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“I do not know what I may appear to the world, but to myself I seem to
have been only like a boy playing on the seashore, and diverting myself in
now and then finding a smoother pebble or a prettier shell than ordinary,

whilst the great ocean of truth lay all undiscovered before me.”
Isaac Newton
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Abstract

We address the problem of dynamical friction by means of analytic many-
body techniques. Our model consists of a particle (the “slider”) moving on
a surface of a 3D semi-infinite crystal interacting weakly with its atoms and
therefore exciting phonons. By means of linear response theory, we obtain
an explicit expression for the friction force slowing down as a function of its
speed.
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Chapter 1

Introduction

Understanding frictional phenomena is a fascinating fundamental problem
with huge potential impact on energy saving.

Aristotle was the first to speculate about friction, but only with Leonardo
da Vinci and Galileo Galilei, in the centuries XVI and XVII, the first physical
experiments was done. They found that friction is a property of contacting
objects in relative motion, and not a property of the objects themselves. Over
the centuries, at macroscopic scales, friction is been thoroughly studied, and
it is known that, when observing the interaction between two surfaces in
contact two types of friction can arise: static and dynamic friction. But at
atomic scales, analytic friction predictions still a hard problem.

Nanofriction investigates the complex process of transformation of me-
chanical energy into thermal energy, through excitation of the vibrational
degrees of freedom (phonons) of solids, as well as electronic ones, when avail-
able. Understanding friction at atomic scale is becoming especially relevant
due to the massive development of nanotechnology. The miniaturization of
electro-mechanic devices leads to an increasing surface/volume ratio, and
the consequent increase to the relative importance of friction. But also the
recent experimental interest in the investigation of phononic dynamics in
sliding friction [I} 2] through advanced techniques, such as the atomic-force-
microscope (AFM), underlines the need of a microscopic theory of phonon
coupling and dissipation. Molecular-dynamics (MD) simulations, as long
as they are based on accurate force fields, describe well the experimental
results [3 [4]. The downside of MD simulations is that they are computa-
tionally expensive and they provide a friction evaluation for one (or a few)
set of physical parameters, that include at least: the sliding velocity, applied
load, and temperature. Whenever any of these physical parameters is mod-
ified, a brand new simulation is required. This is a very good reason why
it would be desirable to be able to predict friction analytically, so that the
whole velocity /load /temperature dependence can be calculated at once.

This thesis addresses the problem of nanofriction in this context. We
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attack the problem of deriving an analytical expression for the friction of a
classical particle (the “slider”) that moves on a surface of a 3D semi-infinite
crystal interacting weakly with its atoms, e.g. through Van-der-Waals forces,
and thus exciting phonons. The slider represents, e.g., the apex atom of a
sharp AFM tip, interacting with the surface of an harmonic crystal. We
obtain a formula for the average frictional force that slows the slider down,
evaluated by means of its loss of energy per unit time, as a function of its
velocity and distance from the surface, and of the substrate temperature.
Our work is organized as follows. In Chapter [2| we summarize the state
of art of the problem, i.e. the theory of channeling through an infinite
crystal. In Chapter [3| we introduce a surface, thus formalizing our model,
and we setup its solution based on the linear-response theory (LRT). In
Chapter [4] we derive an analytical expression for the friction force based on
the retarded density-density response function. Finally, in Chapter [5] we
discuss our results and illustrate future extensions of the present research.



Chapter 2

The state of art

In this chapter we summarize the recent advances in weak-coupling frictional
sliding problems. Early evaluation of dissipation based on LRT was carried
out in the context of non-contact friction, mainly by various research teams
led by A.I. Volokitin |5 16,7, [8]. Analytic understanding of dynamical friction
and dissipation in contact sliding at the atomic scale started with a mini-
mal 1D model [9} 10, II] and was later extended to 2D and 3D channeling
problems [12 [13].

2.1 Sliding along a linear harmonic chain

A first analytical description of the friction force and its dependence on the
slider velocity was pioneered in a minimal 1D model. The problem analyzed
was introduced and described in Ref. [9]. As sketched in Fig. the model
consists of a slider, implemented in its simplest form as a pointlike particle
characterized by mass M, position xgr,, and velocity vsy,, interacting weakly
via a two-body potential with each atom in a harmonic chain characterized

. V two-body

i

a

FIGURE 2.1: A sketch of the 1D model. The large sphere represents the
slider, which moves along a fixed line (solid line) and interacts via two-body
potential with all atoms in the harmonic chain (smaller spheres).
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FIGURE 2.2: Comparison of the slider-speed dependence of the friction force
F(vgr,) obtained from the two analytical expressions, the correct Eq.
(from Ref. [11]) and the incorrect equation of the original paper [10], with
that obtained through numerical MD simulations in the same conditions.
Exact Eq. maintains an excellent agreement at all speeds. Adapted
from Ref. [11].

by particles of mass m, nearest-neighbor couplings with spring constant K,
and equilibrium spacing a. The slider and the chain atoms move in one
dimension (1D) along parallel lines at a fixed distance d. The slider velocity
is approximated to a constant value.

A formula for the friction force was obtained by means of analytic linear
response theory (LRT):

| o L o
b 109 , 2.1
sma | 195077 (@) Qu—w@r+ 2 Y

where w(@) is the dispersion of the sound modes of the harmonic chain,
V(Q) is the Fourier transform of the slider-solid interaction potential, and ~
is a small frictional damping constant which affects the motion of each chain
particle. Note that the integral over @) implies an extended-Brillouin-zone
(BZ) scheme for the phonons. For full theory details, see Refs. [10, [IT].

The explicit formula reproduces the friction measured by classical
atomistic simulations very accurately, as shown in Fig. 2.2}



Chapter 2. The state of art

FIGURE 2.3: A sketch of the 2D or 3D model: the slider (large yellow
sphere) follows a channeled trajectory (dashed line) inside a crystal. The
slider interacts with each atom in the harmonic crystal through a two-body
potential V(7). The vibrational properties of the simple-cubic (3D) or square
(2D) lattice crystal are determined by first- and second-neighbor springs with
elastic constants K and K’, respectively. From Ref. [12].

2.2 Channeling through a cubic crystal in 2 or 3
dimensions

The problem of phonon dissipation was recently extended to 2D and 3D
crystals, focusing on channeling models [12]. Again, friction is evaluated as
the loss of energy per unit time of a channeling particle that interacts weakly,
through conservative short-range forces, with a vibrating crystal. A sliding
classical particle, traversing the crystal, generates phonons excitations which
are described at a quantum level.

As sketched in Fig. 2.3 the model consists of a slider, implemented in
its simplest form as a pointlike particle characterized by mass M, position
xgr,, and velocity vgy, (approximately constant) that follows a channeled
trajectory inside the crystal. The slider interacts with each atom in the
harmonic system through a two-body potential. The crystal is character-
ized by particles of mass m that at equilibrium are arranged as a square
(2D) or simple-cubic (3D) lattice. Harmonic nearest- and second-neighbor
springs with elastic constants K and K’ and equilibrium lengths a and v/2a,
respectively, guarantee the mechanical stability and determine the phonon
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dispersions.

The potential mediates the energy transfer to the harmonic crystal. It
needs to be weak to make the perturbative approach meaningful. In a quan-
tum crystal the atomic positions are delocalized in space. As a consequence,
the potential energy function V(r) is evaluated at arbitrary values of its
argument r:

V(r)=V(x—xs.(t)]) = V(|x —x0 — vspt|) = Vexr(x,1), (2.2)

with xg the slider starting point. Therefore, a weak-coupling theory would
certainly fail if the interaction diverges rapidly for » — 0. For these channel-
ing problems, it is important to adopt a potential that is Fourier Transform
integrable. There are many different potentials that one can adopt, such as
a regularized Lennard-Jones (LJ), a Gaussian, or a Woods-Saxon function.
In Ref. [12] a regularized LJ potential is adopted.

The average friction force F' is evaluated by means of the time-average
of the dissipated power by the slider

W = F g, (2.3)

executed over a period T = a/vgr,, which is the time that the slider takes to
advance by an interatomic equilibrium length a. LRT allows us to calculate
the instantaneous power transferred by the slider to the crystal [14]:

+00 R log 4l
W= %E(t) ~ —/d%/d%’/ dt' Verr (x, 1) axﬂn(x’a’;’t ),

Vet (X, ). (2.4)

E(t) is the internal energy of the crystal at time ¢, x% (x,x’;t — t) is the
retarded density-density response function of the unperturbed crystal defined
as

XG5t = ) = 10— 1) (et — ), A(,0)) , (25)

and Vgg(x,t) is the perturbation produced on the crystal by the slider at
time ¢. Appendix [A] summarizes the general formalism of LRT.

Taking advantage of the lattice translation invariance, the external po-
tential and the retarded response function are written in a convenient Fourier
representation. The detailed calculation is published in Ref. [12]. Here we
report the main analytic result for the friction force. This frictional force is
written as a function of the slider speed vgy, and the Fourier transform of

10
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the slider-crystal-atom interaction potential V(Q):

_ 1T

F:W:/ a0
UsL T Jo USL
4
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VWG N Q. 6,(Q)(Q + GL) - €x(Q) L(Q.vsL, ), (2.6)
A

where

Y 4QvsL,
L(QaUSLaV):i 2 Y\2 2 AV
27 [(Quvst, — Q) + ([ Qavst, + on(Q)P + (3]
(2.7)
Here, w)(Q) and €,(Q) are the crystal’s phonon frequencies and polarization
vectors, respectively; G| are the reciprocal-lattice vectors perpendicular to
the direction X of the slider velocity; xg is the slider’s initial position; e Q)
are Debye-Waller factors; and + is a coefficient quantifying the (weak) dissi-
pation leading to phonon decay in the crystal.
A similar result is also obtained in the 2D model:

4 d? - -
F= 2T 5 in Gl / © Q. 7(Q)V(Q+ GL)) x

ma? (2m)

G
e WQAWQTCIN Q. 6,(Q)(Q+ G 1) - ex(Q) L(Q,vsL,7) - (2.8)
A

The predictions of Eq. and Eq. are validated by the striking
quantitative agreement with direct energy-loss MD simulations (see Figs.
and . In these comparison, zero temperature is considered, both in the
MD simulations done to evaluate the friction force and in the analytic ex-
pressions and , as obtained by setting the Debye-Waller factors
equal to unity, as appropriate in the limit of very low temperature.

Even more recently, N. Gialnisio, in his thesis [13], investigated these
Debye-Waller factor as a function of Q and temperature in the 3D channeling
model, see Fig. 2.6 Using these results, he calculated friction taking the
appropriate Debye-Waller factors into account for a few temperatures, see
Fig. 277 No comparison with finite-temperature simulations is available yet.

All these remarkable results take advantage of the full lattice invariance
of an infinitely-extended crystal. As a consequence, they do not describe
friction between two solids in contact, where certainly one expects nontrivial
effects associated to sliding on a surface. Our work aims to investigate pre-
cisely this more practically relevant condition: an analytic description for the
friction experienced by a sliding object, such as an atomic-force-microscope
(AFM) tip, gently grazing a flat crystal surface. This is the problem that we
proceed to address in the next Chapter.

11



Chapter 2. The state of art

T T T T T T T T T L] T T T
6 B -
T1+T2+L [N, =400]
T1+T2+L [Ny = 800] ——
°r Transverse 1 -~ 1
Transverse 2
Longitudinal ———-
4+ Simulations 51x51x51 °
&
©
X
N 3+
TR
2+
1 -
i
Q l===—r—— ) " J | L | | . |

0 02 04 06 08 1 12 14 16 18 2 22 24 26 28 3 32

v, [a(Kim)"?3]

FIGURE 2.4: Friction force as a function of the slider velocity, computed
according to Eq. , with the slider following the line through the cube
centers of the sc lattice, as determined by the initial condition xg = §(e, +
e.). Black solid line: the total friction. Other curves: the contributions
of individual polarization branches. Points: friction evaluated by means
of numerical simulations. Arrows: the longitudinal (red) and transverse
(blue) speeds of sound in the (100) direction. The reported friction force
is divided by €2, expressing the strength of the slider-crystal interaction
potential. From Ref. [12].
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Fi1GURE 2.5: Comparison of the slider-speed dependence of the friction force
F obtained evaluating expression ([2.8]) (solid curve), with that obtained by
numerical MD simulations based on a crystal of 201 x 201 atoms. The slider
follows the line through the square centers of the 2D lattice, as determined
by the initial condition xo = §e,. Dashed and dot-dashed curves: the
contributions to the total friction of the transverse and longitudinal phonons,
respectively. Arrows: the longitudinal (red) and transverse (blue) speeds of
sound in the (10) direction. From Ref. [12].
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FIGURE 2.6: The Debye-Waller factor for a simple-cubic crystal, as a func-
tion of the length of the wave vector Q and for a set of temperatures expressed
as fractions of the Debye temperature #p. The higher the temperature, the
faster is the decay of this factor. At the reported physically plausible temper-
atures, this decay becomes relevant mainly in the high-magnitude Q range.
From Ref. [13].
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FIGURE 2.7: Comparison of the phonon friction evaluated (i) with the
Debye-Waller factors approximated with unity (dot-dashed line); (ii) with
the Debye-Waller factors appropriate for T = 0 (solid line); and (iii) with
the Debye-Waller factors for a finite temperature 7' = 1.62 6p (dashed line).
Here 0p is the Debye temperature of the crystal. The physical conditions
for the friction results reported here are detailed in Refs. [12] [13].
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Chapter 3

Gently grazing a flat crystal
surface

In the present chapter we describe in detail the model for frictional sliding
over a semi-infinite crystal, and introduce the formalism to evaluate this
friction by means of linear-response theory (LRT).

3.1 The model

Consider a 3D harmonic semi-infinite crystal characterized by particles of
mass m that at equilibrium are arranged as a simple-cubic lattice truncated
at a (001) surface. Harmonic nearest- and second-neighbor springs with
elastic constants K and K’ and equilibrium lengths a and v/2a, respectively,
guarantee the mechanical stability and determine the phonon dispersions.
For the spring constants, we adopt a ratio K'/K = } as in Ref. [I2]. Ne-
glecting relaxation or reconstruction effects at the surface, we assume that
the crystal retains its underlying discrete translational symmetry along the
zy-plane.

Crucial ingredients for the evaluation of the response of the semi-infinite
crystal are its vibrational frequencies and polarization vectors. Appendix
provides the necessary ingredients to calculate them.

A sliding object (the “slider”), that we represent as a point particle char-
acterized by mass M, position xgr, and velocity vsr,, moves over the surface
of the crystal. The slider-crystal interaction leads to phonon excitations. In
the present work, we do not consider the possibility of the direct excitation
of electrons and all kinds of triboelectric phenomena that can occur in real
life. The main assumption is that the interaction between the slider and
the crystal, which we describe through a 2-body potential, is so weak that
it perturbs the slider motion significantly only over very long time scales.
For this reason, we can assume that the slider moves at practically constant

15
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FIGURE 3.1: A sketch of the model: the slider (red sphere) moves over
a (001) surface of a simple-cubic crystal, advancing along a (100) high-
symmetry line starting off at xg (dashed line). The slider interacts with
each atom of the semi-infinite crystal through a weak 2-body potential. The
vibrational properties of the semi-infinite crystal are determined by first- and
second-neighbor springs with elastic constants K and K’, respectively.

velocity:
XSL(t) =X + vsL.t. (3.1)

Here xg is the starting point. For the validity of this assumption, the kinetic
energy of the particle, %M ng, must be much larger than the typical energy
transferred in the time taken by the slider to advance by one lattice spacing.
Therefore, we need to require not only the interaction strength is small, but
also that the slider speed vgr, and mass M are sufficiently large. We also
suppose that the slider moves along a crystal high-symmetry direction, say
(100), namely the x axis: vgy, = vspx. Figure reports a sketch of the
model.
The Hamiltonian of the system can be written as:

H = Hyarm + Y V([%; —xs1.(1)])
j
= E[harm + Z V(|§(J — X0 — VSLtD ) (32)
j

where ﬁharm is the quantum Hamiltonian for the semi-infinite harmonic
lattice, V(r) is the 2-body potential energy operator that couples the slider
to each atom in the harmonic crystal and x; is the position operator of the
j-th atom. Within the discussed approximation, the slider dynamic becomes

16
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Physical quantity | Natural units | Typical values
length a 500 pm
mass m 5x 10726 kg
spring constant K 300 N/m
time (m/K)Y? | 1.3x107"5s
angular frequency (K /m)/? 7.7 x 1013 71
velocity a(K/m)'/2 | 3.9 x 10* m/s
force Ka 1.5x 107" N
energy Ka? 75x 10717 ]
temperature Ka?/kp 5.4 x 10° K
action a?(Km)'/2 | 9.7 x 1073 Js

TABLE I: Adopted “natural” units system based on 3 fundamental crystal-
related quantities: the lattice spacing a, mass m, and nearest-neighbor spring
constant K. We use this system to express all mechanical quantities. We
provide indications of plausible values for a standard crystal. Note that the
adopted energy scale is of the order of the crystal cohesive energy, and much
larger than typical vibrational phonon quanta hw or the Debye energy.

trivial, thus the Hamiltonian term for the slider is irrelevant. Introducing
the density operator

Ax) =D d3(x— %), (33)
J
we can rewrite the Hamiltonian as:
H = Hyarm + / B Viogy (%, 1) A(x) (3.4)

where

Vear(x,8) = V(1% = x0 = vsutl) = V ([(x] = x = vert) + (2 = 20)/?) .
(3.5)
From now on, the symbol || stands for the xy components of vectors, namely
those parallel to the crystal surface.

This mechanical model is conveniently represented in terms of a system
of natural units, based on 3 independent mechanical quantities, which we
select to be: the crystal lattice spacing a, mass m, and nearest-neighbor
spring constant K. Table [[] collects all mechanical quantities related to our
work in terms of these natural units. It also includes indications of plausible
values appropriate for a “standard” crystal.

The hypothesis of a weak coupling between the slider and the crystal
allows us to describe friction through the LRT, following an approach that
extends that of Chapter [2| We adopt the same regularized LJ potential as

17
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in Ref [12]. Appendix [B|provides the definition of the adopted slider-crystal
potential, along with its 2D Fourier transform. Appendix [C]reports the first
and second partial derivatives of the 2D Fourier transform of the regularized
LJ potential involved in the Taylor expansion, and consequently in the final
friction formula.

Unlike the case of channeling through an infinite cubic crystal, the semi-
infinite crystal preserves a discrete symmetry only on the zy-plane, with no
symmetry along the (001) direction. Therefore, the reciprocal lattice vectors
G = 2ma~1(I*,1Y), with the (integer) Miller indexes [* and [Y, are 2D-vectors.
Taking advantage of this square-lattice translational invariance, it will be
useful to adopt a 2D Fourier representation for the slider-crystal potential
(Eq. (3.5))), and for the linear-response function (Eq. (8.7)) introduced in the

next section.

3.2 Friction evaluation

Like for the channeling problem, the average friction force F' can be evaluated
by means of the time-average of the dissipated power by the slider executed
over a period 7 = a/vsr,, which is the time that the slider takes to advance
by an interatomic equilibrium length a, see Eq. . LRT allows us to
calculate the instantaneous power transferred by the slider to the crystal
[14]:

d +o00 R lop —
W= ZB(t) ~ - / &3z / &3z’ / dt' Vg (%, ) 8"”"("’8’;’ )

Vet (X', ). (3.6)

Here, E(t) is the internal energy of the crystal at time ¢, x 2, (x, x';t—t') is the
retarded density-density response function of the unperturbed semi-infinite
crystal defined as

X (%, X5t — 1) = —%H(t —t){[alx,t =), n(x,0)]) , (3.7)

and Vegz(x,t) is the perturbation produced on the crystal by the slider at
time ¢, see Eq. .

The bulk of the present project involves precisely the determination of
the density-density linear-response function for the semi-infinite harmonic
crystal.

18
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Friction over a surface

In this chapter we provide an analytical expression for friction. For this
purpose, we derive an expression for the retarded density-density response
function of a semi-infinite dissipative crystal. Using the obtained expression,
we calculate an explicit expression for the friction force.

4.1 Dissipation and friction

It is convenient to adopt the following partial Fourier representation for the
external potential:

4] ol —vsit)
Vet (x,1) = @2 € Vi(d', [z = z) - (4.1)

The 2D Fourier transform of the potential is defined as:
V(al, |z = 200) =V (lal], |2 = 20])
— /dQT efqu.rH Vv ([(I’”)2 + (Z . 20)2]1/2> ’ (42)
where
rl =xI — Xy) —vsLt, (4.3)

recalling that the slider moves at constant velocity along the x direction
(vsr, = vsp.x) following relation with xg as the starting point.

Taking advantage of the discrete translational invariance along the xy-
plane, it is useful to write the 2D inverse Fourier transform of the retarded
density-density response function:

R X.X dQQ I dw ; N Ol
- — .
Xnn( ) ,; t— E / / e iw(t—t") 3ZQ xl o

Gl
Xﬁn(Q”a QH + G”? Z? Z/; w)e_z(QH—’—GH)XIH 9y (44>
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where Gl = 2ma~t(1*,19,0) are the reciprocal lattice vectors of the crystal
with Miller indexes [*, [¥, and of course null off-plane component. The sum
over Gll is to be understood as a sum over the integer indexes %, [¥. Then,
the time derivative of the retarded response function can be written as:

aXﬁn(Xa Xl3 1 — t/) dQQH T dw —M(t ') zQ” xH
ot —iw) ) / / oot

Gl
Xnn(Q”7 QH + G”a 2, Z/; w)eii(QHJrGH).XIH . (45)

Expressions (3.6, (4.1]), (4.5) allow us to derive the time average of the
dissipated power executed over a period 7 = a/vsy:

W= 1/TdtW()

R log 4l
:_/ dt/d3 /d3 // dt Ve:pt(x t)8Xnn(X78);7t t)x

‘/e:rtx t

=—/ dt/d3 /d3 ’/+Oodt/d2qll /d2 ,2%:/?227?)!X

“+o00
/ Ziweiq“'(x“ —xg=vst) QI xl =i (t=t) 7 (1] 12 = zo])(—iw) x

(QH Ql + Gl 2z, 2;w)e i/l ('l =} —vsrt') ,—i(QI+ Gl o
(\Q’”|» 2" — 20]) . (4.6)
Vet (X', ) is real, namely Vg (x/,t') = V25, (X, t):

ext

gl
/ q equ.(x Ih— —xg—vsLt') (‘qH‘ |Z —ZO|)

(2m)?
d*q! —iql (I —x —vert!) I
[ e 7ol 2/~ zol),

applying the transformation ql — —qll to the first integral, we obtain:

d2ql .
/ 2 q)2 el =Vt (|—gl|, |2/ — z]) =
T

d24 . , o~
/ G @@ IOV a2 o).
s

We observe that
V(I=dll, 12" = z0) = V(la, |z" = 2]) = V*(ld/], |z’ = 2l), (4.7)

20
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indicating that the Fourier-transformed function V is real.
Using this property, we can substitute

2/
/ d“q I ezq/u (o=l —vspt)

B CUNERE)

with

2400 o~
/ <dzq>z€"* e A (UNEE)
Y

into equation (4.6)) and we obtain:

vt ffaf o e[ a0

+o0 .
/ dﬁ@zq”-(x” x)—vsrt) 1Q” xll e w(t=t") (|q”| |2 — zo])(—iw) X

oo 2m

QL QI+ Gl 2, o/ w)emiaH 6 =xg—vent) i@l +G Il
V(a2 = =)

z—/ dt/d3 /d3 ’/+Oodt/d2q” /d2 lgg/@ﬁ@)!x

/+ dw pilal + Q) —i(a1+QI+G 1)l gl i)
27r

efit(erq” -VsL) eit’(w+q’” “VsL)

(—iw)V (g, |z = 20) x
Xﬁn(QHvQH +G”’sz/;w)‘7(|q/”’ ‘Z _ZOD (48>

The integrations over ', x| and x/Il yield Dirac-§ functions over w, g
and q'll, respectively:

+OO 4/ !
/ dt’ et (wta'llver) _ 271-5(00 + q/” . VSL) , (4.9)
/ 2l @l _ 90325 ol 4 qlly (4.10)
/dz Ml p=ia1+Ql+GIHx/I" _ = (2m)285,(¢1 + Q! + GlIy. (4.11)
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Chapter 4. Friction over a surface

Accordingly:

W:_i/o dt/dz/dzZ/dQ“ iQllx ,—i(QI+G )] |

eflt((QIWG”)'VSL*Q”'VSL (—i)(Q” + GH) - VgL X
vV(IQI, 12 — zo)xE. Q1 QI + Gl 2, 2, (Ql + GIl) - ver) x
V(IQl + Gl |2/ — =)

/ dt/dz/dz § il it vSL/ El Q) Q' + G- v x

Gl
v(Ql, |z — 2D)xZ.(Ql, Q1+ Gl 2, 2/ (Ql + Gy - vsr)
vV(IQl + Gl |2 — ). (4.12)

Having supposed that the slider moves along the z-direction, the inte-
gration over ¢t vanishes whenever Gl vgr, #£0:

/ dt =G Vs — 76(Gl - vgr). (4.13)
0

Indeed, since 7 = a/vgr, and G* = %lm, when [* # 0 we obtain:

T —itGl.vgy, |7 —irGllvgy,
_aal. e e —1
dt e tGlver, _
/0 —iGl “VSL g —iGl - VSL
—i(a/vsL)2ma v, _ 1 6—i27rl“” 1

(&

=0. (4.14)

—iGll - vgp, —ZG” Vs,

In practice, this leads to restricting the G/l summation to G¥, just the
component of G perpendicular to vgr,:

W—z/dz/dz Z —ZnyO/d Q)”Q” VgL, X

v(Qll, |z - ZO’)Xnn(QH7 Ql+GY,z,2;Qll - vgr)x
v(Ql+ Y, |2 - z)). (4.15)

The retarded linear-response function satisfies the following symmetry:

X"?”(QH’ Q” + Gy’ 2, Z,; Q” ’ VSL) + X'r}jn(QHa QH - Gy’ 2 Z/; QH : VSL)
= [Xan(_Q‘Iv _Q” + Gyv Z, Z,; _QH . VSL)
X2 (—Ql,—Ql —av, 2,2/, —Ql - ver ). (4.16)
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Chapter 4. Friction over a surface

Since V is a real function, we conclude that

X2@QLQl+GY, 2,2 Ql - vs)V(1Q! + GY|, |2 — 2])
+x5.QL QI - GY, 2, 2;Ql - ver )V (1QI = G, |2 — %))
=5.(-Ql-Ql+ G¥, 2,2, —Qll - ver) V(| — QI + GY, |2/ — z)

+x5(-Ql—Ql -G, 2,1 —Ql  ver)V (| — Q1 — GY|, |2/ — 20])]".
(4.17)

This result proves that the real part of

X2@QLQl+GY, 2,2 Ql - vs)V(1Q! + GY|, |2/ — 2])
+x5.Q1L QI - GY, 2,2, Q - ver) V(IQ - GY[, |2 — 2)

is even under the transformation QI - —Qll, while its imaginary part is
odd. The integrand of Eq. can then be written as the product of a
Ql-odd factor, namely QI - vgr,, times the term whose symmetry properties
have just been discussed. As the QI integration is carried out over an even
domain, only the imaginary part of the retarded linear response function
contributes. Introducing the unit vector vgr, = vgr,/|vsy| in slider velocity
direction (in practice the x versor), the friction force can then be expressed
as:

_w

UsL
i 2ol A
= _/dz/dZ/ZQ vayo/(27?)2Ql| VgL X
Gv

V(’QM? |Z - zODImX?]’?n(Q”’ QH =+ Gya Z, Z/; Q” : VSL)X
7(Q! + GY|, |2 — z)). (4.18)

F

This equation is the first main result of the present thesis, expressing the
friction of a weakly-interacting particle grazing the surface of a semi-infinite
crystal as a function of the imaginary part of the linear-response function of
the crystal itself and the in-plane Fourier-transformed interaction potential
energy.

4.2 The retarded linear-response function

We express the retarded linear-response function in its in-plane Fourier rep-
resentation:

X??n(Q”y Q” +GY, 2,7 5w) = /d(t _ tl)eiw(t—t’) %

1 , , /
Slim S/d21:/d2x’”e_ZQ'xlx,§n(x,X’,tt')eZ(Ql"'Gy)'x " (4.19)
— 00 S S
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Chapter 4. Friction over a surface

We rename t — t' — ¢, therefore:

x2.QLQl+GY, 2, 25 w) = h/dta( et
lim /d2 / a2/l e—iQl- X”<[ (x,1), ﬁ(xl70)}>ez‘(QH+Gy)-x/I|. (4.20)

S—00 S

We introduce the spatial 2D Fourier transform of the density operator:
aQl, 2, 1) = / a2zl Q" (x, 1) (4.21)
S
a(—Ql — av,2,0) = / B2/ QI +Gx 5 ) (4.22)
S
Therefore:

Xﬁn(Q”7Q” +GY, 2 z"w) _
=% lim S/ at = {[a(@l = 0).a(-Q! - G%.2,0)]). (4.28)

h S—o00

We express the position operator of the j-th atom at time ¢ as
%(1) = Ry +1,(1). (4.24)

the sum of its equilibrium position R; plus its displacement operator ;(t).
We recall the definition of the density operator

t) = d(x—%;(1), (4.25)
J
and by substituting the decomposition (4.24)) into Eq. (4.25), we obtain:

)= &l Rl —al@®)s - r: —axt)). (4.26)

We note that the displacement operators order evaluated at the same
time is arbitrary because they commute as demonstrated in Appendix

Eq. (D10).

We substitute expression (4.26)) into definition (4.21)):
Q” z, t /d2 || —ZQ” x|l Z(S H R“ AH( ))5(2 _ Rz Az( ))

_ Z —iQll-(R)+al( t))(;( - R; —@(t)). (4.27)

and likewise for Eq. (4.22)).
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Chapter 4. Friction over a surface

Then, inserting these results into Eq. (4.23)), we obtain:

X (QL QI+ G, 2,2 w) =
i 1 oot ~iQl-(R]-R],)_
—fdm g [ e T

<[67iQH.ﬁg(t)6(z . R; . ﬂj(t)), el(QH—&-Gy)'uL!/( )5(2 _ Rz _ U; (0))] > )

(4.28)

This expression applies equally well to either a slab of finite thickness or a

semi-infinite crystal. In the first case the number of layers counted by the j
and j' summations is finite, in the latter case it is infinite.

For a dissipative crystal we introduce a finite phonon lifetime. We add

a small imaginary part to the frequency: w — w + #7/2. This modification

introduces a uniform exponential decay with rate /2 to all phonon modes,

corresponding to a lifetime 2/y. With this phenomenological modification,
we rewrite the retarded linear response function, Eq. (4.28)), as follows:

X (Q, Q1+ GY, 2, w) =

= —i _ (iw—y/2)t _iQH’(R”—R”,)
N hsh—{r;oS/ dte ! Ze 7YX

33
o ; ).l
<[€_ZQu.uL (t)5<2 — RE— (1)), e (Qll+aGv) j,(o)é(z/ — R — 4 (0))]> .
(4.29)

To calculate the friction force, we need only the imaginary part of x2
that is:

ImXﬁn(Q“v QH + Gy>2’ Zl'w) =

— _ hl - (tw—y/2)t —iQll-( RH RH )
= Re<h Sh—>H;o / dt e\ 7 Z

<{e,iQH.ﬁ‘j‘ (t)(S(z — RE— a3 (1)), ei(QHJ,-Gy)u‘j‘,(O)d(Z — R: — (0))} >) .
(4.30)
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Chapter 4. Friction over a surface

4.3 Expression for friction

Now we proceed to derive an analytical expression for the friction force. We

start from Eq. (4.18) and we insert the result (4.30)) into it:

/dz/dz Z —ZG%/ i Q) QI vgr, x

(|QH|7 |Z - ZODImXTm(QHv QH + Gyvzvz/; QH : VSL)X
V(1Ql+GY], |2 - z)

/dz/dz Z —ZG“%/ Q) QI vgr x

; I I
Re(n Jm g / dt e1Q Vs =1/2)t 37 IR R
—00 -
Js3’

QN 1= — =) ([ D5 — B — a3(1),

. ol >
OO 5~ a0 )TIQL+ G ) ) (03)

We use definition 1.1 of reference [15] to simplify the integration over z
and 2’

_ %
_ iGYyo .
Shm 5 E / 277)2Q Vs, X

Re (h / dt o1Ql - vsL—v/2)t Z e—iQ“~(RL!—RL_‘,) "
0

5’
~ialal e 5 ez
([ OVIQIL R + (1) — 20).

i(Ql+av)al, (0) 5 i
HAHEINOT(Ql+ G, RS+ i5(0) — 20])| >>
- d2ql
o iGY
fslzﬂgogz w [ G Qv

0 .
33’

([0 OV (Ql, 2 - B - ax(0),

@Ql+a). u”,<o>v(|Q|| +GY, 20 — Ry — 0% (0))] >> : (4.32)

In the last expression, we assume that at each instant the probability
of finding a particle of the harmonic crystal above the cursor is negligible.
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Chapter 4. Friction over a surface

Accordingly we can suppose:

20— R; —43(t) >0, 20— R —45(0)>0 Vt. (4.33)

We expand the in-plane Fourier-transformed potential energy relative to
its z-displacement variable around the equilibrium separations zg — Rj in
Taylor series truncated at second order:

) 710l
Q20— B — (1) = V(QU. 20— &) - UELI ey
z:zo—R;f
277 (10l
PO @ (@R, (3

and likewise at |Qll + GY|.
We initially focus our attention on the thermal average in Eq. (4.32)
substituting the truncated Taylor series of the potential, Eq. (4.34), into it:

<[ —iql-a t)v(,Qu‘ 20 — R: —@4(t)),
ei(QHJrGy)- Q!+ GY|, 2 — R% — aZ/(O))D
~ ([ (PiQa - my - 2D g
n ;H‘;‘Z Z:zo_Rz(aj(ﬂ)Q + o((ai-(t))Q))v
i@l+an-al 0 (V(!Q' +Jny,z0 R - af/(IQllaJ;Gyl,z’) y
=20-F,

10°7(Q) + GY],2)
2 072

W5 (0) + =

(@50 + o((@50)") ) ])
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Chapter 4. Friction over a surface

~ ~ . N i al
= 7(1Ql], 20 ~ BHV(IQ! + G,z — R3) ([0 e @'+6) )

av(Ql + G|, 2"

~7(Q] 20— B) L

X
z’:zo—R;f,

([ e )

av(lQll -
SR vl ez - R
z z=z0—R?
J
< [e_iQ” .ﬁg(t)a;{(t)’ ei(Q\wa).ﬁy,(o)] >
1~ o°v(Q! + G|,
5V (1Ql, 20 — B | g
2 ! 92" =20~ RS,
. N i Al
([0, @0z, )]
19°v(1Ql], :
A I (TR
z z:zoij
< |:6_7;QH al ) (@), ei(QH—&-Gy).ﬁg,(O)} >
L ov(Ql],2) ov(Ql +GY.2) x
82; 82’,
z=20— R} Z/:ZO*R;/
oll.q i v).ql
< [e_lql\.uj (t)djz-(t), e (Qll+GY) j’(O)ﬁjZ-,(O)} >
+o((@)?). 3

The rather tedious calculation of the thermal averages in Eq. (4.35)) is
detailed in Appendix In this section, we insert the resulting expression
Eq. (D.42) into Eq. (4.32), obtaining the following explicit expression for the

friction force:
1 , d2qQ!l
F=lim — —Znyo/ I
s500 8 ; ¢ rp ¥ VL

Re <Z QN RI-RY) —w(Qlpy)-W(QI+GY.py)

i
* QI vs,—v/2)t [ 1(0) 1) (2)
/0 dt Q' vsL— (ij, + L) +ij,)), (4.36)

where L§231’2) are functions of (Q!l, QI+ GY,t, 2y, B) (variables which we will
often omit to indicate) describing the effects of lattice vibration up to 2nd
order in the out-of-plane displacements @*, as we now detail below. The
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Chapter 4. Friction over a surface

functions L( 12 are dimensionally an Energy-Area?/Time. ng? accounts

for the zeroth-order term of the potentials expansion:

LE(J)';(Q”’ QH +GY,t,20,8) = (|Q”’ 20 — R)V (!QH + GY], 20 — R} ¥
%(e 61t ) — 21 9)). (4.37)

Lﬁ? takes the first-order terms of the potentials expansion into account:

@QQl + G, t,2,8) = LG + LY, (4.38)
where
LD _ u R ov(Ql+ G|, )
3’ (‘Q |20 = 1j) 07 / = 8
:ZO_Rj/
% [edyj/(t,ﬁ) (2 Wl(QH +GY,py) — ¢§§7) (t, B))
f a
— %) (2 wi(Ql + GY, py) — 6109, ﬁ))] o (4.39)
and
1y 0v(Ql],2) 7 2
L]], ——T V(’QH +Gy’,ZO—Rj/)X
z:zofRJZ.
% [e¢jj/(t,ﬂ) (_2 Wl(QH,pj) + ¢§;?) (t, l@))
;
i (P <—2 Wl(QH,pj) + qb}g}b) (t,ﬁ))] . (4.40)
Finally, L ( 2 accounts for the second-order terms of the potentials expansion:
Q1 QI+ GY 20, 8) = LY + L2 + LGP (a41)
where
A2) v(Ql +aGy,z
£ = (all - rp PR LA
z :zoij,

2
;{ewm { (2W1(Q” G = (08 + 2Waley)

2
P3P [— <2W1(Q” +GY,py) — o157, 6)) +2W5 (pj/)] } 7
(4.42)
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Chapter 4. Friction over a surface

27/ Il -
(B2 _ 10°v(1Q1], 2) vV(Q! + GY|, 29 — R5) x

i’ 2 02° 2=z~ RE
;L{e‘bjj’(t’m [— <—2W1(Q,pj) + 5, ﬁ)) Y 2W2(Pj)]
— i) [— (—2W1(Q,pj) + 5" B)>2 + 2W2(pj)] } , (4.43)
and
L;g,?) _ ‘W(’(;QZ‘:Z) 8‘7<‘Q”(;,Gy‘azl) 1{e¢jj/(t,ﬂ) 5

z:zo—R]Z- z’:zo—RJZ,,

[— <—2w1(Q“,pj> +g, 5)) <2W1(Q” G - o0, 5))
+ 65, ﬁ)} — () [ (2W1(Q,pj> +o17 (¢, /a’)) x
(2w(Q1+ G2 - [0 ) + 6200 | (4.44)

In the previous expressions, the functions W(-), Wi(-), Wa(-) and all the
b5 (), ¢§?(), cb;j,(-), ng(T)() are defined in Appendix |D| from Eq. (D.19
to (D.21)), from Eq. (D.24)) to (D.27) and from Eq. (D.29) to (D.32), respec-
tively.

Now, to proceed, we need a few important observations:

1. The surface S of the crystal can be written as: S = Ny a’® where
Ngy is the number of particles in the xy-plane and a is the equilibrium
spacing between two first-neighbour atoms. Accordingly, the limit in
Eq. is equivalently attained by sending N, — 0.

2. The sum }; over all the atoms of the crystal can be decomposed
into two summations: a summation over all the particles of a zy-
plane, times a summation over all the planes of the crystal; in symbols:

Zj’ = Zjlf‘ ij,-

3. We proved that all the terms in Eq. (4.36)) depend on the horizon-

tal lattice translation R‘} — RL!, and not individually on Rl; and R‘;,;

therefore, the sum ) it yields N, identical terms.

Using these observations we can rewrite the friction force expression fix-
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Chapter 4. Friction over a surface

: I _
ing R]”_o Py = 0

1 , d2qQll
ot ~iGVyo / I 4 x
i 2 | @ v
Re( 3 TR - W(Ql) - WQIHGY )

j»pj/

/ dte(iQ”‘VSL*W)t(L( )+ L) + L) )) . (4.45)

0 Jpj Jpj

This expression for the friction force involves a sum ; over all the par-
ticles of the crystal which makes it quite cumbersome and essentially impos-
sible to compute numerically. To make progress, we adopt the one-phonon
approximation for the terms involving gi)jpj, (t, ), defined in Eq. :

D w14 g, (8,8), (4.46)

which is valid in the limit of small |¢jpj, (t,8)|, appropriate for not too large

wave vector Q! and not too high temperature. The analytic expression (4.45)
for friction is further processed

1. by rewriting also the sum Zj as Ej” ij;

2. by executing the thermodynamic limit

BZ ko
im ——— S — :
Nzigoo CL Nx Zk: BZ (27'(')2 ’

3. by making use of the 2D version of the periodic delta function, or Dirac
comb, identity:

S mi@l 21 Za -Ql-a).
I

The calculation of the frictional force by means the one-phonon approx-
imation is detailed in Appendix [E] Here we report the resulting analytic
expression for friction:

F=Y e / d Q)” VL Re( T e W@ W@QIGay)

Gv DjDj!

iQll.vsr,—v/2)t 0 1 2
/0 dt el Q vsL=7/2)t (z;]g, x;jgj,Jrz,,(ﬂ;j,)), (4.47)
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Chapter 4. Friction over a surface

where cfp%j, are functions of (Q”7 Ql + GY, ¢, 2, B) describing the effects
of lattice vibration to k™ order in the out-of-plane displacements @7, in

the one-phonon approximation. The .,iﬂp(f]zj, functions are dimensionally an
Energy-Area/Time.

In particular, Zp(fgj, has the following expression:

QI QI+ GY,t, 2, 8) =

(0)
pjipj
1 -~
) v(IQl, 20 — Ry )V(1Q! + G¥, 2 - Ry )

-1 |

|:(I)Pjpj/ (Q”a Q” + Gya QHa )\7 ta ﬁ) - (I);[ijj,(Q”, QH + Gya _Qlla)‘7 t7 B)
(4.48)

where (I)pjpj, are the following combinations of phonon frequencies, average
occupations, and polarization vectors:

@00, (@1 Q1 + Gk A 5) = 55 Ql -y, (K

Q'+ GY) - exp, (—K)[cos(wr(K)t)(1 + 2nx(k)) — isin(wx (K)1)]
(4.49)

@y, p,, are dimensionally an (Energy-Time) .

The more complicated terms fp(Jp ,) are defined similarly in Append1x
Eq. { and (| - E.21)) respectively.

In the zero-temperature limit, both Debye-Waller factors e~ Qi) and
the similar one in Eq. are expected to be very close to unity, like
in Ref. [12]. We observe that in this low-temperature gentle-interaction
regime, Planck’s constant i disappears from the friction term based on
gp(fgj,. Therefore, quantum effects become relevant starting from fp(jgj,.
If p; = 1 is the crystal surface layer, p; = 2 is the layer below, and so on, we
expect the dominant fp(fgj, terms to be those associated to small p; and p;-.
This will happen because the in-plane Fourier transform of the potential and
its derivatives decays rapidly away from the crystal surface, see Appendix [B]

and specifically Figs. [B.1], [B:2
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Discussion and conclusions

Equation (4.18)) represents the first main result of the present thesis: a gen-
eral formal expression for the friction of a weakly-interacting particle grazing
the surface of a semi-infinite crystal. The friction force results from the in-
tegration of the imaginary part of the linear-response function of the crystal
itself and the in-plane Fourier-transformed interaction potential energy.

To evaluate this expression we rely on a Taylor expansion of the interac-
tion potential in the phonon displacements 4% in the direction perpendicular
to the surface. Adding to the truncation of this expansion a few further
approximations, e.g. the one-phonon approximation, we obtain the approxi-
mate formula ([4.47). féfgj, terms involve the in-plane 2D Fourier transform
of the potential, and its derivatives with respect to the z coordinate perpen-
dicular to the surface. In Appendix [C] we provide an analytic expressions
of such derivatives for the regularized LJ potential defined in Appendix
Another crucial ingredient of fp(fgj, is the determination of the phonon fre-
quencies and polarization vectors. One can proceed in two alternative ways:
by diagonalizing the dynamical matrix for a sufficiently thick crystal slab
along the z-direction (whose elements are calculated in Appendix [F.3), or
by the Green’s function method for a semi-infinite crystal. In Appendix [G]
we propose a method to evaluate, by means the Green’s functions, the nor-
mal modes for a semi-infinite 1D chain, but it needs to be extended to the
3D semi-infinite crystal [3].

To continue this research, the next step is to write a code for the numeri-
cal evaluation of Eq. : the computationally complex part will be related
to calculate fp(fgj, terms. At that point it will be possible to compare these
analytic results with numerical simulation and possibly even experimental
techniques.

Further new challenges will be to extend the present theory to crystals
with different lattice structures, such as fcc, bee, hep, etc. Another relevant
extension will involve taking any relaxation or reconstruction effects at the
surface into account.
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Appendix A

Linear response theory

LRT studies how a system in thermal equilibrium is modified by the in-
troduction of a weak external perturbation. We add to the unperturbed
Hamiltonian Hy a time-dependent term V'(t) of the general form:

V(t) = /d%A(x)@(x, t), (A1)

where p(x,t) is an external perturbation which couples with the Hermitian
operator A(x).
The thermal average of a second operator B(x) is defined as:

(B(x,1)) = T[p(t) B(x)] (A2)

where p(t) is the time-dependent density matrix operator of the perturbed
system. LRT allows us to calculate (B(x,t)) at first order in the perturba-
tion. Introducing the interaction picture of the density matrix operator and
expanding it at first perturbative order one can demonstrate:

Bt = (B -1 [ at [
Tr(po[B(x, 1), A, )]))p(x',1), (A3)
where (B(x))o = Tr[poB(x)] with po =

of the unperturbed system.
The retarded linear response function is defined as:

67ZH0 and Zj is the partition function

XEA( X, 1) = = 20(t = ) Tr(po[B(x, 1), A 1)

_ _%’e@ — ) Te(po[ B(x, t — '), A(X')))

= 20— B, t— 1), AR)]) = xalx Xt~ 1),
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Appendix A. Linear response theory

where (...) indicates the thermal average with the unperturbed density ma-
trix. It is easy to show that retarded linear response function depends only
on the difference in time. Therefore, one has all the elements to write the

~

LRT expression for (B(x,t)):

A A~ +oo
(B(x,t)) ~ (B(x))o +/_ dt'/d3ml xEAx Xt —t)p(x, ). (A.5)

For more information, see Refs. [16] 17, [18].
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Appendix B

2D Fourier Transform of the
potential

The 2D Fourier transform of the interaction potential is:

V(layl, |z — 20l) :/ere—iQrTV( 24 (z — 20)?)

00 21
:/ ClT”THV( T‘ﬁ + (Z — 20)2) / dfe "I cos 6 . (B.l)
0 0

For simplicity of notation, we evaluate this expression for z in place of

|z — zo:
27

‘N/(QHaZ) = /0 dTH’I“”V(W) /0 dfe—1)T) cosf

We remember the definition of nt®

2
Jn(m) _ 1 / ei:c cosBeznede ]
0

2™

For our purpose we use n = 0, therefore:
27

1 2r
JO(-T) / ezx0059d9 )
0

We can observe that Jy(x) is even, that is
JQ(IIZ) = J()(—JZ) .
Using the relations (B.4) and (B.5)), we solve the equation (B.2):

f/(q”, z) =27 /000 drm V(4 /rﬁ + 22)Jo(q)ry) -
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Appendix B. 2D Fourier Transform of the potential

The relation is valid for any choice of external potential.

We need a weak potential to make the perturbative approach mean-
ingful; therefore, we adopt a potential that remains finite even at close
range. Among the various possible potentials, we decide to use a regularized
Lennard-Jones potential, as proposed in the reference [12], defined by:

2 . 2 o2 + d? ‘ o2 + d? ’
V(4/ = | 2|57 . B.7
We insert the definition (B.7)) into the equation (B.6):

f/(qH,z) 2271'{5/ d‘r’”THX
0

6 3
o® + d? o? + d?
) =2 | | . (B3
<r2+22+d2 R+ +d olgry)- - (B)

To derive an explicit expression for the integral in Eq. (B.§]), we resort
to equation 10.22.46 of Ref. [19]:

o L], (at alb’—+
/0 ( ) K|V_M|(ab), (B.9>

(2 + b2t T 20T (p+ 1)

where K|,_,(-) is a modified Bessel function of the second kind and I'(-) is
the Euler’s Gamma. For our case of interest we specialize the result

to v =0: - Joat) -
t Jolat atb—
dt = K,_, (ab). B.10
/0 (2 + b2)ntl 2T (4 1) |- (ab) ( )

By applying this formula twice, we solve the equation (B.8§]):

V(q”, Z) = 27‘(‘6(02 + d2)3 Jo(q”TH)

9] 1
2 2)3
d d
(0% +d°) /0 I (rﬁ—l—zz+d2)6

e 1
2 [ dryr g
/0 G 2 ) 0((1||7”||>]

5
(02+d2)3 q|| 2 2
S5 EI (m)5K5(Q||\/z + d?)

=2ne(0? + d*)?

2
2 qj
_ﬁmKQ(q” V 22 + d2) 5 (Bll)
where we considered a = ¢, b = V/ 22 + d? and we use the property:
I'n+1)=mn! (B.12)

for all natural numbers n.
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Appendix B. 2D Fourier Transform of the potential
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FIGURE B.1: 2D Fourier Transform of the regularized LJ potential f/(qH ,2),
Eq. (B.11)), for the same values of o and d and different z-values.
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FIGURE B.2: 2D Fourier Transform of the regularized LJ potential f/(qH ,2),
Eq. (B.11)), for the same values of o and d and different g-values.
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Appendix C

First and second partial
derivatives of the 2D Fourier
Transform of the potential

We want to calculate the first and second derivatives of the 2D Fourier
Transform of the potential chosen in Appendix [B} a regularized Lennard-
Jones potential. We rewrite it for convenience:

2 2 \° 2, 2 \*
PR I (e s S NP (it .
V(i +22) = {(r2+22+d2> (Tﬁ+22+d2 . (C)

Let us start by evaluating the first partial derivative of this potential

[€):

ov (TP

0z

2z 2z
_ 2 2\6(— 902 4+ d2)3(—
5[(0 A 6)(rﬁ+z2+d2)7 (o7 X 3)(rﬁ+z2+d2)4
1 1
= 12¢(0? + d?)3z | — (02 + d?)? . (C2
so”+ )Z{ A ey T e ©F
. v ( Tﬁ+22) )
The 2D Fourier Transform of —y, s
% 00 OV ( /r2+22) o
OViay2) _ / drr, VI / e~ cos(0)
(92 0 82 0
fe'e) 6‘V(1 /Tﬁ -+ 2’2)
:27r/0 drHT”TJO(quH), (C.3)
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Appendix C. First and second partial derivatives of the 2D
Fourier Transform of the potential

where Jo(g)r)) is defined by Eq. (B.4).
Now, we substitute the expression ((C.2)) into Eq. (C.3]):

V Jolayr))

oV (q,2)
(r?+ 22 +d?)7

e =24me(0? + d?)3z {—(02 + d*)3 / dryr|
0 I

> Jo(qr)) }
+/ d’l" "M==
0 (1"l (rﬁ+z2+d2)4

o +d?® 4
:247T8(U2 + d2)3z |:—( 26 61 ) 2 —i—HdQ)?’ KG((]” V22 4 d?)

1 qi
MEEE (\/m)gK?’(qll m)] ; (C.4)

where we applied the results (B.10) and (B.12]).
The second partial derivative of the potential (C.1)) is

0?2V ( rﬁ + 22)

022
=12¢(0? 4+ d*)% | = (o + d?)® ! + .
(r +22+d3)7  (rf + 22+ d?)*
—14z 8z
196(02 + d2V32 | — (02 + d2)3 _
+12e(0" + )Z{ (@ +d) (P +2+ B (17422 + )P
1 1
— 196(02 4+ d2)3 | — (62 + d2)3
elo” +d) [ (" +d) (rﬁ+z2+d2)7+(rﬁ+z2+d2)4
1 1
1422(52 & d2)3 — 82 . C.5
+ 1450 + )(rﬁ+z2+d2)8 Z(rﬁ+z2+d2)5 €9

62‘/ / 2+ 2
The 2D Fourier Transform of w is:

022
- 2 2 2
82‘/(%2) e o7V (, [rij + 2 ) o o cos(®)
—_— = drHrH dfe "
022 022 0
o0 82V(,/7’ﬁ+22)
:27r/0 dTHT” 022 Jo(q”T‘H) , (C.6)

where Jo(g)7) is defined by Eq. (B.4).
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Appendix C. First and second partial derivatives of the 2D
Fourier Transform of the potential

Now, we substitute the expression (C.5) into Eq. (C.6):

62‘7(‘1”7'2) 2, 42\3 2, o [ Jo(qyr))
78,22 :247‘(6(0’ +d ) |:—(U +d ) /0 dT”T”—(Tﬁ T2 d2)7
> Jo(gry) 5 2, 23
+ d — 1+ 14 + d?)° x
/0 NGE 2y gy T )
> Jo(gry) 2/°° Jo(gry)
dryr — 8z dryr .
/0 (11l (,,,ﬁ + 22+ d?)8 0 |KA (rﬁ + 22 + d?)5

(C.7)

By applying the results (B.10|) and (B.12), we solve the equation:

02V (q, 24423 q
(qH Z) :247T€(0'2+d2)3 |:_(O- +d) Il K6(QH /Z2+d2)

022 266! (22+4d?)3
3
1 9 Vo) 2 (0% +d?)?
PRy YO

7 4
il VT g 1 il
7(\/m)7K7(QII 2 +d?) -8z 2941 (22 + d2)2 X

K4(qH vV 22 + d2)]

6
—24re(0? + d2)3 [(02 +d) 9 <K6(qn V22 + d?)

W61 (22 +d2)3

3
2 4 [ 1 9
+z o Kq(qv2*+d )) + B3 (Vo 1 )P X

(Ks(q”\/m) - ZZ\/ﬂri(pKz;(q”\/m))} . (C3)
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Appendix D

Thermal average: explicit
derivation

We want to provide the detailed calculation of the thermal average expression
(4.35). For convenience, let us rewrite it:

(e~ IOV (Qyl, 20 — Rz — 12 (2)), e QTG 805
V(IQ) + Gyl, 20 — Rjr. — 1r.(0))])

~V(1Q)l, 20 — Rjx)V(IQ) + Gyl, 20 — Rjrz) ¥

([e Qs (®) HQy+Gu)-0yr (0)))

) V(1Q) + Gyl )

= V(IQyl: 20 — R;2) R ¥=20-Ry, "

([e7 Qi ® HQUFGOg, (0)])

_oviiQyl-=)
0z

(e QO (1), e+ Gl 0y (O]
82‘7(‘(@” + Gy‘7 2')

V(IQ) + Gyl, 20 — Rjr.)

z=z0—R;j.

1~
+§V(’QH|,ZO—Rjz) 972 X
z’:zo—Rj/z
(e~ Qi) HQurGn 0O g, (0))2))
190°V(|Qyl, 2) -
§TQH . V(IQ) + Gyl, 20 — Rjr.)x
Z=Z0— 152

(e Q1D (1, (£))2, ¢ (Q1FCv) 50
L ovQyl.2) aV(IQ +Gyl,2')
0z i—z—R;. 0

(e Q81O g, (1), TGO g, (0)])

X

Z'=z0—Rj,
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Appendix D. Thermal average: explicit derivation

= A0 — Al — Bl 4+ A2+ B2+ C2. (D.1)

We observe that each term of the relation (D.1)) comes from only two
generating functions:

J(gja 5‘;,) — <€—’iQH-ﬁjH (t)-i—fjﬂjz(t)ei(QH+Gy)'ﬁj’\| (0)+§;/ﬁj’z(0)> , (DQ)
J’(§j7 é-;/) _ <€i(Q|\+Gy)‘ﬁj/\\(0)+§;/aj/z(0)e*iQ||'ﬁjH(t)+§j'&jz(t)> . (DS)

To evaluate them, we use the Gaussian identity:

< A B> 6%<A2>+%<BQ>+(AB) (D4)

valid for harmonic-oscillator operators [20], calling

A= Q- (1) + &iga (1) (D.5)
B =1i(Q) + Gy) - ;s (0) + &§rtty=(0) . (D.6)

To evaluate (A?), (B?), (AB) and (BA) , we express the displacement
operators in terms of phonon annihilation bx) and creation bL/\ operators
[21]:

1 B2 A

v/ Nay kz/; 2mw) (k)
(D.7)

Ngy is the number of particles in the xy-plane, wy(k) and €y, (k) are the
frequency and polarization vector for the normal mode with polarization A,
wave vector k and p; indicates the layer in which the j-th atom is locatedm

We observe that the frequencies wy (k) are even under inversion k — —k,
as a result:

ﬁ] (t) = EA,pj (k)eik-Rj (e—iwx(k)ti)k)\ + ei““( )th[_k/\)

(k) = wa(—k). (D.8)

Using equation (D.8§] - the displacement operators can be rewritten as:

A~ k-R; t7 t7t
a,(t) = Qmw vp] e (e —Hall) b + e k) b—kA)

xy k A
(D.9)

'f wx(k) = 0, this definition fails. The problem occurs for only three of the normal
modes, the k = 0 acoustic modes. It is a reflection of the fact that the three degrees
of freedom describing translations of the entire crystal as a whole cannot be described as
oscillator degrees of freedom. Only in problems in which one wishes to consider translations
of the crystal as a whole, or the total momentum of the crystal, does it become important
to treat these degrees of freedom correctly as well. We assume that our infinitely large
harmonic crystal does not translate, so we can safely omit the k = 0 modes.
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Appendix D. Thermal average: explicit derivation

The Hamiltonian for the harmonic lattice lEIharm, defined in terms of
phonon annihilation and creation operators, is

Ly (D.10)

Hparm = Z R (k) (bl bicx + 5

where operators Bk)\ and 5L\ satisfy the usual commutation rules:

[bicx, brra] = [b), b1, 1 =0, (D.11)
[bicx, bl ] = o (k — k’)5(>\ N (D.12)

As a consequence, the quantum averages between creation and annihila-
tion operators are

(blabre) = da(k — K)6(A — N)na(k) , (D.13)
(biabl, ) = 2k — K)(A = X)(1 4 na(K)), (D.14)

where n) (k) is the average number of quanta in the oscillator labeled by k
and A at equilibrium at temperature T = 1/(kp/):

P 1
na(k) = <bL,\bk/\> = eBhaor(k) _ 1 (D.15)

We observe that ny(k) = ny(—k) using the parity in k of the phonon

frequency .

A useful exercise is to calculate the commutator [tq(t), %o (t')], where
a and o' are the cartesian components x, v, 2:

1 B2 h 1

[aja(t)’ aj’a’(t,)} = N

2D o e
W jexe v 2V wa(Kww (k)

ok R ik’~R,j/[ 7iw>\(k)ti)k/\ + eiwk(k)ti)ikwefiwA/(k/)t/I;k,X + eiw/\/(k/)t/i)]u_kl)\l]

a(k)e)\’,pj/ o (k,) X

Apja (k)E)\/pj, of (k/)ei(k-Rj‘f'k/.Rj/) %

Nay g;, /\z)\:/ 2m y/wy (k)wy (k/)

(e—zw,\ (k)t zwA/(k’)t’ [bk/\> bT ] + eiwA(k)te—iw)\/(k’)t’ [ET

—Kk'N —kX\? 6k//\/])

,a k/ ei(k-Rj+k/-Rj/)><
52(1{ + k/)(;()\ _ )\/)(e—zw)\(k)tezwy (k" ezw)\(k)te—iwy(k’)t’)

_1BZh

" Ny £ 219

k)@\,pj, a’(_k) ik-(R;—R;/) >

(e= ()=t _ giwn(k)(t—t)) (D.16)
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Appendix D. Thermal average: explicit derivation

It is easy to see that
[Uja(t), tjra ()] =0 if t—t' =0, (D.17)

therefore, displacement operators commute if evaluated at the same time.
We start calculating the equal-time quantum averages (A?) and (B2).

(42 = (=10 0 + 650 ) (i 40 + 6150 )
—(Qy -y ()Qy -y (1)) — 24 §;(Qy - Ty (B) 2 (1))

+&{1 ()uaz( )>

J‘Pr

" [ Q) - exp, (K)Q) - €xp, (K)
ny%% Qm\/m " €Ap; I Pj

— 2Z§]Q” “Exp; (k)e)\’,pj z(k/) -+ ij €X,p; z(k)@\’,pj z(k/)] X

<(efiw>\(k)ti)k + eiw,\(k)ti)T—kA)(efiw/\/(k’)ti)k/)\, + eiw/\/( )th k’>\’)>

I |Q 6, (0Q €, ()
xy§§ \/W I~ €Ap; I Pj

—2i&Q) - €xp, (K)ex p, - (K) + & exp, 2 (K)en p, z(k,):| X

(e—iwA(k)tez’wA/ (k’)t<i)k>\gik/>\/> + 6iwk(k)t6—iw>\/ (')t <[;T_k,\l;k’)\’>>

1 B2 h 1

_ I i(k+k’)-R cev . (K
ny §§ 2m w)\(k)w)\,(k/)e |: QH €>\p7( )QH €X 7p_7( )

—20£Q) - €xp, (K)ew p, - (K) + & exp, 2 (K)en p, z(k/)] X

Sa(k + K)S(A — N) (e~ Hr=—wx KDt(q 4 ) (K))
+ ei("-’k(k)_wv(k/))tn)\(k))
BZ

1 h
" Nay Z 2mw (k) [_QII “exp,; (K)Qy - €xp, (k)
kA

—2i&Q) - xp, (K)exp, - (—Kk) + & exp, = (K)exp, -(—k) | (1 + 2n, (k)

= —2W(Qy,p;j) — 4i & Wi(Qy,pj) +2& Walp)), (D.18)
where we define:
1 22 5
W(Qy,pj) = N, 2 QmwA(k)QH exp, (K)Q) - exp, (k) (1 + 2ny(k)),

(D.19)

46



Appendix D. Thermal average: explicit derivation

Wi(Qy,pj) = ]\1,

BZ
h
- kz zmwk(k)Qll “€xp; (K)exnp, - (—k)(1+ 2n)(k)),

(D.20)

1 22
Wa(p;) 5N Z2mw/\(k)ek,pjz(k)e)\,pjz(_k)(l+2n}\(k))' (D.21)

Y kA

The “standard” Debye-Waller factors W are dimensionless, while the new
W1 and Wy factors are dimensionally a length and an area, respectively.

?) = <( H(Q)+ Gy) - iy (0) +5;/aj/z<o>) x

(B
(@ + @) 1y0) + 17200 )

—{(Q) + Gy) - 4y (0)(Q) + Gy) - G (0))
+ 20 (Q) + Gy) - e (0)dyr2(0)) + €7 (@ (0) e (0))

1 EA— h 1
- v i(k+k') R/ [—(Q G,) - k
N > e i |+ Gy) - €exp, (k)X
2y je a2 Vwa(K)wy (K) R

(Q+Gy) ey, (K) +2i(Q) + Gy) - exp, (K)exp, (k')

+ & enp =Ko, z<k’>] (b +BLsc0) o + L))

e RHOR, { Q)+ Gy) - exnp, (k)X

Nay § /\z; 2m yJuwa( W/\’(kl)

Q)+ Gy) - exp, (K) +2i(Q) + Gy) - €xp, (Kewp, (K

+ f i EXp. /z(k)ex\’,pj/ Z(k/):| ((l;k)\i)]:k/)\/> + <Z;Jr_k)\i7k’)\’>)

)Ry {—(Q +Gy) - ery, (K)
e 7 ENp.s X
Nay % ,\ZA:/ 2m wx(k’) ” ! &

(( !H + (}y) . 6)‘/7173" (k ) + 215]/((2” + (}y) . €>\’ij (k)eklvl)j/ z(k/)

+ & xpy = (K)ex z<k’>] 02k + KA = A) (1 + 2n (k)
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1 24 g
N y Z 2mwy (k) {_(Q” +Gy) EXpyr (k)(Qll +Gy) - ex\,pj/(_k)
Y kA

+2i(Q) + Gy) - exp, (K)erp, (k) + EF erp, - (K)ery,, (k)|

(1+ 2na(k))
= —2W(QH + Gy,pj/) + 4i§;~/ Wl(QH + Gy,pj/) + 2§;2 WQ(pj/) . (D.22)

Now we calculate the quantum averages (AB), (BA) that explicitly de-
pends on time.

(AB) = <<—icz () + sjajzoe)) <i(Q|| G, iy (0) + 5;/aj/z<o>)>
=(Qy -, (1)(Q) + Gy) - 1y (0)) — 7 £5,(Qy -y ()2 (0))
+ ifj@jz( )(QH +Gy) -y ||( ) +&5 fj/<“JZ( ijr-(0))

e KR HRy) [Qu exp, (k)

-, § %: m
(Q +Gy) exyp, (k) =& Q) - exp,(K)enp, (K
i enp :(K)(Q) + Gy) - €xp, (K )+ &5 & enp; - (K)ew p,, Z(k/)} *
<(€_iwk(k)ti)k)\ 4 eiw)\(k)tl;'t_k)\)(i)k/)\/ + l;fk’)\/)>

BZ
_ 1 h 1 iR, +K R;) {Q” ‘

N:):y §§ 2m \/W)\<k)w)\/(k,>

(Q) + Gy) - exp, (K) =i Q) - exp, (K)ex p,, = (K)

+i&jenp,; - (k)(Q) + Gy) - €Ny (k) +¢; §§' €Xpj Z(k)@\’,pj/ Z(k,)} X

€>\7p]. (k) X

(e—iwk(k)t <I;k,\i)T k’)\’> + eiwA(k)t <I;ik)\i)k,)‘/>)

Z(k~Rj+k/,Rj/) |:Q|| CErp,s (k)X

wa %% m./w w)\/ k/

Q) +Gy) - EA’,pj/( ) - Z‘gj’ Q- eAvpj(k)Q‘"Pj’ 2(K)
+1&; €Xp; z(k)(QH + Gy) - EX p; L (K') + & f it €EXp; 2 (k)ex\’,p]-/ Z(k,)} X

Sa(k + KA — M) [T (1 4 ny (k) + 2Kty (k)]
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BZ
1 h o k®,-R,)
" Ny ; 2muon (k) TTENQ) e (K)(Q) + Gy) ey, (FK)

—i& Q) enp;(K)erp, s(—k) +i& exny, (k) (Q) + Gy) - €xp, (—k)
+&; f;-, EXp; Z(k)@\’pj/ z(—k)] [cos(wy (k)t)(1 + 2ny(k)) — isin(wy (k)t)]
= 6y (8, 8) — i &5 &\ (1, B) +i& 63 (1, B) + & € 60Nt B),  (D.23)

where we define:

1 82

Nay o 2mw (k)

(Q) + Gy) - €y, (—K)[cos(wn (K)E) (1 + 2nx (k) — isin(wa (k1))

eik-(ijRj/)Q” X 6)\,])]' (k)x

¢ (t,B) =

(D.24)
(1a) _ 1 2 h ik-(R;—R./)
O OO = N 2 i e By k)
os(eor ()1) (L + 20 (K)) — i sin(eon (K)1). (D.25)
4 () = ley fi me,\(k) TR ey, ()(Q) + Gy) - €xp, (—K) X
os(eor ()1) (L + 2 (K)) — i sin(eon ()1 (D.26)
2) 1 & ik-(R,~R.,)
o5 LA = 5 2 Gn®@ Exp, =(K)exp, = (—K) %
cos(ion(J)1) (1 + 2 () — dsim(en (1) (D.27)

)

The time-dependent contributions ¢;;; are dimensionless, while qﬁﬁ?’ .

and ¢§2)

 are dimensionally a length and an area, respectively.
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(BA) = <<i(Q|| 1G,) -y (0) + f;,ajfz<o>) (—'éQ” () + sjajz<t>)>
= ((Q + Gy) -t (0)Qy -ty () + i & {(Q) + Gy) - 1y (0);2(t))
- ié} (ﬁj'z( )Q|| -, (1)) +§j &5 (- (0)tiz-(t))

(iR +K'R;) '
N Z Z om w,\/(k') J [(Q + Gy) - enpy (k)X

Y kK AN
Q|- exyp, (K) + lﬁj(Qu +Gy) - exp, (Key p, - (K)

_ 153/ Expjr z(k)QH “EXN p; (k ) + §J§ i EXp; /z(k)@\’,m Z(k/)] -
((3kA INANNIC _iww(k’)tl;k',\/ e )

ei(k~Rj/+k/'Rj) |:<Q + Gy) : 6)\,1?]-/ (k) x

Nzy § § 2m yJuwx( WX(k/)

Q| ey, (K) +i&(Q+ Gy) - exp, (Kex p, - (K)
- Z&;’ Expjr z(k)QH ) E/\’,1)7( ) +&; 5 " EXpjr z(k)e)\’,pj z(k/):| x
(eiwx’(k/)t <6k>\BT k’)\’> + et (Kt <b_k>\bk’>\/>)

ei(k~Rj/+k/'Rj) |:(Q + Gy) ’ EA,PJ-/ (k) x

Nazy § g\:, 2m Jwa( w/\/(k')

Q- exyp; (K) +i&(Q) + Gy) - exp, (K)ew p, (K
- ’Lf;/ Expjr z(k)QH ’ 6/\’,pj( ) + g] f " EXp; /z(k)e)\/,pj z(k/):| X

Sa(k + K)5(A = N[N CV(1 4 my (k) + e x (P, (k)]
BZ

1 h ik-(R,/—R.;
:nykzﬂmw(k)e " ”{(Q*Gy%ex,pj,(k)czu-em—k)

+i&(Q)+ Gy) - exp, (K)erp, :(—k) =il exp, -(k)Q| - €xp, (—k)
+ & & exp 2(K)eny, z(—k)] [cos(w (k)t) (1 + 2nx(k)) + i sin(wy (k)t)]

= Gyt 8) — i€ O5V (. 8) +i& 80 (1 8) + & € 30N, 6),  (D.28)
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where we define:

BZ

~ 1 h (R — R
¢t B) = T 2mw>\(k)e k(R RJ)(Q“ +Gy) - €rp, (k)X
Q| - €xp; (k) [cos(wx(k)t)(1 + 2nx(k)) + isin(wr(k)?)], (D.29)
. | B2 5
(bg’}j)(t’ p) = Ngy k) QmwA(k)e i )6)\7le2( )QH 'EAvPa‘(_k)X
[cos(wy (k)t)(1 + 2ny(k)) + isin(wy(k)?)], (D.30)
1 Z

65t B) =

Nay K\ 2muwy (k) eik.(le_Rj)(QH + Gy) - exp, (K)exp, -(—k)x
[cos(wa(k)t)(1 + 2nx(k)) + isin(wa(k)t)], (D31)

1 82y

7(2) _
Cb i’ (t7 B) =
73 Nyy o 2mwy (k)

e’k (Rj—R; )6)\,p]/ z(k)6A7pj z(_k)x

[cos(wx(k)t)(1 + 2ny(k)) + isin(wy(k)t)] . (D.32)
The time-dependent contributions qgjj/ are dimensionless, while (]3%?711))

and QZ)(22 are dimensionally a length and an area, respectively. Now we ob-
serve that the dynamic matrix for a 3D crystal slab, as shown in Appendix [F]
is Hermitian. Hence, its eigenvectors, the polarization vectors, satisfy the
following relation:

exp; (—k) =€, (k), (D.33)
and therefore:
byi(t,B) = 61,8, 8), SN B) = ol1 (k. 8). (D.34)
Let us start calculating AO:

A0=V(1Qyl, 20 — Ri:)V(IQ) + Gyl, 20 — Rjr2) X
([e™™ Q) ¢ (Q|\+Gy) 107y

= ‘7(|Q|||a 20 — Rjz)f/(‘QH + Gy|, 20 — Rjr.)(J(0,0) — J'(0,0)). (D.35)

Using the Gaussian identity (D.4)), we can write an explicit expression

for AQ:

A0 =V(1Qyl, 20 — Ri)V(1Q) + Gyl, 20 — Rjr.)x
WAQypi) o= W(QU+Gupyj) (055 (45) _ ¢ jj’(t’ﬁ)). (D.36)
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Now we focus our attention on the first perturbative order terms Al and
B1.

. IV (|Q) + Gyl, 2")
Al = V(|Q|||,Zo - Rjz) ”82/ Y X
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X
Z'=z0—Rj,

e~ W(Q)p;) g~ W(Q)+Gyopjr) [e¢jj’(t’ﬁ) <2z'W1(Q|| + Gy, pjr)

=V(Qyl,20 — R;z)

— iy (1, ﬁ)) — e tP) (%Wl(Qn + Gyopy) — i 011, B))] :
(D.37)
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v (1Qyl,») -
Bl = — = V(1Q) + Gyl 20 — Rjrz) %
z=z0—Rj.
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Finally we can calculate the second perturbative order terms A2, B2 and

C2.

1- *V(IQ) + Gyl, #)
A2 = SV(IQ)l, 20 — Rjz) gZIQ :

Z'=z0—Rj,
([~ Qrn® ARG 0) (5, (0))2))
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5j,s;,=0>
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0

J1(E,€, -2
(ag;% © &l om0~ 263

J' (gj ) g_;’ )
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Now we have all the elements to write the final result for the thermal

average (D.1)):
([e " BIOV(Qy|, 20 — Ryz — g2 (1)), e UFE 0O
V(IQ) + Gyl, 20 — Rjr. — 11r.(0))])
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This final expression for the thermal average is then used in Sec. for the
calculation of friction.
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Appendix E

One-phonon approximation

In this Appendix we want to provide the detailed calculation of the fric-
tion by means the one-phonon approximation. For convenience, we rewrite
Eq. (4.45):

1 » 420! X
F== lim Ze Znyo/(z%Q)QQ” VgL, X

Re< Z 671’QH'R‘1‘ e~ W (Qlpj) ~W(QIHGY.pjr) o

X Qs /2t (7O (D) (@)
/0 dt e(Q"vsL=7/2) (Ljpj,+Ljpj,+Ljpj,>>. (B.1)

We adopt the one-phonon approximation for the terms involving qﬁjpj, (t,B):

7D w14 g, (8,8), (E.2)

which is valid in the limit of small |¢>jpj, (t,B)|, appropriate for not too large

wave vector Qll and not too high temperature.
We start to apply the one-phonon approximation to the first term of

Eq. :

1 . —iqlR! ;(0)
7yl D e L

Jl
L _iqlrl - )
= im0 - TR+ @Yz - B )
' 9
;
L (P 8 _ B, (9))

h
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oy (Q1, Q1+ GV kA ) = 75 Ql - e, () x

Q'+ GY) - €xp, (—K)[cos(wx(K)t)(1 + 2nx(k)) — isin(wx (k)1)]
(E.4)
®yp,p,, are dimensionally an (Energy-Time) 1.
Executing the thermodynamic limit

BZ —>/ d2k‘
Ngy—00 Q Nx BZ (27T)2
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Now we make use of the 2D version of the periodic delta function, or
Dirac comb, identity:

Z szH (Ql—k) 27r Z(; k — QH G/) (E.6)

J)

> Ry Q) (QL)Q > sk+Ql+a) (E.7)
- a2 2 ) °
ai G/
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Appendix E. One-phonon approximation

where G’ = %”(lm ,1¥) are the reciprocal lattice vectors of the 2D lattice.
Hence, combining the integral over k extended over the first BZ with the
G’ summation, we obtain an unrestricted integral on a variable k/ = k — G’
for the first term of Eq. and an unrestricted integral on a variable
k/ = k + G’ for the second term of the same equation. Furthermore, the
52(k' — Qll) and 65 (k’ + Qll) conditions eliminate the integration over k’ and
they fix k’ to QIl and to —Q! respectively. We rewrite Eq. as

L lim eiiQH'Ry LY

a? Ngy—r00 &= Jpj!
M

1 -~ N ;
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A
20.Ql.Ql+ G, 1,20, 8). (E-8)

We observe that in this low-temperature gentle-interaction regime, Planck’s
constant h disappears from the friction term based on .iﬂp(ﬂ% Y-

We use the same technique to calculate the second term of Eq. ( -
Applying the one-phonon approximation, we obtain:
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2 yim > e L
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where we neglected ¢d1®) and ¢T¢T(19) terms.

pljy), (Qll,k, \, t, B) are dimensionally a Length/(Energy-Time) and they

are deﬁned as:

1
- _ql. z
QmW)\ (k) Q e/\m]‘ (k)e)\,pj/ ( k) X

[cos(wy(k)t)(1 + 2ny(k)) — isin(wy(k)t)].  (E.10)

o0 (Ql kA1, 8) =

Applying the thermodynamic limit and the Dirac comb, we obtain:
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Likewise, we derive:

1 —iqQll.R!

. o1QI R (Bl)
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where we define:

210 (Q1Ql + GV kA1 B) = 5, (R)(Q) 4 GY) ey, (K)x

Jj mw}\(k) f] J

[cos(wx(k)t)(1 4 2ny(k)) — isin(wy(k)t)] .
(E.13)

@;i%), are dimensionally a Length/ (Energy T1me)

Finally, we calculate the third term of Eq. (E.1) applying the one-phonon
approximation. We start with:

1 lim _lQH RH 7(42)
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where we neglected g1, ¢fpi(ia) (¢(1“))2 and (gb“la))Q terms.
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Applying the thermodynamic limit and the Dirac comb, we obtain:
1

_,Qn RH (A2)
CL2 Nzl;rgoo jp]
Il
.0V (Ql + Gy, 2)
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Similarly, we derive:
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and
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where we define:
1
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[cos(wx(k)t)(1 4+ 2ny(k)) —isin(wy(k)t)]. (E.18)

CI)I(,%]., are dimensionally an Area/(Energy-Time).
Then, we have all the elements to simplify Eq. (E.1):

I Z —iG¥yo / LCIPN I Re( T e W@ WA G

(2m)? e
iQll.vgr,—v/2)t 0 2
/0 dt e((Q"-vsL—7/2)t (fp(]ﬁ/ + gp(Jg 3 +$p(jgjl>> , (E.19)

where .,iﬂp(;),;j,is defined in Eq. (E.8), and

28, =250@Q1Ql+ GV, 1,2, 8) + £ (Q1, Q1 + G, 1, 20, 8)

(E.20)
gg]gj, — pjp 42l QI + GY, 1, 20, B) +gpﬁzl Q! Q! + G, ¢, 2, 8)
+25Q1.Ql + G, 1,20, ). (E.21)
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Appendix E. One-phonon approximation

Here, the ingredients fp(ﬁ%,) and 0%7(57]1_,) are defined in Eq. (E.11) and in

Eq. , respectively. Zp(jp?,), .,%,(5,]2,/) and Zp(ﬁ?,) are defined in Eq. ,
in Eq. , and in Eq. , respectively.

Zp(fpj, are functions of (Qll, QI + GY, ¢, 2, 8) describing the effects of
lattice vibration to kP
one-phonon approximation.

order in the out-of-plane displacements 47, in the

The fp(fgj, functions are dimensionally an Energy-Area/Time.
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Appendix F

The dynamical matrix

In this Appendix we evaluate the dynamical matrix for the evaluation of
the harmonic vibrations of the 2D square-lattice network and for the 3D
simple-cubic crystal.

F.1 2D

We start with the calculation of the dynamical matrix elements of a 2D har-
monic crystal by particles of mass m that at equilibrium are arranged as a
square lattice. Harmonic first- and second-neighbor springs with elastic con-
stant K and K’ and equilibrium lengths @ and v/2a, respectively, guarantee
the mechanical stability (see Figure [F.1]).

The potential energy Viot of our problem can be expressed as

A
Vcot = 5 Z ‘/t]ot 5 (Fl)
J=1
with
j K K/ j(1st j(2nd
Vo= Y g —a)’+ > Sy —v20)? = VI + Y (1.2)
(43" (43" 2

where 7;; = \/(z; — ;)2 + (y; — y;-)? is the distance between two atoms,
(-,-); and (-, ), indicate the first- and second-neighbor pairs respectively and
N is the number of atoms of our system.

The dynamical matrix elements D, (q) of the crystal in reciprocal space
are defined as

Duy(q) —_ Z Dj“,j’ye_iq.(Rj_Rj,) , (F?))
4!

where the sum runs over all the atoms of the crystal, R; and R, are the
equilibrium positions of the j-th and j’-th particles respectively and q spans
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FIGURE F.1: Graphical representation of a 3 x 3 portion of the 2D har-
monic crystal. Each atom interacts with first-neighbor atoms through springs
with elastic constant K (coloured in blue) and with second-neighbor atoms
through springs with elastic constant K’ (coloured in red).

the first Brillouin zone. Dj, j, is the “interatomic force constants” defined
as the second derivative of the potential V;ot evaluated at the equilibrium

configuration:
1 82V;;ot
Di,in,=———F7"— F.4
S m<3Uju3uj'u 0 4

where uj, is the displacement of the j-th particle from equilibrium position
along p direction [22].

We start to consider the interaction with first-neighbor atoms around the
7 = 1 particle. We label the atoms as shown in Figure The potential

energy th;l(lsw is

_ K i
ngot 1(1st) :E{ [\/(a + U9y — le)2 + (U2y - Uly)2 _ a:|
)\ 12

+ \/(a+ulm —u61)2+ (u1y _UGy)2 —a

[ 2 R
+ \/(u4w_u1x) +(a—i—u4y—u1y) —a

[ 72
+ \/(uu - usx)2 + (a +uy — u8y)2 —a } . (F.5)
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j=1(1st)

The first derivative 85“7 is
Ul

Wiy ™ x{- [V (0 2s —1)* + (12— ) — ] 0+ — )

Outy T12

[\/(a + Uy — uex)2 + (uly — uGy)2 — a} (a + U1y — u(m)

n
T16
[\/(U4z - U1x)2 + (a + Ugy — uly)2 - CL} (u4a: - le)
T14
o [V (e =)+ a4 w1y —)” — ] 1 — ) } |
18

(F.6)

Now we can calculate Dy, j,, where j' =2,4,6,8 and v = x,y. The only
non-zero terms are

1 aQijl(lst)
Do L (L
0

m \ Ouig Ousy
2
K (a+ uge — u1z) K
= |: D) 2:| =T (F7)
ML (a4 uge —u1z)” + (uzy —u1y) Jo M
271,5=1(1st)
Dryge = (Vi
m \ Ouiz Ouer )
K (CL + U1y — UG:E)Q K
- _ : 5| =——. (F.8)
m (a + Uiy — U(jx) + (uly — u6y) 0 m

Similarly we can calculate Dy, js, where j' =2,4,6,8 and v = z,y. The
only non-zero terms are

K
D1y74y = Dly,8y = o (F9)

All Dy jry and Dy, jr, terms vanish.
Now we consider the interaction with second-neighbor atoms around the
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(2nd) .

j = 1 particle. The potential energy thojl 15

. / 2
tho?mnd) :[;{ [\/(a + Uz — le)2 + (a + uzy — U]_y)2 - a\@]

- 12
+ \/(a—kulx —U5x)2 + (CL+U5y —uly)2 —aV?2

- 12
+ \/(a+u1x —U7x)2 + (a+u1y —U7y)2 —aV?2

- 2
+ \/(a+uQx—u1x)2+(a+u1y—qu)2—a\/§ } (F.10)

j=1(2nd)

and

The first derivative g —— s
la
8th?1(2nd)
ot
Outy
K’{ [\/(a + ugy — ulgc)2 + (a + ugy — uly)2 — av2](a + use — u1y)
713
N [\/(a + Uy — U5x)2 + (a + usy — uly)2 — a\/ﬂ (a + Uiy — U5x)
715
. [\/(a + Uiy — um)2 + (a +ury — u7y)2 — aV2](a+ uip — ury)
17
[\/(a + U9y — ulx)2 + (a +u1y — ugy)2 — av2] (a + ugy — u1y) }
719 '
(F.11)
We start to calculate D1y 3,:
21,J=1(2nd)
Diage = <3Vu>
m\ OuizOus: /,
__K'{ (a+ use —12)” __ K mag
m (a+U3x—u1x)2+(a+U3y—u1y)2 0 2m '
Likewise we obtain
K/
Dl:p,5:r = Dlx,?z = Dlx,gz = _% ; (F13>
K/
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Now we proceed to calculate D1y 3y:

j=1(2nd
] (82 ‘ /'t] n ( ) )
0

D =—
lesy = Outy Ougy
K’[ (@ + use — ura) (a + ugy — w1y) _ K
M { (a4 uge —uie)” + (a+ugy —wy) o 2m
=D1y 3z - (F.15)
Likewise we have
K/
Dlx,Sy = Dly,Sx = % s (F16)
K/
Dl:v,7y = Dly,?a: = _% 5 (Fl?)
K/
Dlx,Qy = Dly,Qz = % . (F18)
Finally we evaluate D1z 15:
_l 62‘/;{)T1(1$t) i 82‘/;{)?1(211@
lode =0, Oup Oury /g m\ OuizOuie /
K[ (a+uzx—u1z)2 }
R 2 2
m (a + Uy — Ulm) + (u2y — Uly) 0
2
K |: (a + U1y — 'LLGJ;) :|
. 2 2
m ((1 + Uy — uﬁx) + (Uly - UGy) 0
L AK [ (a4 uze — ur1z)” ] _ 2K | 2K
m (a+u3x—u1x)2+ (a+U3y—U1y)2 0 m m
(F.19)
Through the same derivation we obtain:
2K 2K’
Dly,ly - H + . (F20>

m

Now we all the ingredients to calculate the dynamical matrix elements
using Eq. (F.3). We start from the diagonal terms:
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!
Dxm(q) :% _ Ee_i%(_a) _ Ee_i‘h(a) + g
m m m m
!
_ B g a)—iay(~a) | g (@)iay(~a) | ,ige(a)=igy(a)
2m

N eiqz<a>iqy<a>]

2K 2K’ K[ . ) .
=" |:1 _ cos(qxa)] + = |:ez%;a <e—Zan + €Zan>
m

m 2m

+ 6—iqma <€—iqya + eiqya):|

2K 2K K' [, : ) .
=— [1 - cos(qxa)] + - — <ezqza + e’qz“) <e“1y“ + elqya>

m m 2m

21 costgaa)| +

/

2m [1 — cos(qza) COS(qya)} , (F.21)

and likewise we obtain

/

2K 25 {1 — cos(gya) cos(qxa)} . (F.22)

Dyy(a) = — [1 — Cos(qya)} i

Finally we calculate the off-diagonal terms:

D (q) = — 5/ -e—iqx(—a)—iqy(—a) _ e_iQx(a)_i’Iy(—a)
i 2m

L pmite(a)—igy(a) _ e—iqz(—a)—z‘qym]

—__ ezqza e’Lan _ e*l(]ya _ efzqza e’Lan _ e*ll]ya
2m |
K' /. A A )

— el _ o~ iqza ya _ pigya
2m

:27‘[: sin(gqa) sin(gya) = Dy.(q) . (F.23)

The phonon polarization vectors €)(q) and frequencies wy(q) are ob-
tained by diagonalizing the dynamical matrix D,,(q). From the secular
equation

wi(q)e)\u(q) = Z D}Ll/(q)e)\ll(q) ’ (F'24)
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we obtain the dispersion relations:

wi(q) = {25 [sin2 (%) + sin? (%) + II{(/ (1 — cos(gza) cos(qw))]

N 2% [(sinz (%) _ gin? (%))2 + (I; sin(qza) Sin(an))2] 1/2}1/2 ’

(F.25)

for the A =1 transverse (—) and A = 2 longitudinal (4) phonons.

F.2 3D

Now, let us consider a 3D harmonic crystal characterized by particles of mass
m that at equilibrium are arranged as a simple-cubic lattice. Even in this
case, harmonic nearest- and second-neighbor springs with elastic constant
K and K’ and equilibrium lengths a and v/2a, respectively, guarantee the

mechanical stability. Relations (F.1)), (F.2), (F.3) and (F.4) continue to be

valid and the distance between two atoms r;;/ is expressed as

rij = \/(%‘ — i)+ (yi —y)* + (25— 2)*- (F.26)

Iterating the 2D model technique, the 3 x 3 3D dynamical matrix can be
expressed as an explicit function of q. The diagonal elements are:

2K 2K’
D,u(q) = o [1 — cos(qua)] + - [2 — cos(qua)(cos(gua) + cos(gya)) | ,
(F.27)
with v, y=w,9,2, p#v,v#vyand p#1.
The off-diagonal elements are:
2 /
D,(q) = - sin(gua) sin(gya) , (F.28)

with pu,v=z,y,2 and pu+#v.

F.3 3D crystal slab

Now we proceed to analyze our case of interest: a 3D harmonic semi-infinite
crystal where at equilibrium the particles of mass m are arranged as a simple-
cubic lattice truncated at a (001) surface. Harmonic nearest- and second-
neighbor springs with, respectively, elastic constant K and K’ have equilib-
rium lengths @ and v/2a. This system retains a discrete translational sym-
metry along zy-plane; therefore, the wave-vector q spans the first Brillouin
zone of the 2D square lattice in the & and y directions.

73



Appendix F. The dynamical matrix

For our purpose let us consider a slab composed of N, layers where
N, — 0o. There are N, atoms in each primitive cell and the p-th atom of
the cell is in the position (0,0, —a(p — 1)) with p = 1,2, ..., N,. We need to
generalize the dynamical matrix elements of Eq. for a crystal with a
basis:

Dppp(@) = Y Dyppurpre” 4 Bn R} (F.29)
n/

where the sum runs over all the unit cells, R,, and R, are the positions
of the n-th and n/-th cells respectively and q spans the first Brillouin zone.
The interatomic force constant D,,p, np is always defined as the second
derivative of the potential Vo4 evaluated at the equilibrium configuration:

2
D = 1(‘9 Viot ) : (F.30)
0

npu,n'p'v —
promp M\ O Oy

where now uyy,, is the displacement of the p-th atom of the n-th unit cell
from equilibrium position along p direction.

Iterating the 2D model technique the 3N, x 3N, dynamical matrix can
be expressed as an explicit functions of q. The elements are described by
the following relations valid for p = 1,2, ..., N, and for u,v = z,y:

2K 2K’
Doppupn = . {1 - COS(qua)] + = [1 — cos(qua)cos(qua)|  for p# v,
(F.31)
2K . .
Dpppy = — s1n(qﬂa) sin(gya) for p# v, (F.32)
m
K/
Dppprp = ——cos(gua) for [p—p| =1, (F.33)
K/
Dpypz = Dpzpry = Zﬁ sin(gua) forp'=p+1, (F.34)
K p
Dppprz = Dpzprp = _ZE sin(gua) forp'=p—1, (F.35)
K K
Dy = T cos(gza) + cos(gya)| for [p—p'|=1, (F.36)

assuming that all terms with p’ = 0 and p’ = N, +1 are absent. Furthermore,
all other elements not explicitly written are null.

The 3N, vibrational eigenfrequencies and the corresponding polarization
vectors are then obtained by diagonalizing the resulting 3N, x 3V, dynamical
matrix.
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Appendix G

Green’s Function of a
One-Dimensional Chain for the
calculation of normal modes

We begin with a semi-infinite one dimensional chain composed of identical
atoms along z-direction connected with a spring of elastic constant K. We
express the position operator of the i-th atom as

T, = R; + u; 1 <1< (Gl)

where R; is the equilibrium position and 4; is the displacement operator of
the i-th atom.

Let us define a as their equilibrium distance: ¢ = R;11 — R;.

The Hamiltonian of the system is

o0 52

iS5
=1

where m and p; are the mass and momentum operator of the i-th atom,
respectively, while Z; and R; are the position operator and equilibrium po-
sition of the first atom. The external force F'(t) is applied only on the first
atom. Using assumptions the Hamiltonian can be written as

+ Z %K(fcﬁ-l — & —a)> = F(t) (&1 — Ry), (G.2)
i=1

00 A9 oo
T Pi Lo 0:)2 )
H = ;:1 Q;n + ;21 iK(“z—l—l — ;) — F(t) 4. (G.3)

u; and p; satisfy the usual commutation rules, i.e.
[@i, pi] = ihdyj (G.4)

[, ;] = [pi, p;] = 0. (G.5)
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the calculation of normal modes

In Heisenberg picture, the time evolution of the displacement and mo-
mentum operators for the first atom is given by:

%am(t) = ;[ﬁ(t),ﬂlH(t)] : (G.6)
jtle(t) HONOIP (G.7)

We start to evaluate (G.6|) using commutation rules (G.4), (G.5]), and

the Hamiltonian written in (G.3):

(o) = 20U 00,0060 = 1010 [ 2, an] 0.0

dt A 5
%U ( ) [ﬁ%aﬂl] U(t, 0) = Z,;LlihUT(t’O)(Qﬁl [ﬁl,ﬂl])U(t,O)

2mh TT(t,0)(=2p1ih)U (¢, 0) = ;U(t 0)p1 U (¢, 0)
= %ﬁlH(t)- (G.8)

Now we evaluate (G.7) using the same commutation rules (G.4), (G.5|)
and Hamiltonian (G.3)):

& pin(t) = L0714, 0)[A (1), 1] (1,0

i

:ﬁUT(t,O) [;K(f@ — i) — F(t)i ] U(t,0)
:%UT(t, 0) BK&% — Kty — }

:%KW(EO)[ﬁiﬁﬂU(t 0) — —KUT(t, 0)[araiz, 1)U (2, 0)

_ % F(6)U(t,0)[ar, p1)0(t,0)

= o KOT(1,0) i, p1)0(1,0) — + KOT(1,0) (i, in )0 1,0)

7% Ut (t,0)(in)U(t,0)

— L KT, 0)(2iha) T (,0) — KO (£, 0) (ki) D (£, 0) + ()

on nlt
=— KU'(t,0)a,.U(t,0) + KU (¢,0)a2U (t,0) + F(t)
=— Kigu(t) + Kaonu(t) + F(t)
=K (t2u(t) — ay1u(t)) + F(2). (G.9)
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the calculation of normal modes

We want to derive the equation of motion for the expectation value of
2
@11 (t); to this end, we begin by calculating j?@lH(t) from equation 1)

d? 1d
— t) = ——p1ut). G.10
L inn(t) = = 0500 (@10)
We substitute the result (G.9) into the equation (G.10):
d? K A F(t
Stn(t) = () — i (t) + 72) (G.11)
Let us introduce the expectation value of 4;y(t) as
(Uu(t)) = (W(u,ugy .oy Uoo, 0) |G () |10 (ur, ug, ..., Uso, 0)) (G.12)

where [1(u1,ug, ..., uso, 0)) is the state of our system at ¢ = 0. We obtain
the following equation:

& K 0]

o an(®) = — (2u(t) — (mu(t) + (G.13)

The expectation value of the displacement operator of the first atom is
mathematically written as the convolution form of the Green’s function G
with the external force as [3]:

t
(1 u(t) = / G(t — 7)F(1)dr. (G.14)
0
The Laplace transformation of equation (G.14)) is:
(in(z)) = G(2)F(z), (G.15)
where z is a coordinate in the complex space.

Proof. We suppose that
Git—7)=0 if t—7<0. (G.16)

(i u(2)) = /0 h [e_Zt /0 t G(t—T)F(T)dT] it

_ /0 - [ /0 e T)F(T)e—ztdf} dt,

where we used hypothesis (G.16]). Now let us change the order of integration
and call t — 7 =t

(a1n(2)) = /0 S arF(r) /0 T Gt — )t
= /O " drE(r) / TGy

—T
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the calculation of normal modes

Applying hypothesis (G.16)) to the second integral to the right of the

equal sign, we can write:

(n(2) = /0 T drr(r) / G (e )

0
/0 dTF(T)@ZT/O dt'G(t')e™*
F(2)G(z).

O]

Our purpose is to derive a Green’s function of a one-dimensional semi-
infinite chain.

Let us start by adding an atom, labeled by i = 0, on top of the edge
atom ¢ = 1 of the one-dimensional chain. The new Hamiltonian system can
be written as:

K(fii41 — ;) — Fo(t) o , (G.17)

NN

R o ﬁz [o.¢]
H= Z et Z
=0 1=0

where g is the displacement operator of the new edge atom i = 0 and Fy(t)
is an external force applied only on the zero atom.
As before, we want to derive the equation of motion for the expectation

value of 1o (t); repeating the same calculations as in (G.8)), (G.9)), we obtain:
d - 1

Sion(t) = £ [A0), don(0] = ~pon(t). (G.13)
L pon(t) = LU, pon(t) = K(inn(t) — don() + Folt) . (G.19)

Therefore:
& o) = () - done) + 20 )

and the equation for the expectation value (lg(t)) results:

d? . K, X Fo(t
& tion(®) = Etanu) — @oney) + 20 (@2
Using the Laplace transformation we can rewrite the equation (G.21):
" K, ) F
2 Gion(2)) = = ((inn(=) — (on() + 2 (a22)

Now, we can interpret K ({(Gou(z)) — (411(2))) as the external force ap-
plied to the first atom, so equation (G.15)) becomes:

(ihn(2)) =KG(2)({ton(2)) — (@1n(2)))
=KG(2) (ton(2)) — KG(2) (41n(2))
| KG(:) {on(2))

1+ KG(2)

(G.23)
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By inserting equation ((G.23|) into equation ((G.22)), we obtain:
" KG(Z) <ﬂ0H( Fo(Z

2 e
2" (Gom(2)) —m< 1+ KG(z ) (Gon(2)) | + o

_K (KG(Z) (Gon(z)) — (Gon(2)) — KG(2) <u0H(Z)>> L Fol)

1+ KG(Z) m
Therefore:
(2 + 15 ) (o) = Fe)
(tiou(2)) = mz?ﬁj{% (G.25)

We note that equation (G.25)) is equivalent to equation (G.15)) because
the addition of the ¢ = 0 atom to a semi-infinite chain in this way does not
essentially change the original system due to its infinity. We deduce:

1 1+ KG(2)
G(z) = = ) G.26
(=) mz2 + HKLG(Z) mz? +mz22KG(z) + K (G-26)

Equation (G.26) is readily solved:

mz2G(z) + m22KG*(2) + KG(2) = 1+ KG(2)
mz?KG?(z) + mz?G(z) =1 =0 (G.27)

—mz? + \/(mz2)? + 4m22K
2mz2K
1 1 \/ oy, Am2HK
T 2K + om2K V7 + mz?
1 | ) iK

- = 4= 14
2K + 2m22KmZ + mz2

! ( 1+ 1+4K2>. (G.28)

G(z) =

2K mz

To calculate the normal modes we need to assume that the expectation
value of 41 (t), that we define u;(¢) for brevity of notation, is defined as

i (t) = / Glt — 7)Fy (7)dr | (G-29)

—00
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where F(7) is an external force applied at the first atom.
The Fourier transform for uy(t) is

+00 .
T (ui(t)) = / dte™ uy (t)
7_’0_000 ) t
:/ dteWt/ dr G(t — 1) Fy(7)
_—i-oo ) _oo
_ / dte! / dr G(t — 7) Py (7)
_—i-oo - +oo )
= / dr Fl(T)/ dte™'G(t—7) wecallt —7 =1
_—i-oo _+oo L
_ / dr Fy(7) / dt =G ()
_JrOO . ) 0 .
_ / dr 67 By (7) / 4t e G = Gl—iw) T (B (w)),
—o0 0
(G.30)
where we used the hypothesis (G.16), G(—iw) is the Laplace transform of
the Green’s function for the complex value z = —iw and 7 (Fi(w)) is the

Fourier transform of the external force. Applying the Fourier transform to
the equation of motion for the 0O-th particle (G.21) and using the result

(G.30) we still get the same equation (G.28|) for the Laplace transform of
the Green’s function for z = —iw.

To search the normal modes, we suppose to use the following ansatz for
the expectation value of the displacement of the i-th particle:

uz(t) = <ﬁZH(t)> = U, et (G.31)

Inserting this ansatz into equation (G.21) and assuming zero external
force, we obtain:

—mw?Tp et = —K (g — 1y ) e
mwQHO = K(ﬂo — ﬂl> . (G.32)
The relation (G.31) can be substitute into definition (G.29)), obtaining:
t
T et = / dr Gt — VK (o — )™, (G.33)
—0o0

where we considered Fy(7) = K (g — uy1)e™™ the external force acting on
the first particle. Calling t — 7 = t/, we calculate

e
U ezwt — / dtl G(t/)K(ﬂo . Hl)ezwtefzwt/
0

/ Car Gte ™ = G(—iw). (G.34)
0
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the calculation of normal modes

We note that the final expression is the Laplace transform of the Green’s
function for the complex value z = —iw. Therefore, we can write an explicit
expression for uy:

 Giw)Km, 31+ 1- 2K
up = ; = Up
1+ KG(—iw) 14+ 1(—1+,/1- 4K
mw
1 4K 4K
T 2V ) T R (G.35)
- 0 - 0 . .
%(1"" 1_7i52) 14 1—7i52

Iterating this technique for each particle of the chain, we obtain:

-1+ 1— 4K2 i
1+4/1- 25

—14, /12K
452 > 0, that is w > 24/ 7~ = w,, the fraction — V. me? ig real

m 1+./1 4K

If1-

mw2
with its module

mw?

1+4/1— 25
Therefore, for w > w, the 1D-crystal shows surface phonons decaying

exponentially inside it.
If w < w, the square root 4/1 — éﬁ; gives an imaginary number:

—144/1 - 2K
‘ ' <1. (G.37)

4K
1——=1 G.38
m? @ ( )
and
14 /1= AK 14
‘ - :’ e (G.39)
1+ 4/1 - 2K T

Therefore, for w < w, the system shows acoustic phonons propagating
within the 1D-crystal.
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