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Abstract

In dynamic Jahn-Teller molecules such as fullerene ions C−60 and C+
60, orbital

currents such as the spin-orbit interaction and Zeeman energy are quenched.
As a consequence, the spin orbit interaction and Zeeman energies are also
reduced. We compute the reduced magnetic gJ Landé factor of the isolated
fullerene ions C−60 and C+

60 at zero temperature, with a fully quantum treat-
ment of the Jahn-Teller effect. The computation is performed by Lanczos
diagonalization of the Jahn-Teller Hamiltonian. In particular the procedure
consists in computing the Jahn-Teller energy of the ground states of the
electron-vibration coupled molecular systems in the presence or absence of
an external magnetic field and deriving the ground-state energy with respect
to the magnetic field itself. The derivative coincides with the Ham reduction
factor of the orbital part of the magnetic moment gL. Furthermore, the C−60

electron and the C+
60 hole are represented by a t1u triplet and a hu quintet,

respectively. They both descend from L = 5 spherical harmonic functions,
but we deal with them as if effectively they were L = 1 and L = 2 tensors,
respectively. This interpretation introduces an extra α factor in the calcula-
tion of gL. Once the two gL are known, the respective full gJ Landé factors
are easily obtained for the two ions.

The orbital moment is not easily accessible by experiments, while the
total coupled magnetic moment is measured routinely. In the C−60 case,
thanks to new and more reliable vibronic coupling constants from a C−60

photoemission experiment by Wang et al. [1], we correct the orbital gL fac-
tor evaluated in the previous study by Tosatti et al. [2]. The new, smaller
coupling constants entail a larger Ham reduction factor (Rf = 0.30 instead
of 0.17). Our calculation predicts positive gJ factors. The resulting reduc-
tion factor depends sensitively on the adopted electron-vibration couplings,
which should raise a warning on the reliability of our prediction.

Coming to C+
60, by using DFT-obtained coupling constants, the orbitals

gL factor is found to be strongly Ham-reduced, yielding a negative gJ '
−0.26. Neither calculations nor experiments have been carried out for the
monocation, as far as we know.

The main results are summarized in the table below for the two species:
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Species Ham reduction factor α parentage factor GS full gJ factor

C−60 0.30 5/2 0.34

C+
60 0.23 1/2 -0.26

The Ham reduction factors needs to be applied also to the effective spin-
orbit couplings. Due to these and others reduction effects, the effective
spin-orbit couplings in the HOMO and LUMO are extremely small, and
comparable to Zeeman energies for external magnetic fields as small as 0.1 T.



Chapter 1

Introduction

A neutral, isolated fullerene molecule is a very stable and symmetrical
molecule. However, the loss or acquirement of one or more electrons make
fullerene instable against Jahn-Teller distortions. The negative C−60 anion,
with symmetry t1u distorts according to a linear combination of the eight Hg

molecular modes. The C+
60 monocation, instead, involves the six Gg modes

in addition to the eight Hg modes. Accurate values for the all vibronic cou-
plings are not available, but they are believed to be of intermediate strength:
static JT energy gains should be roughly of the order of 0.1 eV. This value
is compatible with the typical vibrational frequencies and a static JT de-
scription, where the pseudorotational motion of the carbon nuclei is treated
classically and then quantized separately in the Born-Oppenheimer approxi-
mation is, at least in the isolated molecule at zero temperate, fundamentally
inadequate. The fullerene ions are expected to be genuinely dynamical Jahn-
Teller systems, where different but equivalent distorted configurations are
not independent of one another, but are in fact connected by finite tran-
sition amplitudes. This in turn requires giving up the Born-Oppenheimer
approximation and fully quantizing electronic and ionic motions together,
which is the essence of DJT systems. Gas-phase fullerene is promising for
proving fullerene DJT character: the DJT signature should be unmistakable
in ions of either sign. Encouragingly, gas-phase photoemission spectra of C−60

and C+
60 are fitted very well by a DJT theory. The near-infrared absorption

spectrum for isolated C60 ions at room temperature was measured, as well,
and results were interpreted in a DJT framework [3]. Anyway, in spite of a
large amount of data collected on fullerene and fulleride systems, there isn’t
yet striking evidence that the JT effect in fullerene ions is dynamical. It is
therefore desirable to investigate, theoretically, those features that could be
accessed in the gas phase, or in ideally inert matrices, or in suitable salts
with especially small crystal field effects. One such quantity is precisely the
molecular magnetic moment. The magnetic moment of a static JT molecule
is strictly the spin moment. The orbital degeneracy is removed, as long as
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the static JT energies are, as in the case of C60, large enough. The mag-
netic moment in a DJT molecule, conversely is a compound of spin and
orbital moments, since here the quantum effects fully restore the original
orbital symmetry. The calculation of the magnetic moment and effective
g-factor of fullerene ions in their DJT ground state is precisely the subject
of this work. In a molecule, qualitatively speaking, the proportionality fac-
tor between magnetic moments and the mechanical angular momentum can
be thought of as some effective Bohr magneton (e~)/(2m∗), where m∗ is
the mass of the orbiting electron and e the electronic charge. In an atom
m∗ = m, the free electron mass. In a DJT molecule, however, orbital elec-
tron motion involves nuclear motion, as well, since electrons and vibrational
modes are entangled. Therefore we expect m∗ > m, with a corresponding
reduction of the orbital magnetic moment. The same can be said about the
C60+ ion, substituting the t1u electron with the hu hole.This is a classic
example of a Ham reduction factor, well known in DJT systems. After a
brief review of the Jahn-Teller effect in general and in fullerene in particular,
we calculate quantitatively the orbital magnetic moment for C−60 and C+

60.
Moreover, since the orbital moment is not easily accessible experimentally,
spin orbit coupling is introduced, to calculate the total magnetic moment.
The quenched spin-orbit splitting itself is put under scrutiny, too, finding
a very small coupling constant, comparable to Zeeman energies of typical
EPR experiments.



Chapter 2

The Jahn-Teller effect

The first full explanation of the Jahn-Teller effect was given by Herman
Jahn and Edward Teller in 1936 at the Washington meeting of the Ameri-
can Physical society, following a first intuition by Landau in 1934 [4]. The
Jahn-Teller effect takes place in any case of partly filled degenerate elec-
tronic level in non linear molecules. It is due to the very general tendency
of any system toward a closed shell. There is always some energy to gain by
splitting an electronic degeneracy (typically breaking the associated sym-
metry), and filling the lowest split-off levels. Some energy has to be paid,
of course: the splitting is obtained by changing the geometric configuration
of the ions, which move away from their original equilibrium positions. The
restoring energy, however, is typically quadratic in the displacement from
the potential minimum, while the leading term in the splitting of a degen-
erate level, and thus the gain in electronic energy, is usually linear in the
perturbing distortion (at least until the split levels remain far apart from
the neighboring electronic levels): the balancing of these two terms brings
the molecule to a new minimum of the potential energy, in a distorted con-
figuration. In a Hamiltonian description of this electron-phonon coupling, it
is customary to consider an expansion with linear, quadratic, cubic...terms
in the distortion coordinates. We refer to neglecting all terms beyond the
lowest one as the linear-coupling approximation. In the following we will
indicate with g (not to be confused with the g-factor) the Hamiltonian pa-
rameter tuning the strength of the linear electron-vibration coupling term.
Usual second-order perturbation theory, applied to degenerate state, yields
a net ground state energy lowering proportional to g2∆E (∆E is the energy
difference between the ground state and the first interacting excited state,
typically a vibrational quantum ~ω).

If, as in most cases, the degeneracy was originally due to an exact sym-
metry of the system, then the symmetry-breaking distortion has to choose
to take place in one of the possible symmetry-equivalent directions. If the
vibrations can be regarded as classical, as happens when the coupling g is
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Figure 2.1: A pictorial representation of the lowest adiabatic potential sur-
face for linear JT coupling, showing six equivalent minima.

large, then any energy barrier among the system-equivalent minima freezes
the molecule in one specific symmetry-broken configuration, around which
it performs low-energy oscillations. This picture is known as static JT ef-
fect: thermal effects may allow jumps to the other equivalent minima of the
potential surface. Static JT systems occur whenever JT distortions are very
large.

Interesting phenomena, like the g-factor quenching we discuss in the
present work, arise when a quantum mechanical description of the motion
of the ions is necessary. The minima of the adiabatic potential can now
communicate with one another through quantum tunneling. Thus, instead
of having a symmetry broken distorted ionic configuration, the ground state
resonates among the equivalent minimum-energy distortions, thus restoring
the original symmetry. Tunneling is present in any system, but when its re-
ciprocal frequency is large compared to the time scale of any experiment, a
static picture is satisfactory. On the contrary, when the energy barriers sepa-
rating different minima are low or even absent, a full quantum description of
the state of the system is essential to its correct understanding. The denom-
ination dynamical JT (DJT) applies in such cases. The really interesting
cases of DJT occur when the vibrations that are coupled to the degenerate
electronic state are themselves degenerate. Such vibrons, in fact often split
the degeneracy of the electronic orbital. This introduces a generalized con-
cept of adiabatic (Born-Oppenheimer) potential surface. For zero distortion,
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Figure 2.2: A schematic representation of the e ⊗ E adiabatic potential
surface for linear JT coupling, showing a flat JT valley.

the electrons can equivalently well occupy any one of the degenerate orbitals.
When the levels are split, we get a multi-valued adiabatic potential surface,
with a conic intersection of several sheets at zero distortion (Fig. 2.2). For
weak JT coupling (g → 0), the terms mixing the different almost degenerate
BO sheets are crucial, all the eigenstates involve coherent mixtures of differ-
ent electronic states and distortions: a traditional BO description, in term
of the lowest sheet only, is completely inaccurate. Instead, for strong JT
distortion (g →∞), the so-called adiabatic limit, the separation of different
electronic levels is large, thus most molecular features can be extracted from
the study of the lowest BO sheet, treating electronic excitations from the
lowest to higher adiabatic sheets as unlikely virtual processes. The structure
of the set of absolute minima of the BO potential of a JT-coupled system
is crucial in the determination of its low-energy spectral properties for in-
termediate to strong JT coupling. The minima are usually a discrete set of
isolated points, as depicted in Fig. 2.1, related by symmetry operations of
the molecular point group, and joined by energetically cheapest paths (i.e.
path such that at every point on them the potential energy increases in all
the directions perpendicular to the path) passing through saddle points of
the potential surface. In many cases, such as the linear e × E and t × H
models, the set of potential minima becomes a continuous manifold, called
JT valley or trough as in Fig. 2.2. It is exactly flat only in the ideal case of
perfectly linear JT coupling. Higher-order coupling in practice reintroduce
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always the isolated minima-saddle point structure, but they are often small
corrections, and a description in terms of a flat valley yields quantitative
results. The vibron spectra in the case of many perfectly isolated minima
(adiabatic limit) is characterized by vibrational spectra having the addi-
tional degeneracy given by the many possible equilibrium configurations.
As the barriers become finite, these vibronic states give rise to tunnel-split
states carrying a label of the molecular point group, increasingly separated
for increasing tunneling amplitude. When the saddle-points vanish and we
get a flat JT valley, the ions undergo a free-rotation-like motion along this
locally sphere-like manifold plus harmonic vibration orthogonal to it. Vi-
bronic states correlate continuously as the interminima barriers are reduced.
In the next chapter we apply these concepts to C60 ions which, for their high
symmetry, are well known DJT systems. In particular, C+

60 realizes the so
called h×(H⊕G) DJT system, characterized by isolated minima, while C−60

the so called (t1u×H) DJT system. Its minima are represented by a valley,
in linear-coupling approximation.



Chapter 3

The DJT model for C60

The C60 molecule is very stable, thanks to its completely filled degener-
ate outer orbital. On the other hand, C−60 can be obtained, for example,
by electrospray ionization (ESI), and C+

60 by photoemission. The adiabatic
description fails for these two molecules: non-adiabatic phonon-electron in-
teractions have to be included, the molecules find energetic advantage in
distorting themselves and dynamic Jahn-Teller effect takes place.This chap-
ter is an introduction to the main features of the electronic and vibrational
structure of C60, C−60 and C+

60 and is concluded with the presentation of the
JT coupled Hamiltonians relevant to our two molecules.

3.1 The fullerene molecule

Fullerene C60, possesses the symmetry of a truncated regular icosahedron
(Fig: 3.1). To make a picture we can imagine to start from a regular icosahe-
dron: a closed surface, constructed of twenty equilateral triangles, possessing
twelve vertices (each a meeting point for five triangles). If lines are drawn
from this figure’s center through each of the twelve vertices, truncation oc-
curs along planes perpendicular to these lines. Each plane will intersect
the regular icosahedron to form a pentagonal face, producing a figure with
twelve pentagonal faces. Twenty hexagonal faces result, as well.

In the C60 molecule, the hexagons are approximately regular, and one
carbon atom occupies each vertex of the truncated regular icosahedron (Fig:
3.1).

Fullerene can even be thought of as a small piece of graphite sheet
wrapped to form an almost spherical shape. The regular hexagonal struc-
ture of graphite is modified: 12 pentagons appear between 20 hexagons, in
such an orderly way that all atoms are equivalent, each shared among one
pentagon and two hexagons. The 90 chemical bonds divide into two classes,
instead: 30 bonds belong to six membered rings only, 60 bonds are in com-
mon between a hexagon and a pentagon. They have different lengths, with
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Figure 3.1: Producing a regular truncated icosahedron

Figure 3.2: Rotational symmetries of the C60 molecule.

a mean value of about 1.4
◦
A, for a molecule radius of about 7

◦
A. The length

difference between long and short bonds has been estimated to be about

0.04
◦
A by x-ray diffraction [5]. The σ-bonding sp2 graphite orbitals still

constitute the backbone of molecular binding, but spherical curvature alters
their character to sp2.28. The σ-bonding orbitals range from several eV’s to
a few tens of eV’s below the vacuum, the antibonding states lying +10 eV or
more above the vacuum [6]. The chemically-active electronic states, mainly
of π-type, are those derived from the pz carbon orbital (actually of hybrid
s0.09 nature [7]) aligned in the radial direction. These orbitals concur to form
a set of delocalized molecular orbitals, providing an energy gain which ac-
counts for extra molecular stability. The high symmetry of C60 means that
symmetry considerations play a very important role in the understanding
of the electronic and vibrational properties of the molecule. The molecular
symmetry group for C60 is the icosahedral group I × i, composed by 120
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elements. I × i is the product group of I × i, where i is composed by the
identity and the space inversion, and I contains 60 elements organized in the
following classes [4] the identity, 15 C2 rotations through the middle of the
bonds shared between two hexagons (Fig: 3.2 a), 20 C3 rotations through
the center of opposite hexagons (Fig: 3.2 b), 12 C5 and 12 C2

5 rotations
through the center of opposite pentagons (Fig: 3.2 c).

The large symmetry of C60 is also reflected in the large degeneracy of
the group’s irreducible representations [4]: A (1-dimensional), T1, T2 (3-
dimensional), G (4-dimensional), H (5-dimensional). The presence of the
parity operator in I × i adds a g/u subscript for even/odd representation,
but leaves the degeneracies unchanged. Every electronic, vibrational and
vibronic states we deal with, belongs to the basis of an irreducible represen-
tation of I × i. Degeneracies up to fivefold can therefore take place, and C60

ions and excited states tend to distort.

Fullerenes and fullerene-based materials attract a lot of attention and
are the focus of thousands of publications, both as free molecules and in
the solid state. C60 forms a Van Der Vaals fcc insulating solid of loosely
bound individual molecules that sublimates at approximately 800 K, with-
out passing through a liquid phase. The solid state properties of doped
fullerene materials are especially of interest. For example, when bulk C60

is doped with alkali atoms, MnC60 (n = 1, 3, 4 or 6) can form. In those
materials, the alkali atoms transfer charge to the fullerene, giving rise to
Cn−

60 ions surrounded by n alkali ions. Depending on the metal, some even
have superconducting properties. Among them, Cs3C60 was synthesized in
2008, showing a threshold to superconductivity of 38 K [8].

3.2 The electronic structure

We focus now on the π orbitals and electrons, which are those in the chem-
ically relevant region of the spectrum. Several approaches have been taken
to study the electronic structure of C60. The simplest one is tight-binding
[7], while the exchange-correlation has been treated by local density approx-
imation [6], or renormalization group methods, yielding increasing degrees
of quantitative accuracy. We describe a simple one-electron orbital picture,
instead, neglecting e-e effects at this stage. Although in principle unjustified
(the bare Coulomb repulsion of two electrons separated by a fullerene radius
is about 3 eV), the one electron picture is clarifying and gives results that
are qualitatively consistent with the more sophisticated methods. In our
particle-on-a sphere model, the π electrons are independent particles, slid-
ing on a spherical shell, and the attractive potential exerted by the carbon
ions is mimicked by an icosahedral perturbation. As long as this pertur-
bation can be neglected, the single-electron states are atomic-like spherical
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Figure 3.3: The electronic levels of C60 within our simple particle-on-a-
sphere schematic representation. The HOMO and LUMO, originating from
the L = 5 orbitals, are evidenced.
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harmonics YLM with energy:

E(L) =
~L(L+ 1)

2meR2
(3.1)

where me is the mass of the electron and R the radius of the spherical shell.
The lowest L = 0, 1, 2 orbitals fitting exactly the icosahedral orbitals ag, t1u,
hg (Fig. 3.3). For L ≥ 3 the icosahedral field splits the spherical states into
icosahedral representations.

The inner 50 electrons out of 60 fill completely the lowest molecular
orbitals up to L = 4, and finally, 10 electrons are left in the L = 5 shell,
that is, therefore, only partly filled. However a closed-shell configuration is
reached thanks to the icosahedral splitting (L = 5 −→ hu + t1u + t2u) of this
largely degenerate orbital. In accord with previously mentioned theoretical
approaches and with experiments, the completely filled Highest Occupied
Molecular Orbital (HOMO) has hu symmetry and holds the remaining 10
electrons, and the Lowest Unoccupied Molecular Orbital (LUMO) has t1u
symmetry. We are particularly interested in these two orbitals because in
C−60 the outer electron occupies the t1u LUMO, while a hole appears in the
Hu HOMO for C60+. The HOMO-LUMO gap opened in the L = 5 shell is
about 2 eV, while the ionization potential was measured to be 7.58 eV. The
large electron affinity (2.70 eV) [9] make C−60 a stable ion in vacuum [10].

3.3 The vibrational modes

C60 has 174 vibrational degrees of freedom, but thanks to symmetry-induced
degeneracy and selection rules, the vibronic spectra show relatively few
peaks. Among them, only the four T1u dipolar modes are seen in infrared,
while the two Ag and eight Hg modes have the correct symmetry for Ra-
man scattering. Neutron scattering experiments [11] are sensitive to all the
modes, but with rather poor resolution. Computations are then useful for
getting a global view of the vibrational spectrum. Calculations regarding
C−60 are based on experimental vibrational frequencies from Raman spectra
[12]. For C+

60, instead, we use ab-initio DFT frequencies [13] We do not use
the measured values because accurate measurements for the Gg modes are
unavailable.

Like for the electronic structure, here we content ourselves with a qual-
itative understanding of the vibrational structure. The schematic logical
framework that we briefly summarize here exploits the analogy of the C60

cage with a hollow elastic sphere [14] There are three classes of eigenmode
solutions for a homogeneous shell with a stretching and a bending constant.
The first class contains levels of parity (−1)L, with L = 0, 1, 2, 3, ...; the
levels in the second class have the same parity, but start off at L = 1;
in the third series the parity is reversed: (−1)L+1, and they also start at



18 CHAPTER 3. THE DJT MODEL FOR C60

Figure 3.4: The vibrational modes of C60, classified in three main groups:
radial-tangential (mostly stretching), radial-tangential (mostly bending),
purely tangential. The zero frequency modes represent rigid translation
(T1u) and rotation (T1g). The highlighted modes are the Jahn-Teller active
ones.
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L = 1. The vibrations of the third class have purely tangential character,
while those of series 1 and 2 have mixed radial-tangential nature (series 1,
at higher energy involve mostly stretching, series 2 mostly bending). The
zero-energy L = 1 states of series 2 and 3 are the modes of rigid translation
and rotation of the sphere. Of course, when the homogeneous balloon is
replaced by 60 atoms bound together by the molecular adiabatic potential,
the infinite set of spherically symmetric eigenmodes is cut off to a finite
number of modes, now labeled by the I × i representation. L = 0, 1, 2 states
have icosahedral counterparts in Ag/u ,T1g/u, Hg/u respectively: the first
gerade/ungered subscript corresponds to series 1 and 2, the second labels
the third series, which has inverted parity. As for the electronic orbitals,
the states with L > 2 are split and, for example, both L = 3 odd-parity
spherical modes generate a T2u and a Gu icosahedral mode. The explicit
eigenmodes, computed for example by force-field methods, can be easily an-
alyzed in term of the spherical basis, to obtain their parentage in terms of
hollow-sphere modes [14]. The three series are readily identified in the three
columns of Fig. 3.4, labeled ω1, ω2, ω3 . Inter-mode mixing is present, but
most vibrons have a well defined parentage, with few exceptions. At any
rate, this spherical picture remains generally a valid and useful conceptual
scheme.

3.4 Electron-vibration coupling: symmetry con-
siderations

As mentioned, electron-phonon interaction can be represented through an
expansion in linear, quadratic, cubic...terms. We’ll neglect nonlinear terms
as well as the anharmonic terms of the phononic Hamiltonian. Symmetry
evaluations are necessary before introducing the coupled electron-phonon
Hamiltonian for the two electronic states we are interested in: the LUMO
and the HOMO, relevant for the C−60 and C+

60 molecules, respectively. Given
an electronic state, in fact, there are only few vibrations with which it can
couple. The e-v coupling operator must, on general grounds, be a scalar of
the icosahedral group, i.e. a totally symmetric representation of the group.
In the C60 case it must be Ag (or L = 0, if we enlarge to the full spherical
group). The general structure of the linear coupling operator in tensor
notation is:

He−v ∼
∑
γ

[
[D(γel) ×D(γel)](γ)

s ×D(γvib)
]Ag

, (3.2)

where [·×·](γ) represents the coupling of two tensors to a representation D in
standard group-theoretical notation. As anticipated above, only electrons
from the incomplete shells close to the Fermi level undergo e-v coupling.
This sets the electronic representation to the LUMO’s t1u for C−60 and to
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the HOMO’s Hu for C+
60. In particular, for the LUMO case, the symmetric

Kronecker square of a t1u icosahedral representation results:

[t1u × t1u] = ag ⊕ t1g ⊕ hg, (3.3)

exactly like in spherical symmetry
[
D(L) ×DL

]L=0,1,2
. The t1u (D1 in spher-

ical notation) is ruled out by the symmetry requirement. The only nonzero
terms in 3.2 correspond, therefore to D(γ) = D(γvib) = Ag and Hg (i.e D(0)

and D(2) ). We can conclude that the unique linearly coupled modes in C−60

are the Raman active modes: the 2 Ag and the 8 Hg modes are coupled all
together to the unique t1u. It should be noticed that the t1u−D1 analogy is
purely group-theoretical, holding therefore even in spite of the LUMO being
derived from the L = 5 orbital in our simple particle-on-the-sphere picture
of section 3.2.

The HOMO case is more complex. the symmetric product of a hu icosa-
hedral representation with itself results:

[hu × hu]s = ag ⊕ hg ⊕ (gg ⊕ hg), (3.4)

in the same way as in the spherical symmetry [D(2) × D(2)](γ=0,2,4) with
the correspondence D(0) −→ ag,D(2) −→ hg, and D(4) −→ (gg ⊕ hg). The
modes interacting with the HOMO are therefore the Raman-actives ones,
2Ag, 8Hg , plus the 6 Gg modes, highlighted in Fig: 3.4. In the hu×hu tensor
product of 3.4, the hg representation appears twice. This reflects the non
simple reducibility of the icosahedral symmetry group. Accordingly, Butler
[15] provides two orthogonal sets of Clebsch-Gordan (CG) coefficients:

HCm[r]
µ,ν ≡ 〈h, µ;h, ν|H,m〉[r], r = 1, 2 (3.5)

which couples a h electronic state (quadratically) with a H vibrational mode
(linearly) to give a scalar. Each set of coefficients is identified by a multiplic-
ity index r = 1, 2. Since the two H states labeled r = 1, 2 are indistinguish-
able symmetry-wise, the choice of these two sets of coefficients is arbitrary,
as long as they are kept orthogonal to each other. This arbitrariness is the
source of the different notations taken in the literature of this field. Here, we
stick to Butler’s notation [15]. Also, we label the states within a degenerate
multiplet by the labels of the subgroup chain Ih ⊃ D5 ⊃ C5. For brevity,
we indicate only the C5 projection along the z axis in the labeling of states
(m = 0 for a, m = ±1,±2 for g and m = −2, ..., 2 for h states) since, for the
representations relevant to our problem, the D5 label is just the absolute
value of m In particular, we use µ, ν to label the orbital multiplet hu, and m
to label the multiplets corresponding to normal modes. Given the tabulated
CG coefficients, to describe the coupling of an actual vibrational mode of
an actual icosahedral molecule, it is necessary for generality to consider the
linear combination of the two sets:

HCmµ,ν(α) ≡ cosαHCm[1]
µ,ν + sinαHCm[2]

µ,ν . (3.6)
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Figure 3.5: Frequencies and couplings for C+
60
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The coefficient HCmµ,ν(0) coincides with Butler’s r = 1 value, while HCmµ,ν(π2 )

to the r = 2 value. In our C+
60 case each Hg vibrational mode is thus

characterized not only by its frequency and scalar coupling, as in the C−60

molecule, but also by its specific mixing angle −π
2 ≤ α ≤ π

2 reported in
Table 3.5.

The above symmetry considerations allow us to formulate now the non
adiabatic Hamiltonians for the t1u × (Ag ⊕ Hg) and hu × (Hg ⊕ Gg ⊕ Ag)
models, relevant for C−60 and C+

60 respectively.

3.5 The Hamiltonians for the C+
60 and C−60 models

The Hamiltonians for the hu × (Hg ⊕Gg ⊕Ag) and t1u × (Ag ⊕Hg) models
can be written in the same way once symbols are interpreted in the relevant
way for the model under scrutiny. We discuss the hole Hamiltonian first.

3.5.1 The C+
60 Hamiltonian.

The linear JT Hamiltonian for the hu × (Hg ⊕ Gg ⊕ Ag) model, besides
the electron-vibration interaction term He−v itself, contains also a single
electron Hamiltonian H0, and a vibrational Hamiltonian Hvib:

H = H0
HOMO +Hvib

HOMO +He−v
HOMO. (3.7)

The individual terms can be written as:

H0
HOMO = ε

∑
σ=↑,↓

∑
µ

c†µσcµ,σ, (3.8)

Hvib
HOMO =

∑
Λjm

~ωΛj

2
(P 2

Λjm +Q2
Λjm), (3.9)

He−v
HOMO =

∑
Λj

kΛgΛj~ωΛj

2

∑
µνmσ

CmΛ
µ−ν(αΛj)QΛjmc

†
µσcν σ. (3.10)

Here ε represents the energy position of the HOMO hole. µ and ν label
the components within the degenerate multiplets. They can be seen as the
projection of the orbital angular momentum on a z axis that we elect to
coincide with a D5 molecular symmetry axis (see Fig. 3.2). j counts the
phonon modes of symmetry Λ (j = 1, 2 for Λ = Ag ,j = 1, 2, ...6 for Λ = Gg,
j = 1, 2, ...8 for Λ = Hg). ωΛjare the frequencies of the active modes of C60,
listed in Table 3.5. gΛ are the coupling constants tuning the strength of the
linear e-v coupling, also listed in Table 3.5. CmΛ

µ ν (αΛj) are the CG coeffi-

cients of the icosahedral group Ih that couple the hu fermion operators c†µ to
phonons of symmetry Λ [15]. Clearly αΛj is relevant for Hg vibration only,
as discussed. Q2

Λjm are the dimensionless molecular normal-mode vibration
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coordinates: they are measured from the adiabatic equilibrium configura-
tion of neutral C60, in units of the length scale x0(ωΛj) =

√
~/(ωΛjmc)

associated to each harmonic oscillator, where mc is the mass of the C
atom. PΛjm are the corresponding conjugate momenta. Finally, σ repre-
sent the hole spin. Spin-orbit is very small and is treated as a perturbation
in the next chapter, along with the Zeeman effect. The numerical factors

kAg = 51/2, kGg =
(

5
4

)1/2
, kHg = 1 are introduced for compatibility with the

normalization of the e-v parameters in Ref. [13].

3.5.2 The C−60 Hamiltonian.

As anticipated, this model can equally well describe the JT effect of the
LUMO, relevant for negative C60 ions, with vibronic coupling t1u×(Ag⊕Hg).
The only modifications in the Hamiltonian involve eliminating theGg modes,
replacing the CG coefficients with suitable ones, extending the µ/ν sums
from -1 to 1 and interpreting the c† operators as creators of electrons instead
of holes. For the t1u× (Ag ⊕Hg) the product decomposition is unique, thus
no r index is necessary. The numerical factors are here kAg = 31/2 and
kHg = 61/2.

Anyway the C−60 Hamiltonian can be written in a simpler way. The
nondegenerate Ag modes distort the molecule without splitting the orbital
degeneracy. Their contribution can be evaluated analytically and, most
importantly for us, the Ag modes don’t affect the Ham reduction factor.
This is true in both the C+

60 and C−60 molecules. We can hence forget about
the Ag-coupled vibrons and deal with a hu × (Hg ⊕ Gg) Hamiltonian for
C+

60 and with a t1u × Hg Hamiltonian for C−60. The latter still reads H =
H0
LUMO +Hvib

LUMO +He−v
LUMO, but the individual terms are simplified to:

H0
LUMO = ε

1∑
µ=−1

∑
σ=↑,↓

c†µ,σcµ,σ, (3.11)

Hvib
LUMO = ~ω

2∑
m=−2

(b†m +
1

2
), (3.12)

He−v
LUMO =

8∑
j=1

gj

√
3

2
~ω
∑
µ,ν,σ

(−1)ν〈t1u, µ; t1u, ν|Hg, µ+ ν〉

× [b†j µ+ν + (−1)µ+νbj −µ−ν ]c†µ,σc−ν,σ.

(3.13)

where the vibronic Hamiltonian He−v is written in a way that is less com-
pact but is clarifying in view of the numerical diagonalization we discuss in
chapter 5: the molecular normal-mode vibration coordinates and their rel-
ative conjugate momenta are written in terms of creators and annihilators,
and the CG coefficients are written a little bit more explicitly.
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Vibronic coupling constants In our calculations for C+
60 we adopt the

numerical values of the vibronic coupling constants (VCCs) gΛj and αΛj

listed in Table 3.5, obtained from ab-initio DFT electronic structure calcu-
lation [13]. A second DFT calculation [16], based on a different functional,
reports vibronic coupling constants that are similar on the whole to those
of Table 3.5. The VCCs gΛj (not to be confused with the orbital g-factor!)
are dimensionless, measuring the e-v coupling energy in the units of the
corresponding harmonic vibrational energy quantum ~ωΛj . Modes (e.g. the
second Gg mode) with g � 1 are thus only weakly coupled; conversely,
modes (in particular the lowest Hg mode) with a large gΛj > 1 are strongly
e-v coupled.

Several sets of coupling constants have been used for C−60 in our com-
putations. DFT does not work very well when it deals with the incomplete
LUMO shell, and calculated coupling constant tend to be smaller than those
calculated from experiments. Only a test calculation is then performed with
the g constants computed within local density approximation by Manini
et al. [13]. We then choose to use the coupling constants calculated in a pa-
per by Iwahara et al. [17], where the authors compare a simulated electron
photoemission spectrum with an experimental one, measured by Wang et al.
[1]. They obtain three sets of coupling constants [17]. These sets are slightly
different one from the other but, in the paper by Iwahara, they all work to
simulate the experimental spectra, because of the not perfect resolution. The
landmark photoemission experiment by Gunnarsson [9] et al. dates back to
1995 and has poorer resolution. Some computations are performed, in the
present work, with Gunnarsson’s coupling constants, for comparison, but
they are probably less reliable. The discussed sets of coupling constants and
frequencies of the eight Hg normal modes for C−60 are summarized in Table
3.1, where ν are the frequencies in cm−1 and VCCs are the dimensionless
vibronic coupling constants.

The coupling constants for both C+
60 and C−60 and are mainly in the

medium-coupling regime, where neither a perturbative approach nor the
classic adiabatic limit give reliable results: we are in a DJT regime.

The symmetric form of the Hamiltonian grants that its vibronic eigen-
states belong to some Ih symmetry species. As discussed, in the distorted
configuration, symmetry is recovered by resonating tunneling among the
equivalent minima relevant for the two molecules.

In the single-particle Hamiltonian (3.8), the relaxation of the inner shells
induced by the presence of the electron (hole) is implicitly accounted for by
the coupling constants g. On the other hand we neglect anharmonic contri-
butions in the vibrational Hamiltonian (3.9) (partly justified by the rigidity
of C60 ), and the higher-order non-linear terms in the vibronic Hamiltonian
He−v. The approximations made should however capture the important
physics of the problem we address here, within the simplest possible model.

.



3.5. THE HAMILTONIANS FOR THE C+
60 AND C−60 MODELS 25

Iwahara Gunnarsson Manini

ν VCCs set1 VCCs set2 VCCs set3 ν VCCs ν VCCs

273 0.500 0.500 0.490 271 0.866 261 0.07

437 0.525 0.520 0.515 437 0.917 429 0.17

710 0.465 0.460 0.455 710 0.404 718 0.26

774 0.310 0.310 0.300 774 0.447 785 0.19

1099 0.285 0.280 0.280 1099 0.325 1119 0.28

1250 0.220 0.230 0.235 1250 0 1275 0.25

1428 0.490 0.470 0.435 1428 0.368 1456 0.69

1575 0.295 0.285 0.260 1575 0.367 1588 0.72

Table 3.1: Linear coupling parameters for the eight Hg modes for C60−

according to different evaluations.
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Chapter 4

The quenching of orbital
currents in spin-orbit and
Zeeman couplings

In the present chapter we investigate the effect of the electron-vibration
(vibronic) coupling on the orbital contributions to the magnetic moment.
Orbital currents are associated with the partly filled t1u level for the C−60

anion, and with the hu hole for the C+
60 cation. These orbital currents give

rise to a magnetic moment and a spin-orbit interaction but, as mentioned in
the introduction, both spin-orbit and Zeeman effect are quenched by the so
called Ham reduction factor that affects the orbital operators in dynamical
Jahn-Teller molecules.

This chapter is dedicated to the introduction of the small spin-orbit
and Zeeman terms that perturbate the Jahn-Teller Hamiltonians (3.7). A
first analytical result for the Ham reduction factor in an idealized system
is shown, as well, along with some preliminary calculations about the spin-
orbit quenching in C−60 and C+

60.

The Ham reduction factor or vibronic reduction factor, Rf can be defined
as the ratio of the expectation value of an operator, such as external stress,
within the vibronic ground state to its effect in the original uncoupled elec-
tronic state [18]. The occurrence of quenching of orbital operators in DJT
molecules had been pointed out in few works during the early 60’s [19, 20],
showing up as a reduction in the magnitude of the spin-orbit splitting of the
state, and in reduced orbital contributions to the magnetic moment, hyper-
fine interaction, etc., of the spin-orbit levels. It was Ham, anyway, the first
who attempted a systematic study [18] of these effects in few ideal systems,
showing how the mentioned quenching phenomena are associated with the
Jahn-Teller effect.

The intuitive mechanism of increased effective electron mass at play here
is sketched in the introduction 1. A more formal example is shown in Sect.
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4.3 for an idealized weakly coupled t1u×Hg system in a small magnetic field.

4.1 The spin-orbit interaction

The spin orbit term reads, for both C−60 and C+
60:

Hso = λ
~L · ~S
~2

(4.1)

where ~L is the molecular orbital angular momentum and ~S represents the
electronic spin.

The spin-orbit effects originates from relativistic effects at the atomic

level. For the 2p orbital of carbon λat = 〈2pz|
~L·~S
~2 |2px〉 ' 1.67 meV. In the

molecular orbitals, two phenomena cooperate in reducing the spin-orbit from
λat to λ: the Ham orbital reduction factor Rf , caused by vibronic coupling,
and the molecular correction that accounts for the covalent bonding between
the carbon atoms in our fullerene ions:

λ = λatξtbRf . (4.2)

The orbital reduction effect 1 represents the main subject of this work
and is computed in the next chapter for C−60 and for C+

60. We describe now
the computation of the molecular correction ξtb. We describe the molecular
orbitals by means of straightforward tight binding model, following Tosatti
et al. [2]. We search, hence, for ξtb, obtained as follows.

Considering the outer 2s and 2px, 2py, 2pz orbitals for every atom, and
including spin degeneracy, we diagonalize the 480 × 480 nearest-neighbor
hopping Hamiltonian matrix to obtain all the orbital energies. The spin-
orbit interaction is accounted for by adding to the hopping tight-binding
Hamiltonian a local coupling on each carbon atom in the form:

Hso
at = λat

∑
i

~Li · ~Si
~2

. (4.3)

Note that we are dealing with π states, which would be unaffected by spin-
orbit in a planar case, such as in graphite. However finite spin-orbit splittings
are found in fullerene, due to curvature. ξtb is computed from these splittings
of the molecular levels LUMO (levels 241-246) and HOMO (levels 231-240).
The splitting between the LUMO states 2t1u(1/2) and 2t1u(3/2) yields the spin

orbit coupling for the outer electron of C−60. As computed by Tosatti et al.:

ξtb = 1.16× 10−2, (4.4)

1Tosatti et al. do not take the Ham reduction factor in account. Their expression for
the spin-orbit coupling, to be compared to Eq. (4.2) is: λ = λatξtbRf . This is incoherent,
since the Ham-reduction of the orbital currents also affects this coupling to spin.
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consistent with λatξtb = 19 µeV for t1u electron in C−60. The same calculation,
executed for the HOMO states 2hu(3/2) and 2hu(5/2) returns the relevant
factor for the fullerene cation:

ξtb = 1.30× 10−2, (4.5)

which means λatξtb ' 22 µeV for the hu hole in C+
60. These results, although

still incomplete, give the order of magnitude of the spin-orbit interaction.
In the carbon atom, spin-orbit is already small, because of the low atomic
number. Here, compared to the bare atom we find an interaction about two
orders of magnitude smaller. This is due to the large radius of curvature:
in molecules such as nanotubes or fullerene, a proportionality to 1/R2 is

expected. The π electron radius of C60 , R ∼ 5
◦
A, is one order of magnitude

larger than in the bare carbon atom, explaining the obtained ∼ 10−2 factor.

Furthermore, the small obtained spin-orbit, justifies the perturbative
treatment of the spin-orbit term within our DJT Hamiltonian. Indeed, since
the Jahn-Teller energy of both our molecules is more than a hundred of meV,
we have λ� EJT ≈140 meV ∼ ~ω [9]. As indicated in Eq. (4.2), the Ham
reduction factors Rf needs also to be included, to determine the actual spin-
orbit interaction constant λ. the Zeeman interaction must be discussed in
order the two respective Rf factors for C−60 and C+

60.

4.2 The Zeeman interaction

In presence of an external magnetic field the magnetic Hamiltonian reads:

HB = −µbB
gLLz + gsSz

~
(4.6)

where µb = e~/2m with m equal to the free electron mass. Within the frame
of the |J, Jz〉 coupled basis, for generic gL and gS factors, the appropriate
value for the gJ Landé factor of the spin-orbit coupled state (with |L−S| 6
J 6 |L+ S|) is:

gj =
gL + gS

2
+
L(L+ 1)− S(S + 1)

J(J + 1)
(gL − gS), (4.7)

and allows us to write Eq. (4.6) in the more compact way

HB = −µbBgJJz (4.8)

valid for weak field µbB � λ. For C−60 we have L = 1, S = 1
2 , J = 1

2 ,
3
2 , while

for C60+ L = 2, S = 1
2 , J = 3

2 ,
5
2 . Since we want to determine the respective

gJ Landé factors for both ionic species, the only missing constants are the
two orbital gL, being gS = 2.0023, as appropriate for a free spin.
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4.3 The Ham reduced g-factor in C−60

Approaching the C60− case for first, we notice how two main phenomena
should affect the value of the orbital gL factor: the D(L=5) parentage of the
t1u(D(L=1)) state, carrying a first factor α, and the Ham reduction factor
Rf from the DJT coupling with the vibrons. In formula:

geffL = gLαRf , (4.9)

where gL = 1. The α factor derives from representing the C−60 electron
by a t1u triplet: as discussed in Sect. 3.2 this triplet descends from L = 5
spherical harmonic functions, but we deal with it as if effectively it was a L =
1 tensor. This entails the appearance of the parentage factor α. In detail,
a paper by Cohan [21] provides tables with the icosahedral decomposition
of spherical states up to L = 15, as expansion coefficients on the following
unnormalized and real basis:

Ỹ
C/S
L,|M | =

[
4π

2L+ 1

(L+ |M |)!
(L− |M |)!

]1/2 YL,M ± YL,−M
2(−1)3/4±1/4

. (4.10)

The tabulated wave functions that transform as t1u are:

ψ0 ∝ 2160 Ỹ C5,0 + Ỹ C
5,5, (4.11)

ψC,S ∝ 72 Ỹ
C/S

5,1 ∓ Ỹ C/S
5,4 , (4.12)

which can be normalized to obtain

ψ0 = C

[
2160Y5,0 +

√
10!

2
(Y5,5 + Y5,−5)

]
=

6√
50
Y5,0 +

√
7

50
(Y5,5 + Y5,−5),

(4.13)
and

ψC,S =C

[
72

√
6!

4!
(Y5,1 ± Y5,−1)∓

√
9!

1!
(Y5,4 ± Y5,−4)

]
=

1√
2(−1)3/4±1/4

[√
3

10
(Y5,1 ± Y5,−1)∓

√
7

10
(Y5,4 ± Y5,−4)

]
,

(4.14)

yielding

ψ∓1 =
ψC ± iψS√

2
=

√
3

10
Y5,∓1 −

√
7

10
Y5,±4. (4.15)

On this ψMM basis of t1u the Zeeman Hamiltonian is diagonal:

〈ψM |HB
L |ψM ′〉 = −g1µB

[
3

10
(−1) +

7

10
(4)

]
BMδMM ′ = −5

2
g1µBBMδMM ′ .

(4.16)
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where g1 = 1 is the usual, not reduced, orbital factor and α = 5
2 is the

parentage parameter we were searching for. This formula implicitly defines
an effective orbital factor g̃1 = 5

2g1. It is convenient to define for the t1u
orbital an effective angular momentum L̃ whose z component has the values
−1, 0, 1 on the [ψM ]M basis, in terms of which the orbital part of the Zeeman
interaction (4.6) is rewritten:

Hb
L =

−g̃LµBBL̃z
~

=
−αgLµBBL̃z

~
. (4.17)

The derivation shows is clear that the enhancement is due to the |M | = 4
components in the t1u wave functions, which is really L = 5 but is regarded
formally as an effective L = 1 state. We now focus on the second phe-
nomenon: the coupling between the electronic t1u state and the phonons.

As in Ref. [2], to illustrate the role of Rf it is instructive to consider, first,
the simple system of a t1u electron weakly coupled to one Hg phonon only,
in a weak magnetic field. The relevant Hamiltonian is the one of equations
(3.11), (3.12), (3.13), provided the summation includes one Hg vibrational
mode only instead of eight. We solve the quantum problem in perturbation
theory to second-order in the e-v coupling parameter g, this time including
HB (which is diagonal on the basis |ψM 〉) in the unperturbed Hamiltonian.
Thus we consider H = (H0

LUMO + Hvib
LUMO + HB) + He−v

LUMO, and apply
nondegenerate perturbation theory to the second order within the threefold
space of the t1u level (equations 4.24 and 4.26). The second order energy
shift caused by He−v

LUMO to level |ψM 〉 [M = −1, 0, 1, unperturbed energy
(5

2 − g̃1M ·B)~ω] is:

∆
(2)
M = 〈ψM |

1

(5
2 − g̃1M ·B)~ω

− (H0
LUMO +Hvib

LUMO +HB)|ψM 〉. (4.18)

Off diagonal elements vanish since He−v
LUMO is rotationally invariant. The

details of the calculation can be found in Ref. [2]. The final result for the
energy to second order in g of the t1u derived levels is:

E(0)
m + E

(2)
M =

(
5

2
− 5

4
g2

)
~ω −M

(
1− 15

8
g2

)
g̃1B~ω, (4.19)

where g is the small coupling constant. Only contributions up to first order
in B are included. The result of e-v coupling is a reduction of both zero-point
energy 5

2~ω by (−5
4g

2~ω) and of the magnetic moment. By identification
we obtain the desired perturbative result for the reduction of the g1 factor
due to weak coupling to a Hg mode:

geff1 =

(
1− 15

8
g2

)
g̃ =

(
1− 15

8
g2

)
5

2
g1 =

(
1− 15

8
g2

)
5

2
, (4.20)
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being g1 = 1 as appropriate for an uncoupled electron. The α = 5
2 factor

reflects the L = 5 parentage, Rf =
(
1− 15

8 g
2
)

is the (weak-coupling) Ham
reduction factor of this DJT problem.

In practice, these results are only qualitative: as discussed above, the
vibronic coupling constants are neither weak nor strong: a numerical ap-
proach is needed for our intermediate strength VCCs and constitutes the
subject of the next chapter.

We conclude the present chapter by calculating the α parentage factor
for the Hu HOMO. Like the t1u triplet, the hu quintet descends from L = 5
spherical harmonic functions. Thanks to the table provided by Cohan we
can proceed in the same way we did for the t1u triplet.

The tabulated wave functions that transform as Hu are:

ψ0 ∝ Ỹ S
5,5, (4.21)

ψC,S ∝ 168 Ỹ
C/S

5,1 ± Ỹ C/S
5,4 , (4.22)

and
ψC,S ∝ 4 Ỹ

C/S
5,2 ± Ỹ C/S

5,3 , (4.23)

which can be normalized to obtain

ψ0 =
1√
2

[Y5,5 − Y5,−5] (4.24)

ψ1
C,S =C

[
168
√

30(Y5,1 ± Y5,−1)±
√

9!(Y5,4 ± Y5,−4)
]

=

1√
2(−1)3/4±1/4

[√
7

10
(Y5,1 ± Y5,−1)±

√
3

10
(Y5,4 ± Y5,−4)

]
,

(4.25)

and

ψ2
C,S =C

[
4

√
7!

3!
(Y5,2 ± Y5,−2)±

√
8!

2!
(Y5,3 ± Y5,−3)

]
=

1√
2(−1)3/4±1/4

[√
2

5
(Y5,2 ± Y5,−2)±

√
3

5
(Y5,3 ± Y5,−3)

]
,

(4.26)

yielding

ψ∓1 =
ψC ± iψS√

2
=

√
7

10
Y5,±1 +

√
3

10
Y5∓4 (4.27)

and

ψ∓2 =

√
2

5
Y5±2 +

√
3

5
Y5∓3 (4.28)

On this [ψM ]M basis of hu the Zeeman Hamiltonian is diagonal:

〈ψM |HB
L |ψM ′〉 = −g1µB

[
7

10
(−1) +

3

10
(4)

]
BMδMM ′ = −1

2
g1µBBMδMM ′ .

(4.29)
We then conclude that, for the hu HOMO, α = 1

2 .



Chapter 5

The numerical
diagonalization

By means of the Lanczos algorithm [22], we diagonalize the Hamiltonian
H = H0 +Hvib+He−v +HB (the LUMO or HOMO subscripts are dropped
from now on, to make the notation lighter and because the procedure is
formally the same in the two cases). Only the tiny spin-orbit term is left
out, to be added later, as a small perturbation to the Jahn-Teller energy
eigenvalues. We compute the energy of the coupled system in presence and
in absence of the magnetic field B and derive the ground state energy with
respect to the magnetic field itself. The diagonalization is performed over
a basis of states that are labeled by their electronic orbital momentum M
and the vibrational quantum numbers vΛj :

|M ; vHg1−2, ...vHgjm, ..., vHg8 2〉 (5.1)

for C−60 and

|M ; vHg1−2, ...vHgjm, ...vHg8 2, vGg1− 3
2
, ..., vGgjm, ..., vgg6 3

2
〉 (5.2)

for C+
60. vΛj indicates collectively the set of quantum numbers vΛjm of the

degenerate modes, specifying the number of phonons for each of the j modes
of symmetry Λ (j = 1...8 for Λ = Hg and j = 1, ..., 6 for Λ = Gg). As the
coupled vibronic Hamiltonians (3.10) and (3.13) connect only states with
one phonon of difference, on this basis the Hamiltonian is a very sparse
matrix, particularly suitable for the Lanczos method. Moreover symme-
try considerations allow us to restrict the calculation to total-M invariant
subspaces, considerably reducing the memory requirement. In fact, states
belonging to different symmetry representations, constitute orthogonal in-
variant subspaces, which are never connected by Hamiltonian off-diagonal
elements. Unfortunately, the ladder basis is in principle infinite, containing
an arbitrary number of phonons: a truncation is needed in order to perform

33
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Figure 5.1: The smart truncation mask (left) and the flat one (right). What-
ever the truncation, if a basis state contains at least one phonon of a mode
that is truncated at vmax phonons, then that basis state contains vmax total
phonons at most. States on the coloured surfaces or closer to the origin are
those included in the truncated basis.

the computation. In the C−60 Hamiltonian there are less coupled modes and
the VCCs are on average smaller than for C+

60: the convergence in the JT
energy is guaranteed by a flat truncation mask, where every mode is treated
the same way. A basis with a maximum of 6 phonons per oscillator was
enough to reach a fair convergence for the Gunnarsson coupling constants,
which are the strongest ones. Convergence is therefore guaranteed with a
6 phonons mask for every set of coupling constants we take in considera-
tion and this flat cutoff was used for our calculations. g-factors with three
significant digits are obtained using the VCCs by Iwahara et al. (Table 3.1).

For C+
60, the numerical computation is more demanding than in the an-

ionic case. Stronger coupling constants and the inclusion of the coupled
Gg phonons make a smarter mask (Fig. 5.1) necessary for the basis of the
Hilbert space: a maximum number of phonons is set for every coupled mode
among the eight Hg modes (and the six Gg modes too, for C+

60). In order to
choose the right mask for C+

60, we start by checking the convergence on one
oscillating mode at time, excluding for the moment the other thirteen modes
by means of a zero-phonons truncation. For each of the fourteen coupled
modes we compute the JT energy with a very loose truncation (i.e. up to
38 phonons are allowed). As expected the amount of phonons necessary to
reach the convergence is proportional to the relevant squared VCC. To com-
pare the different modes we decide to consider what truncation is needed to
get as close to the convergence energy as 10−5 meV. We obtain a first ten-
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Hg1 2 3 4 5 6 7 8 Gg1 2 3 4 5 6 E(meV) Rf basis

A 19 5 4 3 2 2 4 3 4 2 5 3 2 2 -99.2313 0.294 97674

B 20 6 5 4 3 3 5 4 5 3 6 4 3 3 -101.7315 0.255 478076

C 21 7 6 5 4 4 6 5 6 4 7 5 4 4 -102.5053 0.240 3435215

D- 22 8 7 6 4 5 7 6 7 4 8 6 4 5 -102.6878 0.236 20693268

D 22 8 7 6 5 5 7 6 7 5 8 6 5 5 -102.7027 0.236 27638635

F- 28 9 8 7 5 6 8 7 8 4 9 7 5 6 -102.7027 0.236 27795241

E- 23 9 8 7 5 6 8 7 8 4 9 7 5 6 -102.7407 0.235 138665923

E 23 9 8 7 6 6 8 7 8 6 9 7 6 6 -102.7443 0.235 228874575

F 30 9 8 7 6 6 8 7 8 6 9 7 6 6 -102.7443 0.235 229100927

Table 5.1: The C60 truncation masks are listed in order of increasing basis
size. As the base size increases, the ground state energy and the Rf value
converge in a monotonic way.

tative mask of: 10, 5, 4, 4, 2, 3, 5, 4 for the eight Hg modes and: 4, 2, 4, 4, 2, 3
for the six Gg modes. This mask sets a starting point in our search for
a converged mask. Some looser masks are shown in Table 5.1 along with
the computed ground state energies at B = 0, Ham reduction factors Rf
and sizes of the basis. The truncation masks are ordered according to the
dimension of the bases, showing a convergence toward a Rf of about 0.235
for bases larger than a hundred millions states.

5.1 The Ham reduced g-factor in C−60

To check the method we perform a simple calculation, again involving one
Hg normal mode only, of energy ~ω = 32 meV . We evaluate the Ham
reduction factor Rf as a function of the coupling strength. The numerical
diagonalization and the perturbative approach can then be compared at
weak coupling here. In order to guarantee convergence, the truncated basis
was set to include up to 11 phonons for the weakest coupling strengths and
up to 30 phonons for the strongest couplings in the considered range, just to
stay on the safe side. The obtained Ham orbital reduction factor is shown
in Fig. 5.2 as a function of g2.

The fast linear decrease of the reduction factor is evident at small g, and
the proportionality constant in this linear weak coupling regime is Rf =
1−1.875g2, perfectly consistent with the theoretical value of −15/8, derived
in Sect. 4.3 within the second order perturbation theory. At the right
side of the picture can be noticed, instead, the expected Huang-Rhys-type
exponential (in g2) decrease at strong coupling. Realistic coupling constants
are found to be in the medium coupling regime, as discussed above in Sect.
3.5.2. Figure 5.3 shows the results of the lanczos diagonalization obtained
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Figure 5.2: The Ham reduction factor of the orbital magnetic moment for
a t1u electron coupled to a single Hg phonon, as a function of the squared
coupling strength. The perturbative result (Rf = 1− (15/8)g2) is shown, in
blue, for small coupling constants.

with the second one of the Iwahara coupling constants sets (Sect. 3.5.2).
We focus now on this set of couplings, since the results from the other two
Iwahara VCCs sets are very similar.

Here energy is calculated for increasing strength of the external magnetic
field and for three values of the molecular magnetic moment(M = −1, 0, 1).
The behavior is linear, as expected, for small enough magnetic moments,
i.e. when µbB � EJT . The slope of the M = −1 ray is exactly the orbital
Ham reduction factor, as is the opposite of the slope of the M = 1 ray,
which is specular. The orbital reduction factor value is then Rf = 0.301 for
the adopted coupling constant set. The energy of the t1u electron remains
constant, instead, if the molecule is prepared in the M = 0 configuration.
The reduced geffL orbital factor is then computedted as the product of the
orbital reduction factor Rf times the α = 5

2 factor accounting for the DL=5

parentage of the t1u electronic state:

geffL = 0.301g̃L = 0.301× 5

2
= 0.753 (5.3)

We have already mentioned that the experimentally more accessible quantity
is the total magnetic moment. This is proportional to the full Landé gj factor
that we now calculate. Spin-orbit splits the t1u multiplet into a J = 1

2 ground
state doublet and a J = 3

2 excited quartet. In the limit of small magnetic
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Figure 5.3: The orbital part of the Zeeman energies in the C60− molecular
system as a function of the magnetic field, relative to the M = 0 state. We
extract the value of Rf from the slope of the straight lines in this figure.
Here the eight Hg modes are included and the VCCs are those of the second
set of Ref. [17]. The α parentage factor does not enter this computation
and is considered separately in the calculation of the full Landé g-factor
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Ham Rf α×Rf g 1
2

g 3
2

Manini 0.405 1.01 0.68 1.34

Gunnarsson 0.171 0.43 -0.09 0.95

Iwahara 1 0.295 0.74 0.32 1.16

Iwahara 2 0.301 0.75 0.34 1.17

Iwahara 3 0.314 0.78 0.38 1.19

Table 5.2: C−60 obtained reduction factors are summarized for the five
adopted sets of VCCs. The first column lists the Ham reduction factors.
The second column lists the orbital reduction factor, including the parent-
age factor. Third and fourth columns list the Landé factor for spin-orbit
levels associated with J = 1

2 and J = 3
2 , respectively.

field, µBB � λ, eq. ((4.7)) becomes:

g 1
2

= −1

3
gS +

4

3
geffL ' −2

3
+

4

3
geffL (5.4)

and

g 3
2

=
1

3
gS +

2

3
geffL ' 2

3
+

2

3
geffL (5.5)

It is worth noticing that, in the case of strong coupling and thus strong
reduction (geffL � 1), g 1

2
can assume a negative value, like in the paper by

Tosatti et al. [2], whose results we recover below, using the same Gunnarsson
VCCs they use. From the less reduced orbital gL factor of Eq. (5.3) we
obtain, instead:

g 1
2

= 0.34 (5.6)

and
g 3

2
= 1.17 (5.7)

The orbital reduction factors are calculated in the same way for the other
two sets of Iwahara VCCs and, for comparison, for the older experimen-
tal couplings calculated by Gunnarsson et al. and for the DFT computed
couplings by Manini et al.. Table 5.2 summarizes our findings for the C−60

fullerene:
Spin-orbit and Zeeman effect can be more properly compared now, once

applied to the spin orbit coupling the just calculated Ham reduction factor
Rf . We get:

λ = λatξtbRf ≈ 5.7µeV (5.8)

Such a small energy is matched by a magnetic field B ' 0.1 T, a magnetic
field lower than those often used in electron paramagnetic resonance (EPR).
For magnetic fields larger than few hundredths of Tesla, our corrected Zee-
man and spin-orbit interactions can be analytically combined in order to
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Figure 5.4: The orbital Zeeman energies in the C60+ molecular system as
a function of the applied magnetic field. The α parentage factor does not
enter the computation and is considered separately in the calculation of the
full Landé g-factor. The computation is performed with the basis truncation
F- of Table 5.1.

know the energy levels corrections and splittings in the intermediate regime
between the Zeeman and the Pashen-Back limit.

5.2 The Ham reduced g-factor in C+
60

The described numerical diagonalization is applied to C+
60 too. Again we

obtain the expected linear dependence of the Zeeman orbital energy from the
applied magnetic field. The slope is double in the |M | = 2 states compared
to the |M | = 1 ones (Fig. 5.4). With the longest computations, with
truncation masks E and F we obtain for the Ham reduction factor Rf =
0.235. Accounting for the α = 1

2 factor for the DL=5 parentage of the hu
electronic state, the reduced gL orbital factor is then:

gL = 0.235g̃L = 0.235
1

2
= 0.118. (5.9)

The spin-orbit coupling splits the hu HOMO level into a J = 3
2 ground state

quartet and a J = 5
2 excited sextuplet. In the limit of small magnetic field,

µBB � λ, eq. (4.7) becomes:

g 3
2

= −1

5
gS +

6

5
geffL ' −2

5
+

6

5
geffL (5.10)
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and

g 5
2

=
1

5
gS +

4

5
gL '

2

5
+

4

5
geffL (5.11)

leading to very small full Landé factors

g 3
2

= −0.26, (5.12)

and
g 5

2
= 0.09. (5.13)

The physical reason for the negative value for g 3
2

calculated with our large

coupling constants is the following: the J = 3
2 overall machanical angu-

lar momentum is dominated by L = 2 orbital component. The magnetic
moment is instead dominated by the spin component, due to the strong
reduction of the orbital part. But in the J = 3

2 state, spin and orbit are
coupled (mainly) upside down, whence the sign inversion.
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Conclusions

We have repeated the calculation of the JT reduction factor Rf for C−60, and
we have evaluated for the first time the one of C+

60. The calculations indi-
cate that these reduction factors are sensitive functions of the e-v couplings.
Unfortunately, the several available VCCs sets are quite different from one
another, leading to a ratio ∼ 2 between the Ham reduction factors calcu-
lated by using the VCCs by Iwahara et al. and those calculated by using
the VCCs by Gunnarsson et al. For C+

60, only numerical evaluations of the
e-v couplings are available. Comparison with experiments [23] confirm the
reliability of the VCCs of Ref. [13] that we adopted. Even so, a certain
degree of uncertainty remains. Despite the numerical accuracy of our diago-
nalizations, the uncertainties on the VCCs raises a warning on the reliability
of our predictions for Rf .

Strictly speaking our prediction refers to gas-phase C60 ions. However,
experiments are usually carried out for solid-state fullerides. In these solids,
crystal field effects may affect orbital currents. Fullerene ions magnetic mo-
menta could be investigated in suitable fullerides with especially small field
effects. For example, an experimental paper by Amsharov et al. [24] focuses
on the [Cs(THF)4]C60 fulleride, where C60 acquires an electron and the C−60

magnetic moment can be investigated. By fitting the molar magnetic sus-
ceptibility by the Curie–Weiss law for the [Cs(THF)4]C60 fulleride in the
15 − 90 K range, the authors find for C−60 an effective magnetic moment of
1.47µB, that can be compared with our results. At 15 K, both the g 1

2
dou-

blet and the g 3
2

quartet would be occupied, with an almost equal probability,

since the spin-orbit splitting we predict is very small, compared to experi-
mental temperatures. Combining the C−60 magnetic moments predicted in

41
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the present work we get:

µ(T =∞) =

(
1

3
g 1

2

√
1

2
× 3

2
+

2

3
g 3

2

√
3

2
× 5

2

)
µB (6.1)

=

(
1

3
0.34 +

2

3
2.27

)
µB = 1.62µB.

The similarity of the values may be coincidential, also in view of the several
neglected crystal interactions. Moreover, our computations show an energy
difference of about 30 meV (350 K) between the ground state and the lowest
vibronically excited state, for both C−60 and C+

60. At very low experimental
temperature only the (spin-orbit split) vibronic ground state will play a role.
However at room temperature one should worry also of the population of
the excited levels.
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