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Abstract

We study a two-dimensional model for interacting colloids which is con-

sistent with cluster states, adding a periodic corrugation potential and an

external force. For different colloidal densities and different amplitude of

the periodic corrugation potential we investigate the depinning from the

static to the sliding regime. In the sliding states we characterize the compe-

tition between a dynamics where entire clusters are pulled from a minimum

to the next and a dynamics where single colloids or smaller groups leave a

cluster and move across the corrugation barrier to join the next cluster.
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1 Introduction

The conventional approach to tribology, i.e. the study on friction dissipation and

wear, has often investigated indestructible crushproof particles, typically atoms

or molecules [2]. A recent work [1] has brought colloids into the realm of tribol-

ogy, by letting repulsive hard-core particles interact with a periodic ”corrugation

potential”, generated by means of optical forces, and driven by viscous drag. The

conditions of the experiment done by Bohlein et al [1] match the single inde-

structible particle paradigm. In the present work, we investigate, by simulation,

situations where complex objects, carrying an internal structure, under the stress

produced by external interactions and driving, can alter their internal structure

both in shape and even in the number of the component particles.

We simulate systems of interacting colloidal particles, whose interacting

potential is coherent with a spontaneous formation of colloidal clusters. This

condition has been studied in several works that investigate different potentials

[3, 4, 5, 6]. In particular, we concentrate on 2D geometry with repulsive interac-

tions, like in Bohlein et al. [1] experiments. The novelty here is the choice of a

relatively soft potential compatible with cluster phases.

Firstly, we characterize the equilibrium states of the model free from exter-

nal interactions. We study the ground energy of several n-cluster arrangements

(with n from 1 to 6) as a function of the density of the colloids, and we collect

them in a plot for direct comparison. Then, we investigate the dynamics of these

systems interacting with a lattice-matched external periodic potential and an ho-

mogeneous pulling force. We obtain the mobility curves for these cluster systems,

as a function of the intensity of the pulling force, for a few values of the amplitude

of the external potential. We characterize in detail the different sliding regimes,

with entire clusters advancing, or only parts of them. The main outcome of this

research is that the clusters internal dynamics is indeed affecting the depinning

force and the overall mobility.

2 The model

2.1 Interaction potential

We consider the following total energy:

H =
m

2

N
∑

i=1

v2i +
N
∑

i<j

φsc(rij) , (1)
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Figure 1: Inter-colloid potential consisting on a soft-core repulsion plus

a weak hard-core term.

characterized by the colloid-colloid interaction potential:

φsc(rij) =
A0

r6 +R6
c

+
B0

r6
. (2)

This potential consists of two terms: the first is a soft-core interaction, fully

characterized, in two dimensions, in [3]. The second term is an hard-core repulsion

useful to prevent the colloids to fully overlap at 0 temperature. This second term

was introduced by L. Consonni in his work [13]. The value of B0 must be very

small in order for this term to affect the static and dynamical properties of the

model only weakly. We adopt Consonni’s value: B0 = 5 × 10−5A0. Despite its

repulsive nature, this kind of potential allows clusters formation: if the inter-

particle distance decreases under the value of Rc the potential goes to a constant

value, so it produces a quite small repulsive force until the distance hits the

repulsive hardcore term. The repulsive force is maximum at Rc and then, for

r ≫ Rc, it rapidly decreases to 0. Of course in simulations the inter-particle

potential is cutoffed at a fixed distance Rcut = 5Rc [13].

The phase diagram of the 2-dimensional model with B0 = 0 was investigated

in Ref. [3] and is summarized in the phase diagram of Fig. 2, showing the

separation between a liquid phase, at high temperature and low density, and

a ordered cluster phase. The presence of the small B0 term would of course

affect this phase diagram, but not so much in the low-density region that we are
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Figure 2: Phase diagram depending on the rescaled temperature

kbT/(A0/R
6

c) and the density ρR2

c for classical colloids in equilibrium

in two dimensions, interacting with a pure soft-core potential (B0 = 0).

Reported from Ref. [3]

investigating [3].

In our model we take the potential characteristic distance Rc, the colloidal

mass m and the characteristic repulsive energy A0/R
6

c as fundamental units. In

practice we fix Rc = m = A0 = 1, and then we can express all physical quantities

in terms of these fundamental quantities, listed in Table 1.

We let the entire system evolve following the Langevin dynamics in two

dimensions. The equation of motion for the jth particle is:

m~̈rj = η(vdx̂− ~̇rj)−∇~rj

[

N
∑

i 6=k

φ(rik) + Uext

]

+ ~ξj . (3)

Here η is the coefficient of friction caused by the viscosity of the fluid where

the colloids move; we take η = 28, which causes an overdamped dynamics; vd
is the uniform velocity of the liquid itself, generating the Stokes force F = ηvd,

which acts equally on every colloid; Uext is a periodic potential described in

Sect. 2.2; the ~ξj terms are random Gaussian distributed forces with amplitude

σ =
√

2mηkBT/∆t, where ∆t is the simulation time step: they represent the

Brownian dynamics generated by the finite temperature in the liquid. The viscous

and the random force terms together in Eq. (3) represent a thermostat: the

Langevin thermostat [10]. In the present work we stay to T = 0, so no random

forces are employed.

We run the simulations in a parallelogram-shaped supercell with periodic
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Physical quantity System units

Length Rc

Energy A0/R
6

c

Mass m

Number density R−2

c

Force A0/R
7

c

Time R4

c

√

m/A0

Velocity R−3

c

√

A0/m

Viscosity coefficient R−4

c

√
A0m

Mobility R4

c/
√
A0m

Table 1: Measure units used in the studied system. Every physical

quantity is expressed in terms of these units.

Quantity Value

L1x 18

L1y 0

L2x 9

L2y 9
√
3

Table 2: An example of periodical cell dimensions. This is the smallest

cell permitted by the simulation program, i.e. the cheaper in term of

computational cost.

boundary conditions (PBC), defined by its primitive vectors. The cell area and

the number N of simulated colloids defines the average number density ρ = N/A,

which is therefore implemented precisely through the PBC. Of course we make

sure that the periodicity of the external periodic corrugation is compatible with

the supercell shape and size.

2.2 The external potential

To study the frictional dynamics, we introduce a periodic external potential. In

the laboratory, this situation can be realized by means of a modulated laser field

constructed by interference, that could be almost freely controlled [1]. In our

simulations, we assume the potential to be of this form:

Uext(~r) = V0W (~r) . (4)
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Figure 3: Profile of the external potential W (rx, ry) that acts on every

colloid and has an hexagonal regular lattice form. Reported from Ref.

[13]

Here V0 is the amplitude of the spatial modulation and W (~r) is a periodic poten-

tial with hexagonal symmetry with unit amplitude in the form:

W (~r) = −2

9

[

3

2
+ 2 cos(

2πrx
apot

) cos(
2πry√
3apot

) + cos(
4πry√
3apot

)

]

(5)

where apot is the step of the external potential. This potential is illustrated in

Fig. 3.

Choosing ry = 0 we follow a path in the x−direction that touches the minima

and the saddle points of W(r). This is the simplest unidimensional trajectory that

a colloid can follow when is pushed from a minimum to the following one by a

force along x. If we follow this path, the external potential reduces to

Uext(rx, 0) = −V0

[

5

9
+

4

9
cos(

2πrx
apot

)

]

(6)

that can be seen as an energy barrier with amplitude
8

9
V0. In this situation the

static friction for a single colloid, i.e. the minimum force needed to make an

isolated colloid at T = 0 run down the potential corrugation, is equal to the

maximum value of ∂
∂rx

Uext(rx, 0), namely:

F1s =
8πV0

9apot
. (7)

In the simulations and in the relative graphs we express all applied forces by

comparison to the static friction F1s of the single colloid, expressed in Eq. (7).
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(a) (b) (c) (d) (e)

Figure 4: Initial single-cluster configurations: (a): 2-cluster; (b): 3-

cluster; (c): 4-cluster; (d): 5-cluster; (e): 6-cluster.

(a) (b)

Figure 5: 2-cluster lattice: (a): initial configuration before relaxation

(b): fully relaxed ground-state configuration.

2.3 The geometry of the cell

We simulate our colloidal model in a parallelogram-shaped supercell periodically

repeated. Its size and shape is chosen according to the desired colloid density and

the period of the external potential. Unless indicated otherwise, the period of the

external potential equals the period of the cluster lattice that we investigate. We

call ~ac1 and ~ac2 the primitive vectors used to generate the initial configuration

of the cluster lattice, both of length ac and forming an angle 60◦. We need the

primitive vectors of the supercell to be integer multiples of the step of the cluster

lattice, as we choose to give to the primary vectors of the cluster lattice and of the

cell the same orientation: x̂1 = (1, 0) and x̂2 = (1/2,
√
3/2). To set the density of

the colloids we select the lattice spacing for the initial configuration. The density

depends on that spacing because the area of the parallelogram with the sides

apot, which contains a single cluster, is A = a2c ×
√
3/2. As a result the colloid

number density is ρcoll = 2n/(a2c
√
3), where n is the number of colloids per cluster.

We start with a preformed cluster lattice, because the alternative possibility of

starting with the colloids homogeneously distributed in the supercell can lead to

irregular configurations with different cluster sizes.

3 Ground-state energetics for the free model

The colloid-colloid interaction discussed in Sect. 2 leads to cluster states. While

at finite temperature the number of colloids in each cluster fluctuates, at T = 0,
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(a) (b)

Figure 6: 3-cluster lattice: (a): initial configuration before relaxation

(b): fully relaxed ground-state configuration.

(a) (b)

Figure 7: 4-cluster lattice: (a): initial configuration before relaxation

(b): fully relaxed ground-state configuration.

for every given density ρ, one expects that a uniform arrangement of clusters

with the same number of colloids represents a local minimum of the repulsive

energy. We explore the density range from 0.4R−2

c to 4R−2

c and compare the

energy of competing cluster arrangements, containing 1 to 6 colloids per cluster.

Eventually we will take the most stable arrangements as the starting point for

the driven non-equilibrium simulation. We construct one cluster for each of the

considered n = 1...6, see Fig.4. We use the shape of the inter-particle potential

Eq. (1) as a guide for the initial distances between the colloids in the cluster.

We then replicate each cluster following an hexagonal 2D lattice, Figs 5 - 9,

filling a suitably large supercell. We take these configurations as starting points

for a damped relaxation, leading toward the appropriate local equilibrium state

without any external force or potential. The resulting equilibrium configurations

are displayed in the panels (b) of the Figs 5 - 9. For every n-cluster, we execute

(a) (b)

Figure 8: 5-cluster lattice: (a): initial configuration before relaxation

(b): fully relaxed ground-state configuration.
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(a) (b)

Figure 9: 6-cluster lattice: (a): initial configuration before relaxation

(b): fully relaxed ground-state configuration.

several simulations for varied lattice constant, thus following the evolution of the

system at different densities.

For each configuration we collect the total repulsive energy, and divide it by

the number of colloids in the supercell, thus obtaining the energy per particle.

Figure 10 displays the comparison of the energy per particle for each n-cluster, as

a function of the density of colloids. We see that at a given density, several cluster

configuration can be possible as competitive energy local minima. However one of

them is usually winning energetically. Every crossing between curves identifies the

density where the (n+1)-cluster starts being more stable than the n-cluster. By

carrying out a finer numerical analysis and a Maxwell construction one could also

identify coexistence regions characterized by inhomogeneous domains occupied

by clusters of different n. Based on this rough phase diagram, we identify the

densities where n-clusters are most stable, which we adopt as starting points for

the driven simulations of Sect. 4.

4 Driven dynamics

We come to investigate these colloidal systems under the effects of an external

periodical potential and a lateral driving force. In particular, we characterize

the force-dependence of the mobility for different numbers of colloids per cluster.

Analysing the energetics of Fig. 10, we select for every n-cluster its optimal

density, i.e. the density where the colloids must naturally arrange themselves

in groups of n particles. We take the final relaxed states as starting points.

Then for each n between 2 and 5 we execute three simulations, with the following

amplitudes of the periodic external potential: V0 = 1, 1.5 and 2 (in system units).

We increase the applied lateral force, from 0.55F1s to 1.3F1s in small steps, so that

we can identify the depinning precisely and study the way the mobility increases

right after depinning occurs. The increasing step is small (1.5 percent of F1s), in

order to remain close to an adiabatic increase. The average mobility for each force

is evaluated after deleting a brief transient time at the start of each step. Figs.
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Figure 12: Mobility of the 3-cluster lattice as a function of the driving

force F/F1s, for corrugation amplitudes V0 = 1, 1.5 and 2.

11 - 14 report the mobilities of these systems for every n-cluster arrangement.

Consider first the depinning force Fdep as a function of the number n of

colloids per cluster: as shown in Fig. 15, the depinning force tends to decrease

as n increases. The n = 2 clusters mark an exception, as they depin at smaller

force then n = 3. Also, in the comparison of the depinning force for V0 = 1, 1.5

and 2, we see that depinning occurs at a smaller Fdep/F1s for V0 = 1 than V0 = 2,

contrary to all other cluster size.

4.1 Dynamics details

The dynamics of the driven clusters is not trivial: we find that several phenomena

can and do happen as the lateral force is increased. These phenomena do depend

on the amplitude of the corrugation potential and on the number of colloid per

cluster. For convenience, we note the dynamical modes on the mobility graphs,

where switching between modes can induce visible mobility anomalies. We use

oblique k/n indications of dynamical patterns which persist for an entire force

interval. The k/n label indicates that k particles out of a cluster of n jump to

the next cluster, leaving n− k particles behind. Arrows point at transitions from

one kind of behavior to the next.

A transition from a dynamics characterized by the hopping of k colloids of
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function of the number of colloids per cluster.

the cluster to another one characterized by k + 1-hoppings usually affects the

mobility curve. Figures 16 - 19 report sample snapshots of the several kinds of

dynamics indicated on the mobility plots. Figure 21 reports the x-coordinate of

the center of mass of the colloids for these modes: as the hoppings in each cluster

are synchronized, xcm exhibits a plateu when the system is almost stationary,

followed by a jump during the synchronized hoppings. The heights of these

jumps are a fraction of apot, depending on the specific dynamical mode. Figure

19 illustrates the 5/5 entire cluster advancement observed for V0 = 1.

Due to small low-frequency vibrations that the damping term does not sup-

press, we occasionally observe a de-synchronization of the hoppings for different

clusters, which otherwise are all synchronised across the cell. Figure 20 is a

sample of this kind of asynchronous dynamics, where the movements at different

rows is seen to occur at subsequent times. If we repeated the simulations at finite

temperature, we would likely observe this sort of asynchronous depinning more

typically.

When the driving force reaches large values, its action on the system can

force the collective dynamics into a one-dimensional dynamics, with all colloids

organised in rows parallel to the direction of the driving force (x̂). We noted

this mode on the mobility plots, using the notation ”1D”. In other situation,

e.g. for n = 5, this 1D mode does not develop completely, with significant

displacement in the ŷ dimension remaining visible, but a fast and continuous
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(a) (b)

(c) (d)

Figure 16: This simulation illustrates the 2/5 dynamics observed at

F/F1s = 0.7 in the V0 = 2 simulation, see Fig. 14. The panels (a) - (d)

represent subsequent snapshots, separated by ∆t = 2 model units.

transfer of particles from one cluster to the next occurs, as identified by the

label ”very fast hop”. In this specific n = 5 case, the strongest considered forces

produce a ”4/5 sync altern” motion, with groups of 4 colloids jumping from

clusters arranged as alternating 3 above - 2 below and 2 above - 3 below along

the rows.

5 Discussion and Conclusion

In this work we study a driven model, extending and completing previous work

by L. Consonni and A. Stenco. We confirm the results obtained by L. Consonni

for the 4-clusters, and we generalize them to other n-clusters. We obtain a quite

rich dynamics for clusters of various size. We classify several phenomena that

occur during a driven simulation, and investigate their impact on the mobility
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(a) (b)

(c) (d)

Figure 17: This simulation illustrates the 3/5 dynamics observed at

F/F1s = 0.85 in the V0 = 2 simulation, see Fig. 14. The panels (a) - (d)

represent subsequent snapshots, separated by ∆t = 2 model units.

of the system. By cycling the driving force up and down, we investigate if these

systems retain some kind of dynamics memory, i.e. the sliding state is affected

not only by the competition of the applied confinement potential and driving, but

also by the initial sliding configuration. Indeed we do find a weak dependence, as

the decreasing path does not retrace exactly the increasing path. Suspecting non-

physical underdamping effects, we verified that such hysteresic effects persist even

under a double damping rate η = 56, indicating that the competition between

multiple dynamical attractors is indeed present in this model.

The present research sees two natural paths of expansion: the investigation

of the thermal effects, and the investigation of the effects of lattice mismatch

between the colloid-cluster spacing and the corrugated ”substrate” periodicity.

Thermal effects are important for making predictions of dynamical features which

will be observed in real-life experiments. The lattice mismatch is likely to produce
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(a) (b)

(c) (d)

Figure 18: This simulation illustrates the 4/5 dynamics observed at

F/F1s = 1 in the V0 = 2 simulation, see Fig. 14. The panels (a) - (d)

represent subsequent snapshots, separated by ∆t = 2 model units.

nontrivial ”solitonic” sliding modes, as observed in past works [11] [12].
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(a) (b)

(c) (d)

Figure 19: This simulation illustrates the entire cluster 5/5 dynamics

observed at F/F1s = 1 in the V0 = 1 simulation, see Fig. 14. The panels

(a) - (d) represent subsequent snapshots, separated by ∆t = 2 model

units.
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(a) (b)

(c) (d)

Figure 20: This simulation illustrates the 1/2 asynchronous dynamics

observed at F/F1s = 0.91 in the V0 = 1.5 simulation, see Fig. 11. The

panels (a) - (d) represent subsequent snapshots, separated by ∆t = 2

model units.
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