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The general context is high-temperature gases of objects (e.g. atoms, molecules) carry-
ing internal degrees of freedom.

The relevant degrees of freedom are of two kinds: translational and internal.

These are the fundamental relations valid at high temperature:

(Z)N
and
Z1=Z1tr Liint - (2)

They connect the statistics of the entire gas to that of a single “particle”.

We have already dealt with the translational degrees of freedom.

We now focus on internal degrees of freedom characterized by a finite-dimensional
Hilbert state.

1 Thermodynamics of spin-1/2 atoms

Compute the contribution of the spin degrees of freedom to the thermodynamic func-
tions of a gas of Na atoms (spin-1/2) kept at equilibrium at 7' = 500 K and immersed
in a 0.7 T magnetic field.

1.1 Solution

In the sodium gs, L = 0, therefore J = S = 1/2, and the gyromagnetic factor is
gy = gs = 2.
The spin produces a magnetic moment

=

—
B = gJ,UBh

which couples to the external field as
Hmagn = —H- é = —u.B, (3)

assuming B = Bz (as always).

The Hilbert space of relevant quantum states has (2J + 1) dimensions. A basis of this
space is labeled by the J, projection quantum number M ;.

On this basis the coupling Hamiltonian (3) is diagonal with eigenenergies

Emagn(My) = (J, Mj|Humagn|J, My) = (J, M| — p.B|J, M) = gyug BMy.  (4)



For the statistics of this problem, like we did for similar molecular degrees of freedom
it is useful to introduce a typical temperature scale

B
Op = 9J IB ’
kg
reflecting the spacing ¢g; up B of the magnetic states, and a dimensionless ratio
gspsB  Op
=095 T T

The spin partition function is a finite sum containing (2J + 1) terms, one for each
energy level in Eq. (4):
J
lepin = Z €xp (—.’L’ MJ) . (5)
My=—J

The derivation and this final formula are general and valid for any value of J.
In this problem we deal with the simplest case, J = 1/2, with 2 terms in the sum,
labeled by My = —1/2 and M = 1/2:

Z1spin = exp (—x (—1/2)) + exp (—x 1/2) = "/? + e7/* = 2 cosh(a/2) (6)

Now that we have the partition function, we can obtain the spin-1/2 thermodynamic
functions:

Fypin 1 T
Flspin = X)] = _Bln lepin = —kBTln (2 cosh 5) 5 (7)
U. in a 8 x
Ut spin = ;3 = —8—6 In Z1 spin = —%ln (2 cosh 5) (8)
T ox
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Sspin . Ul spin

Sl spin — N T + kB In Zl spin (10)
_ _gmBB LT (2e0sm %) = kBT n (2cosn %)
= 5T tanh 5 + kg In ( 2 cosh 5) = 5 tanh 5 + kg ln (2 cosh 5
=kp [ln (2 cosh E) _z tanh E} .
2 2 2

Here we plot the temperature dependence of the internal energy and heat capacity per
spin:
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As temperature is raised from absolute zero, like molecular rotations and vibrations,
the spin degree of freedom “unfreezes”, with an increase in heat capacity. However,
when T is raised further, due to the finite spectrum, the internal energy cannot increase
indefinitely: Ui gpin flattens out. As a result, the spin heat capacity decays to zero at
high temperature T > Op.

This behavior is qualitatively different from that of rotational and vibrational excita-
tions in molecules.

We can also plot the entropy:
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Note that at low temperature S ¢pin is extremely close to 0, and then it raises toward
the high-temperature limit In 2, expected for a system with 2 equally-accessed states.
For the data of the present problem we have:

g7 peB =1.29836 x 10723 J = 81.0 peV ;

B
Op = 9J 1B
kg

=0.940 K ;



Op
= — = 0.001881.
YT

Correspondingly, the values of the thermodynamic functions are:
Fiopin = —4.785 x 10721 J = —29.86 meV ;

Ut spin = —6.105 x 10727 J = —38.1 neV ;
OV 1spin = 8.8435 x 1077 kg = 1.2209 x 1072 J/K;
S1spin = 0.6931 kg = 9.570 x 10°** J/K,

extremely close to In(2) kp.

2 Magnetic properties of spin-1/2 systems

Compute the average spin magnetization and the weak-field magnetic susceptibility of
a gas of Na atoms (spin-1/2) kept at equilibrium at 7' = 500 K and P = 10000 Pa, and
immersed in a 0.7 T magnetic field.

2.1 Solution

1. The magnetization density of N uniformly distributed magnetic moments in a
volume V equals

0 = ] (11)

This is a relevant quantity that can be directly measured in the lab.
For an ideal gas M is necessarily oriented parallel to the magnetic field, M = Mz.

With the same notation as for the previous problem, we have

J

A exp(—xzM
1) = Te(prz) = > —gsus My pZ(‘])
My——J 1spin
1 < U
Lsoi
= _E Z gMJPMJ = - ;pm . (12)
My=—J

The above relation is valid for any J, not just spin-1/2.

Now, we compute the magnetization for spin-1/2, using the expression (8) derived
in the previous problem:
N N gipsN T

=N Ny ne !
2=y lmel = =g Ui oy g (13)

The average magnetization changes with temperature following the same func-
tional dependence as the internal energy, except for a constant factor —N/(V B),
thus we can interpret the Uj gpin plot as magnetization as a function of tempera-
ture, as long as we reverse the vertical axis.

We can obtain the atomic number density using the equation of perfect gases
PV = NEkgT, which can be safely applied to dilute Na vapor. Using the data of

the problem:

N P
— = = 1.4486 x 10** m3.
V ksl A m



Combining this density with the internal energy evaluated in the previous prob-
lem, we have:

N gJ,LLBN T Nz -
M. = =35 Utepin = =07 tanh 5 = pp 77 5 2 0.00884 Am L (14)

. To obtain the linear response of the localized spins to a weak magnetic field B,
as we have done above we expand the hyperbolic tangent in the expression for
the magnetization (13) to the lowest (=linear) order in x, tanh(z/2) ~ x/2:

9Nz _ gjusN gjpsB _

M ==50—3 W kg BB (15)
with N 2 1
gJuB>
_ N L 1
XB =, ( 2 ) kgl (16)

X B represents the requested paramagnetic susceptibility of the spins to the (weak)
total magnetic field B. The characteristic inverse-T" dependence of the Curie sus-
ceptibility of the noninteracting spins reflects the disordering effect of temperature.

For the data of our problem,

Ny -2
— LB 01805 F
XB = kpT s

or equivalently Am~'T~!, the same units as eyc?.

In practice it is more common to measure the susceptibility x.,, relative to the
external applied field H = egc? Bext. The relation between x5 and x,, derives
from

— —

M =xgB=xp [gext + l?im} = XB [(6002)_1 H+ (o) tM|, (17

where we use the relation Biy = (eoc?)~! M for the magnetic field generated by
a uniformly magnetized material. We solve Eq. (17) for M, obtaining

2\—1
(600) XB i

M =
1—(e0c?)~ xB

(18)
Noting that the units of H and those of M are the same, namely A /m, the desired
expression for the dimensionless H-susceptibility X, is

o = (eoc®) ' xp
m

RECORY (19)

In practice the denominator is always very close to unity, so that
Xm = (€0¢®) L xB.

For the data of our problem,

Yo = X — 9968 x 108,

6002

Even at lower temperature, one should not worry about a vanishing denominator
in Eq. (19).



Such event would indicate a self-sustained nonzero magnetization for H = 0
even at such a low temperature as 1 K, for ¢ = 2 the diverging-x,, condition
(e0c?)"'xB = 1 would require a density N/V ~ 1.3 x 10 m~3, far too large to
describe a dilute gas of spin-carrying atoms.

Actual ferromagnetic states are never associated to a self-sustained magnetiza-
tion due to a divergence in Eq. (19), but they originate from large exchange
interactions similar to those responsible for Hund’s rules in open-shell atoms.

3 Occupation distribution of spin-1/2 impurities

An insulating solid contains dilute noninteracting paramagnetic spin-1/2 impurities.

It is placed in a magnetic field B = 3 T, and equilibrated at temperature 7'

Given that 75% of the spins aligns to the field, determine T and the average magnetic
energy per impurity.

3.1 Solution
The probabilities for the 2 levels of this system are:

P(My) = —— exp(~xMy)
1 spin
(same notation as in previous problems).
We know that )
P(if) = — SRED g5y,

exp(w/2) + exp(—z/2)

We obtain z as follows:

1 3
1 +exp(—z) 4’
4
1+ exp(—x) = 3
4 1
)= 1=
exp(—2) = 5 3
1
z:1n<3>:ln3,
r=1In3
AsngJkng,B,we obtain T' as
B 2ugB
T=9EB2 2B 567 K.

kgr  In(3)kp

At this temperature, the average magnetic energy per impurity amounts to

B In3 ,
Ul spin = —gJ‘;B tanhg — —upB tanh (r;) — 1391 x 1072 J = —86.8 eV,



4 Written test 08/02/2002, problem 1 — Spin-1

La molecola di ossigeno (Og) si trova in uno stato elettronico degenere, caratterizzato
da spin S = 1. Considerare un gas rarefatto di molecole di ossigeno in equilibrio a
temperatura 7', immerso in un campo magnetico uniforme |B| = 25 T (si trascurino le
interazioni dello spin di ciascuna molecola con il moto roto-vibrazionale e con gli spins
di differenti molecole). Esprimere la funzione di partizione per lo spin di una singola
molecola in termini della variabile adimensionale z = gug|B|/(kgT) (dove g = 2).
Calcolare il momemto magnetico medio di una singola molecola. Esprimere in funzione
di z il contributo degli spins al calore specifico molare Cg a campo magnetico costante,
e valutarlo per T'= 100 K e T'= 1000 K.

4.1 Solution

1
Z1 spin = Z exp(—xzMy)=e"+14+e*=1+2coshuz. (20)
My=-1
with, as usual,
)
= pgspusB = ?37
and gy = gs = 2.
Uspi 0 0
Ul spin = j\’}”‘ =25 In Z1 spin = —%m(l + 2cosh ) (21)
0 0
=~ In(1+2cosh) %
: 9(BgsusB)
= ———————2sinh —
14 2coshzx ST X op
. B 2sinhz —gsupB for z — oco,ie. T — 0
~ T9IHB 1+ 2coshx 0~ for x — 0,i.e. T — 0
Like we did for spin-1/2, we have the relation
J J
o _ exp(—zMy) 1 1
[ 2] = Tr(prpz) = Z —gsps My Tpin - B Z Em, Py, = B Ul spin -
Mjj=—J My=—J

Inserting the result for Uy gpin we obtain

(112] = 1 " B 2sinh x B 2sinh z
Hizl="p 97 1B 1+ 2coshx _gJ'uBl—FQCOSh:c'

For B =25 T, the characteristic magnetic energy is
g7 B = 4.637 x 10722 J = 2.894 meV .

At T =100 K, we obtain x = 0.335857, and at T' = 1000 K, 2 = 0.0335857 (of course!).
The average magnetic moment for the given conditions is:

J
(101 2] (T = 100 K) = 4.077 x 10~ T

J
[112)(T = 1000 K) = 4.152 x 107 T



From Uj ¢pin We obtain
CB spin al’]l spin

CBlspin = N = oT (22)
0 B 2sinh z B B 0 2sinh x " ox
- oT 97 1B 14+ 2coshz ) 97 1B Ox \1+2coshzx oT
coshz (1 4+ 2coshz) — sinh z (2sinh z 00g/T
= —gspsB2 ( ) 5 ( ) X 5/
(1 +2coshx) oT
coshx + 2 (cosh? z — sinh?z) 9T~ !
= —-0Opg2 B
BE9IHB (1 + 2coshz)? “Tar
_2®BgJuBB coshz + 2

T2 (14 2coshx)?
©% 2+ coshx
=2kp—%5 ————
T2 (1+ 2coshz)?
2+ coshz

(14+2coshz)?’

In the conditions of the problem,

= QkB 332

J
CB1spin(100 K) = 0.07112 kg = 9.820 x 10~ % &

J
CB1spin(1000 K) = 0.0007515 kg = 1.037 x 10726 =3

The requested molar quantities:

CBopin(100 K) = NACy 15pin(100 K) = 0.59137 ﬁ;
J
CBpin(1000 K) = NaCv 15pin (1000 K) = 0.0062489 —— .

5 Written test 18/09/2003, problem 2 — Spin-3/2

Si trascuri la probabilita che atomi di bromo gassoso a 500 K occupino stati diversi da
[Ar]3dm4p5 ’p, /2. Accendendo un campo magnetico uniforme la degenerazione delle com-
ponenti di questo multipletto e risolta: quale sarebbe l'intensita di tale campo necessaria
a stabilire una popolazione d’equilibrio uguale per lo stato fondamentale e per il totale
delle componenti eccitate? [Suggerimento: la radice dell’equazione cosh(z) = sinh(3z) &
z ~ 0.304689]

5.1 Solution

Ep(Mjy) = gsusBM;

P - exp(—BEp(M;))  exp(—x M)
My = = .

’ lepin lepin
with, as usual,
gssB _ Op
= B = = —
T =[pgsuB T T
CB3J(J A1) LI+ D)+ S(S+1)  33E+1)—1(14+1)+5(3+1) (23)
7 27(J +1) 25311
15 3 45-8+3
2x 13 2x 1 2x15 3’



and

Z1 spin — Z €xp (—.’L’ MJ) (24)

3 1
T4 ea® 4 e 2% 420 = 2cosh( x)+ QCosh(ix) :
The equation we need to solve is
P_3/2 :P_1/2+P1/2+P3/2'

The partition function cancels out (we could omit writing it), and here remains:

w\w

1 1
e2® = 2% 4 727

+
+

(1) (l)

Our z is twice the x in the suggestion: z = 2 x 0.304689.

®
[
Cﬁ
l\)
||
m.a
w\»—-

4
xr = BgjupB = 5§MBB.

Whence 3 2 x 0.304689 kpT
_ 0 2 X008 ) 4ev034 “BL _ 34090 T
4 ps B HB

6 Written test 17/04/2012, problem 3

Un solido isolante contiene impurezze diluite, dunque praticamente non intera-
genti, di concentrazione 8 x 10?! m~3. Ogni impurezza & caratterizzata da uno
stato fondamentale tre volte degenere, e da un livello eccitato non degenere, ad
energia E1 = 2.7 meV al di sopra dello stato fondamentale. Si valuti il contributo
dei livelli delle impurezze al calore specifico (per unita di volume) del materiale,
alle temperature di 25 K e 50 K.

6.1 Solution

Al imp = 36_5X0 + 6_5E1 =3+ €_BE1 . (25)
Uim 5 1 821 im
U imp — —F = InZ i P 26
Limp N 86 fAdimp = Zl imp 85 ( )
1 0 1
_ -BE1\ _ _ —BE1 _
=3 8ﬁ(3+e )— 5o PE X ¢ x (—E1)
5 B 5 1 0 for BEy — o0,i.e. T — 0
'3 e‘ﬁEl ~ Tl 3ePE 1 4By for BE; — 0,ie. T — oo



0 0 1
CVlimp - 7U1 imp — (E > (27)

aT T\ 3¢PE 11
d 1 a3 1 -1
=B — | —=E— PEL |
193 <3€551+1) X 5T 1(365E1+1)2 X 3e 1 X T2
E? 3T o (B 2 3PP
 kBT? (3¢8F1 4+ 1)? . (kBT> (3ePP1 4 1)
2 3e* 0 for x=pFE; — oco,ie. T —0
B (3er +1)* 0 forx=pE; —0,ie. T — 00

oo N fO001B8TKT m™, o for T =25 Kie z=125329
Vivolimp = 77 =V Limp =9 005566 J K~* m™3, for T =50 K,i.e. z = 0.626643
(28)

7 Written test 12/02/2012, problem 1

Un solido isolante contiene impurezze diluite, dunque praticamente non intera-
genti, di concentrazione 1.2 x 10*2 m™3. Ogni impurezza ¢ caratterizzata da uno
stato fondamentale non degenere, e da due livelli eccitati, ad energie £} = 2.5 ed
Fo = 3.7 meV rispettivamente al di sopra dello stato fondamentale, entrambi de-
generi 2 volte. Si valuti il contributo dei livelli delle impurezze al calore specifico
(per unita di volume) del materiale, alle temperature di 20 K e 50 K.

7.1 Solution

Ziimp = 14+ 2781 4 27FF2, (29)
Usnp o) 1 0Ziimp
Utimp = —=2 = ———1In Z{imp = — 30
1imp N a8 11 21 imp Zlimp 98 ( )
_ 2FE e PB4 2By e FER 0 for B — oo,i.e. T — 0
T 142e BB 4 2 PE2 2/5 (Ey + E) for f— 0,ie. T — 00
0 0 (2E e PP 4 2By e PE2 B
Vilimp = gt Limp aw( Z1tmp *ar (31)
(—2E2 e PBr — 2 F2PE2) 5 7y, — (21 e PB4 2 By e PE2)? x (1)
Z%imp
-
kpT?2
, (2E2e PB4 2 B2 e PE2) x 7y, — (2Fy e BB + 2 By e FE2)?
= kpp 73
1imp
~ b 2Efe PPr L 2 EF e PE2 (2 Eye PB4 2By 6_5E2>2
Zl imp Zlimp

0 for 8 — o0,ie. T —0

= kg ([H?] — [H]?) = kpB” ([H?] = Ulinp) — { 0 for 8 — 0,ie. T — o0

10



Numerically

Co [ 1008 x107% K™, for T=20K (32)
VImp = 1687 x 10724 JK !, for T=50K °
And therefore
N 01210 J K' m™3, forT=20K
v vl imp = 37 OV 1imp = { 0.02024 JK ' m™3, for T=50K ° (33)

8 Atomic-level statistics

The following energy levels are given for the 1s22s22p* configuration of atomic oxygen:

Term degeneracy Energy 7 [cm™!]

3Py 5 0.0
3P, 3 158.5
3Py 1 226.5
1D, 5 15867,7
1S, 1 337924

Compute the “electronic” statistical quantities Z1 o, Uy e, and Cyy 1 for an O atom in
a hypothetical atomic-gas state at equilibrium at 7" = 0, 100, 300, 1000, and 10000 K.

8.1 Solution

Z1el =5+ 3 exp(—fEsp,) + exp(—fEsp,) + 5 exp(—BE1p,) + exp(—BEg,). (34)

We need the energy levels in SI units, and it is also instructive to convert them to K:

Term degeneracy Energy [J] Energy/kp [K]

3P, 5 0.0 0.0
3P, 3 3.149 x 1072¢ 228.05
3Py 1 4.499 x 10721 325.89
D, 5 3.152 x 10~ 22,831
13, 1 6.713 x 10719 48,621
. Uel . 0 . 1 azlel
Ulel—F——%lnzlel——Zlel 36 (35)

_ 3Esp, exp(—ﬁEgpl) + E3p0 eXp(—ﬁEspo) + 5k, eXp(—ﬁEng) + ElSO eXp(—ﬁElsO)
5+ 3 exp(—SEsp,) + exp(—fEsp,) + 5 exp(—fEip,) + exp(—SEig,)

0 0 0
Cvia= 87U1e1 = %Ulel X 8*&81
) 3E§P1 exp(—fEsp,) + EgpD exp(—BLsp,) + ...
= kpf
Zlel
- (3E3P1 exp(—BEsp,) + Esp, exp(—BFEsp,) + .. )2}
Zlel

{0 for § — oo,ie. T — 0

(36)

= kpp® ([H?] - [H]?) 0 for B—0,ie. T — o0 ’

exactly like in the previous problem, just with more terms in the sums.
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Then the solution requires a straightforward (rather tedious) exercise in numerical
substitution. To avoid very small numbers, we express U in Kelvin units, making
use of the figures in the last column in the previous table:

T K] Zia Ura/ks [K] Cvie/ks
0

5.0 0.0 0.0
100 5.3451 15.43 0.3510
300 6.7402 64.77 0.1341
1000 8.1101 96.16 0.0155
10000 9.4179 1380. 0.2828
12 |
N 10 ¢
8 -
6 -
g 1000 :
Q
X 500 ]
)
0 : ] |
Q
3 0.3
O 02¢F 1
0.1 ,
0 ‘ ‘
10 100 1000 10000
T [K]

0 Statistics of a continuum model

Evaluate the standard thermodynamic functions for the internal degrees of freedom of
a gas of molecules carrying a permanent electric dipole of pg = 1 Debye, immersed
in a uniform electric field E, = 3 x 10> V/m. Treat the angular degrees of freedom
of the molecules as if they were classical. Evaluate in particular the average dipole
moment component in the direction of the field at 7' = 400 K and the expression for
the molecular weak-field polarizability as a function of temperature.

9.1 Solution

What is a Debye?
The Debye is a CGS (non-SI) derived unit of electric dipole. It is defined as the
dipole moment resulting from two charges of opposite sign and equal magnitude of
10710 statcoulomb (also called e.s.u.), separated by 1 A.
Convert to SI units:
-10 -10 1 -10
1 Debye = 10710 statcoulomb x 1 A = 10 5997 994580 Cx100" m (37)
=3.33564 x 107 C m.

To identify the direction where the dipole moment is pointing, 2 angles are sufficient.
[In the case of a rigid-body molecule, the third Euler angle is irrelevant: it just provides

12



an extra degeneracy to all states.] Let us call § the angle of between the dipole moment
and the 2 direction of the field, and ¢ the azimuthal angle in that the projection of the
dipole moment in the xy plane makes with the & axis.

The energy of the electric dipole in the field is given by

H(0,p) = —po - E = —poE, cos = —ecos b

and is obviously independent of ¢. We have introduced the characteristic energy scale
of the problem
e =po E, =1.0007 x 1072* J = 6.24583 peV.

To tilt the dipole 180° away from perfect alignement with the field, one pays an energy
cost 2¢, because cos 6 changes from 1 to —1.

The novelty of this problem is that the classical internal degree of freedom has a con-
tinuum of states. Therefore

2w s 1
Z — / d(p/ sin 0df = 27 / dcosf
o 0 0 -1

The ¢ variable provides an essentially useless 27 degeneracy, but it is important that
the 0 integration is carried out as indicated, with the sin # Jacobian, to account for the
larger number of directions near the “equator” than near the “poles”.

As usual, we introduce the dimensionless ratio x = fe.

1
Zrdipote = 3 exp(—BHa) = 27 /_ dcosexp(~AH(6)) (38)

1 1
=27 / d cos 0 exp(fe cosf) = 2w / d cos  exp(x cos )
1 -1

st [exp(x) ~ exp(—xq

exp(x cos )

z cosf=—1 x x
. [exp(w) - exp(—x)] _dr sinh(z) .
x x
U ipole 0
Ur dipole = d]\;; e *% In Z; dipole (39)

= _885 In (47r smi(x)) = _f?ﬁ [In4 4 In7 + Insinh(z) — In ]

0 : Ox coshz 1
=5 [— Insinh(z) + Inz] x a5~ <_Sinhx + x> X €

1
= —¢ (cothx — ) .
T

We recall the small-z expansion

1 1
cothr ~ —+ -z +---
z 3

This indicates that the small-z singularity of Uj gipole is purely apparent. The sin-
gularities of the two terms cancel, and in reality the obtained expression for Ut gipole

13



is perfectly smooth and goes to 0 linearly in z, as one expects. The low- and high-
temperature limits are indeed:

1
Ul dipole = —€ <cothx — >

{ —e forx — oo,ie. T — 0
x

0 forz—0,ie. T — o0

The heat capacity:

0

CV 1dipole — aiTUl dipole (40)

=37 €| cothzx . = —¢ o cothx . 3T
A T Y = N S |
N sinh?z = 22 kg 0T  kgl? sinh?z = 22
1 1 T 2
BY <$2 sinh2x> B { (sinhx) ]

Although this expression looks benign, it actually exhibits an unphysical behavior for
large x, i.e. small temperature: Cy 1 gipole — kB for & — 00!

800 | :
N 600 .

Ule

Cylkg

kgT /e

This low-T" behavior contradicts the third law of thermodynamics, which implies that all
heat capacities must vanish as T — 0. This is the result of the unphysical assumption
of a rotating molecule pointing classically at some direction. Classical mechanics only
approximates the actual quantum motion at high temperature, but fails at low T'.

In practice this behavior is more a curiosity than a serious problem because as T
is lowered, the ideal gas of molecules turns into a liquid and then a solid far before
experiments deviate from Eq. (40).

[Note that the translational contribution 3/2kp to the gas heat capacity is a constant
too: it also violates the third law. However, this result only holds for gases at high
temperature, while at lower temperature the thermodynamics changes substantially, in
a way that certainly produces vanishing low-temperature heat capacities.]

This problem requests the calculation of the average dipole moment component in the

14



direction of the field:

P, = [po cos 0] = po[cos O] = Po [~ cosd] (41)

€

1
= Do <cotha: — >
x

= 6.04 x 107° Debye = 2.015 x 10734 C m.

Po Po Po 1
=T [H(Q)] = _? Uldipole = _? (—8) (COthCC — x)

with the data of the problem, implying = = 0.0001812.

Note that the function in round parenthesis above is named Langevin function after
Paul Langevin.

The expression for the weak-field (or equivalently high-temperature) polarizability is

OP, 0 ( th 1 >
= = cothx — —
Xel OF. | g, o+ aEzpo T/ B, -0+
0 th 1 " ox
=p9 — | cothx — —
Po oz X r—0+ 8f?z
o (/1 1 1 Po
— — | = — e — — X ——
P 5 (x * 3$+ :L‘) w0t kBT
_n 0 (1
kBT ox \ 3 2—0+
P}
3kgT

Its value in the problem’s conditions is

(1 Debye)?

= 300 = 07187 x 1071 C*m?/J = 6.7157 x 1071 Fm*.
B

Xel

Since the electromagnetic vacuum permittivity g has related units, and numerically
dmeg = 1.11265 x 10710 Fm™!, it is sometimes useful to express the electric polariz-
ability as this factor times a volume:

Xel = 6.7157 x 107% Fm? = 47ep x 6.03581 x 1073 m?.

Under typical conditions this volume is characteristically in the ~A? region.

10 Statistics of an ideal gas with a finite number of states

For a system of NV = 2 identica particles which can access 3 states a = a, b, and ¢ only,
evaluate:

1. the canonical partition function;

2. the approximate canonical partition function adopting the standard high-temperature
approximations;

3. the grandcanonical partition function for any number of bosons/fermions, for a
given chemical potential p.

Consider separately the cases of bosons and of fermions.
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10.1 Solution

1. Sum-over-particles version:

nolnl!ng!... _ Neg
Z = Z N eTP s ey (42)

a1 a2...0aN

=2 > n“'"”'”c o B(Ea +Eay)

aj=a,b,c as=a,b,c

Boson case (unconstrained summation):

_21000 pearen | MU0 pern) , HO pren g

2! 2! 2
L0 _sgrea) | 012000 _pieyre) | OLUL pie1c)
2! 2 21
1';):1' 6_5(85+ga) + 0'1:1' e_ﬂ(gc+6b) + 0'0:2' e_ﬁ(gc+gc)
! 2! 2!

:e—ﬁx2£a +6—B><25b _|_6—ﬂ><2£C
n % [e—,@(sﬁsb) n e—ﬁ(&%)}

41 [empteatee) 1 mpiecren)]
2

_|_ é [6 (5b+gc) + e (gc+gb):|
676><28a _’_675><2£b +€7,BX2EC

+ e_ﬂ(ga+gb) + 6_5(50,4‘50) + e_ﬁ(gb+gc)

Fermion case (a1 # ag):

_ 1';7:0' o—BEatE) | % ¢ BEatEe) (44)
VLOL peren | UL g e
91 2!
N 110! 1! —BEAED) ot o BE+E)
! 2!
~BEatE) e—ﬁ(ﬁﬁ@d}
B

_.I_
+

2
&

[ ~B(Eatee) +e—ﬁ(sc+sa)}
[ B(EptEe) 4 o (8c+gb):|
8

('B [\')\HL\D\)—‘[\')‘H

(Eatéo) | o=B(EatEe) 4 o—B(Er+Ee)

Sum-over-state-occupations version:

7 = Z e Flanaba — Z He*ﬂg""a (45)

{na} {na} o
Yo na=N >Sana=N

— Z e_Bgana X e_ﬁgbnb X e_ﬁgcnc.

ng ny ne
na +nb+nc:2
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Boson case:
Z = e P2 x ¢7PE0 y gmBED 4 gmBEl o =BEL o —FED (46)
LBl =BED o —BEcl | (—BELD o —BE2 o o—BED
1 eBED o —BEL o —BEL | —BED o —BED y ,—BE:2
— o BEa2 | —BE2 | —BE2
+ e Pl x Bl 4¢P  gmBE 4 B8  gTPE
= oPX28a 4 X286 | —BX2E

+ 6_6(5a+5b) + e—ﬂ(ga+56) + 6_6(&’—’—56).

This expression coincides with Eq. (43), as it should.
Fermion case (all n, < 1):
Z = e Plal =Pl ¢ o= PED (47)
+ e*ﬂgal % efBSbO « efﬁgcl
+ e—,@zfa[) % e—ﬂgbl > e—ﬁé‘cl
= e P x P8 4 e7Fla y g7FE | =BG  gPE
e BEat8s) | —BEatee) | —BEs+E)

This expression agrees with Eq. (44), as it should.

2. In the high-temperature limit, one starts from the sum-over-particles version:

no!nilng! ... N
7 — Z DO°TANT2 - B3 Eay
N!

a1 a2...0N

In!
— Z Z na nb nc efﬁ(gocl‘FSag)

aj=a,b,c az=a,b,c

Then approximations are made, replacing the n,! — 1 and omitting the Pauli
constraint to the Fermion case:

1 N
~ - _le gai
Z= Z N! ¢

a1 a2...0N

- Yy gt

aj=a,b,c az=a,b,c

> Y et

aj=a,b,c az=a,b,c
5 6755041 E efﬁgag
ai1=a,b,c az=a,b,c

( Bga+e ng+e ﬁgc)(e_ﬁga +€_65b+€_/850)

— N N | — N | —

_ (e P 4o B8y o PEe)2

e B%a 4 =B | (B2 | 9, BEatl) | 9o B(EatEe) | g BErTEL)]

[l A )

I [67’82&1 + e*ﬁQSb + 67’8256] + e*ﬁ(‘gaJng) + e*ﬁ(£d+£ﬂ) + e*B(EbJFgC)
2

Compare this approximate result with the exact expressions (46) and (47)!
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3. The grandcanonical partition function for any number of bosons/fermions:

0=T] (1 _ geﬁ(u—&n) -’ (48)

(1 — B\ 0 (1 — peBu-)) "0 (1 _ geBn-) "
( ) ) )

Boson case:
_ 1 49
@= (1 - eﬂ(ﬂ—ga)) (1 — eﬂ(ﬂ—gb)) (1 — eﬁ(ﬂ—gc)) ) (49)
Fermion case:
0= (1 + eﬁ(u—&z)> <1 n eﬁ(u—Sb)) (1 + eﬁ(u—gc)> _ (50)

When taking the logarithm of @) in the calculation of the thermodynamic functions,
the product turn into a sum of 3 logarithms.
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