compar-

ison of their displacement magnitudes indicates that they differ substantially, see

table 2. We should be able to decompose the overlayer distortions in transverse

and longitudinal components. In fact, there are only two pure longitudinal distor-

tions for θ = 0°, while the remaining ones are hybrid. Figure 9 shows separately

the longitudinal and transverse projections of the distortions. As the transverse

phonons are less energetically expensive than the longitudinal ones, the NM the-

ory predicts that the former ones should predominate at the NM angle, which for

the current mismatch conditions is θ = 4.25°, shown in figure 10. Unfortunately

the Fourier components do not indicate a clear predominance of transverse over

longitudinal distortions, as we cannot see clear evidence from figure 11.
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(a) (b)

Figure 8: (a) The q vectors that the NM theory predicts to be responsible

of the lattice deformation drawn inside the hexagonal first Brillouin zone

of the undistorted crystal, characterized by acoll = 5.8 µm, θ = 0°. The

corrugation has apot = 5.2 µm. In blue those which are produced from

the longer G vectors of figure 1, in red from the shorter ones. (b) A

numerical evaluation of the magnitude |uq| of the Fourier-transformed

displacements obtained by the FIRE minimization, with V0 = 0.01 zJ.

The correspondence with the linear-response theory prediction is evident.

The intense spot around the origin is a consequence of the finite size of

the sample and of boundary effects.
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qx [µm−1] qy [µm−1] predicted |uq| [µm] FIRE optimized |uq| [µm]

-0.2484 -0.5237 0.0006 0.0024

0.0192 0.5407 0.0003 0.0075

0.0192 -0.5407 0.0003 0.0072

-0.2484 0.5237 0.0006 0.0025

0.2484 0.5237 0.0006 0.0026

0.2676 -0.1865 0.0022 0.0071

0.2676 -0.0170 0.0080 0.0179

0.0 -0.2035 0.0051 0.0133

-0.0192 -0.5407 0.0003 0.0077

-0.2676 0.1865 0.0022 0.0070

0.0 0.1696 0.0045 0.0121

-0.2676 -0.0170 0.0080 0.0180

-0.0192 0.5407 0.0003 0.0074

-0.2676 0.0170 0.0080 0.0177

0.0 -0.1696 0.0045 0.0122

-0.2676 -0.1865 0.0022 0.0072

0.2484 -0.5237 0.0006 0.0026

0.0 0.2035 0.0051 0.0131

0.2676 0.0170 0.0080 0.0175

0.2676 0.1865 0.0022 0.0071

Table 2: Comparison between the prediction of the linear-response the-

ory, and the results of the FIRE minimization for the Fourier components

of the displacements |uq| for each one of the q vectors compatible with

the delta condition of equation (9). Data refer to figure 8, namely θ = 0°.

16



(a) (b)

Figure 9: Same as figure 8b, but with the uq projected on ϵq,L (a) and

ϵq,T (b), namely on the phonon polarization vectors.

(a) (b)

Figure 10: Same as figure 8, but with θ = 4.25°, the observed Novaco

angle. To maintain the same orientation of the first Brillouin zone we

have rotated clockwise the corrugation potential and therefore the star

of G vectors, rather than rotating counterclockwise the monolayer with

its supercell.
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(a) (b)

Figure 11: Same as figure 9 but for the θ = 4.25° case of figure 10.
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4.3 Friction and dynamic properties

To investigate the frictional properties of our monolayer, we probe its dynamics

by dragging it through the application of a constant driving force F to each

colloid. We introduce F1s , namely the minimum force needed by a single colloid

to exit the potential well at the origin. We will express the driving force in terms

of F1s. Ref. [9] introduces the relation between F1s, apot and V0:

F1s ≈ 4.28
V0

apot
, (13)

where z = 4.279396 ± 0.000001. In this set of simulations we have explored two

different values for apot. The incommensurate case apot = 5.2 µm at the NM

angle has been already analyzed in Sec. 4.1, and Ref. [11], so we have carried

out a standard analysis for this case, before going through a deeper investigation

of a commensurate mismatch ratio which has a less known behavior. The initial

approach is identical in both cases. Starting from the minimum energy config-

uration at the specified angle, we introduce an external force directed along the

x-axis, which we increase “adiabatically” in small steps of 0.01F1s. The overlayer

can respond in one of two distinct ways. For a large corrugation V0 and small

force, the colloids move briefly and then stop (static pinning). Alternatively, for

weak corrugation, they keep on sliding under the action of the force (unpinned

state).

A particular unpinned condition is the superlubric one, where the force can

be arbitrarily small and the monolayer slides without any static friction threshold.

Typically, this phenomenon can occur for weak adsorbate-substrate interaction.

While the crystalline situation has been investigated in detail [7, 6, 14], super-

lubric sliding has not been proved yet for a 2D deformable crystal interacting

with a quasicrystalline surface. Assuming that the superlubric state indeed ex-

ists, and starting from it, if we gradually increase the corrugation amplitude

from one simulation to the following, we eventually hit a value of V0 where static

friction appears. In the 1D FK model, this change in behavior is know as the

Aubry transition, a transition between a zero-static-friction superlubric state and

a finite-static-friction pinned state. Figure 12 shows the mobility ⟨vcm⟩/F , with

only the velocity component in the force direction. From this data we have

obtained a corrugation amplitude range where we are sure there is the Aubry

transition. Indeed, between the superlubric state at V0 = 0.05 zJ and the other

state with static friction at V0 = 0.25 zJ there is a critical corrugation amplitude

where the Aubry transition occurs. To refine this determination of the critical

corrugation, we have used a innovative technique, illustrated in figure 13. When

the mobility of the overlayer exceeds the conventional threshold value of 1% we
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Figure 12: Mobility for apot = 5.2 µm at the NM angle θ = 4.25°, as a
function of the normalized driving force for the two indicated values of V0.

The state corresponding to V0 = 0.05 zJ (blue squares) has a significantly

large mobility even down to the smallest forces that we could simulate,

indicating a superlubric state, while for the corrugation amplitude of

V0 = 0.25 zJ (red circles) there is a clear depinning transition pointed at

by the arrow.
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Figure 13: Overlayer mobility as a function of corrugation amplitude.

The driving force is tuned to 0.01F1s (squares) and 0.005F1s (circles) for

each V0 value. Horizontal dashed line: the conventional threshold of 1%

of the free-colloid mobility, the one which the colloid would attain for

V0 = 0. Here apot = 5.2 µm, θ = θNM = 4.25°.
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can label the state as unpinned. With these small forces of 0.005F1s and 0.01F1s,

our calculations carried out for apot = 5.2 µm and θ = 4.25°= θNM place the

transition in the range V0 = 0.12− 0.14 zJ. Also, figure 13 tells us that for all the

values of V0 in the linear-response regime the state is superlubric, in accord with

Ref. [11].

For the commensurate case, we have used apot =
acoll
2

√︂
5+

√
5

2
≈ 5.516 µm.

The exact value of apot is obtained by making a τ vector match a G vector in the

reciprocal space at a certain angle. In our case θ = 6°, which is a high-symmetry

direction. After the standard analysis on the mobility, figure 14, we have used the

previous mentioned technique, shown in figure 15, to identify the Aubry transition

with higher resolution. For the commensurate case, the transition is located in the

range V0 = 0.18−0.2 zJ. Figure 16 reports the values of the static friction force as

a function of the corrugation amplitude. These data indicate the minimum force

required to cross the mobility threshold value of 1% of the free mobility (Mη)−1,

around V0 = 0.18 zJ, significantly larger than in the incommensurate condition

discussed above.

In this commensurate configuration, we have identified a new phenomenon

that occurs only for V0 values in the linearity range. When we impose a small

force to the colloids in the x direction, the monolayer tends to slide at a precise

angle φ to the right of the direction of the force. This behavior is known as

directional-locking (DL) [15, 16, 17]. Figure 17 shows the trajectory traveled by

the supercell center of mass. From the slope of the trajectory, after the initial

transient, we have measured an angle φ = 36°. The arrow in figure 14 shows the

mobility plateau imposed by the DL. This mobility step is present because the

mobility is calculated as the ratio of the x component of the velocity to the applied

(x-directed) force. The perpendicular (y) component of the velocity is ignored in

the mobility definition. When the driving force exceeds a threshold of ≃0.3F1s,

the DL struggles for a small transient time, before completely disappearing.
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Figure 14: Same as figure 12, but with apot ≈ 5.516 µm and θ = 6°.
For V0 = 0.5 zJ (red circles) the model is characterized by a pinned-

unpinned transition near 0.2F1s, similarly to the incommensurate case

treated above. The corrugation amplitude value V0 = 0.1 zJ is superlu-

bric, but the presence of DL limits the mobility to a plateau extending

up to F ≃ 0.3F1s. After this point, the DL is lost, and the mobility rises

chaotically toward the free mobility (Mη)−1.
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Figure 15: Same as figure 13, but for apot ≈ 5.516 µm and θ = 6°.
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Figure 16: The static friction force Fs, identified by the crossing of the

1% mobility threshold, as a function of the corrugation amplitude V0.

θ = 6°, apot ≈ 5.516 µm.
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Figure 17: Trajectory of the center of mass RCM when the applied force

is 0.1F1s. The corrugation amplitude and spacing are V0 = 0.1 zJ and

apot ≈ 5.516 µm, θ = 6°. After a small initial transient, the slope of the

trajectory becomes constant, while drawing a perfect angle φ = 36° with
the x-axis.
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5 Discussion and Conclusions

In the present work we simulate structural relaxations and frictional properties

with the FIRE algorithm and classical molecular dynamics for a system composed

by a colloidal monolayer interacting with a quasicrystalline potential. Regarding

the energetics of the considered system, our main achievements are the indepen-

dence of the energy of the optimal supercell configuration from translations and

the semi-quantitative confirmation of the NM predictions for the supercell distor-

tions. Some irregularity still remains, the energetics predictions seem to be shifted

upwards by a constant amount of 0.08 zJ−1 V 2
0 per colloid of unknown origin. In

the dynamics we successfully locate the Aubry transition with a good accuracy

in the commensurate case and we have identified the interesting phenomena of

directional-locking and superlubric regime. Unfortunately this θ = 6° arrange-

ment is a local maximum of the energy, which makes it unstable, and therefore

not susceptible of experimental observations. It should instead be possible to

observe the physics investigated here at the NM angle, and in particular our

predicted Aubry-like transition, with some expected differences related to finite

temperature in experiments, as opposed to zero temperature in our simulations.
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